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PREFACE 


Modem developments in various fields of applied science have greatly- 
increased the importance of mechanics as a fundamental engineering sub- 
ject. The increasing use of high-speed machines has given rise to many 
complex problems the solution of which requires a thorough knowledge 
of vibration theory and balancing. Present research with guided missiles 
has likewise aroused new interest in the science of ballistics and the theory 
of the gyroscope. Experimental studies on the behavior of structures 
under various kinds of dynamic loading have called attention to many 
new problems of structural dynamics. To meet these increasing needs 
for more extensive training in dynamics, many of our engineering schools 
now offer a number of advanced courses in this branch of mechanics. 
This book is intended primarily as a textbook for such courses. It may 
also be of interest to research and practicing engineers in dealing with 
dynamical problems. 

In the preparation of the book, the authors have tried to present the 
general principles of dynamics together with their application to some of 
the more important technical problems encountered in various fields of 
engineering. 

The first chapter deals with the dynamics of a particle and the solu- 
tion of the differential equations of motion for various particular cases. 
Applications include a section on rectilinear motion with various kinds of 
resistance, several sections on vibratiotir^roblems, one on planetary 
motion, and one on exterior ballistics. Since it is not always possible to 
obtain rigorous solutions for differential equations of motion, applica- 
tions of several approximate methods of graphical and numerical integra- 
tion are also shown. In general, the accuracy of such methods is entirely 
satisfactory for the solution of practical problems, and it has seemed 
desirable to give engineering students some ideas of approximate solutions 
of dynamics problems. 

The second chapter introduces the notion of a system of particles and 
proceeds with a development of the important principles of linear and 
angular momentum and the law of conservation of energy. Applications 
of these principles include discussions of rocket motion, impact phe- 
nomena, and fluid motion. This chapter also includes several sections 
dealing with the problem of engine balancing and flywheel calculations. 
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These sections are developed in sufficient detail to give the student a 
working knowledge of this important engineering problem. 

Chapter III takes up the dynamics of systems with constraints and 
introduces the notions of generalized coordinates and generalized forces. 
The method of setting up equations of motion by using the principle of 
virtual work in conjunction with D’Alembert’s principle is treated in 
detail. Following this method of approach, the Lagrangian equations of 
motion are developed in general form and their application illustrated 
by numerous examples. The last section is devoted to a brief discussion 
of Hamilton’s principle. 

Chapter IV deals with the theory of small vibrations of conservative 
systems. Both free and forced vibrations of systems with two degrees 
of freedom are discussed in detail, special attention being given to the 
theory of dynamic dampers. Approximate methods of calculating 
principal frequencies of systems with several degrees of freedom are also 
discussed, and one section treats the lateral vibration of beams as an 
example of a system with an infinite number of degrees of freedom. The 
last two sections consider several examples of vibration about a steady 
state of motion and the theory of variable-speed dampers. Throughout 
this chapter, the Lagrangian method of writing equations of motion haB 
been used. 

The last chapter deals with the rotation of a rigid body about a fixed 
point, beginning with a discussion of the kinematics involved and pro- 
ceeding to a development of Euler’s equations of motion. As an example 
of the application of these equations, the theory of the gyroscope is dis- 
cussed with reference to such technical uses as the gyroscopic compass, 
the gyroscopic pendulum, and gyroscopic stabilizers. 

The book contains more material than can be covered properly in one 
course, and, very probably, few instructors will desire to follow it from 
cover to cover. In anticipation of this, each chapter has been made as 
nearly self-contained as possible so that the material can be used in any 
desired combinations. The authors have found, for example, that the 
material in Chap. Ill and portions of that in Chap. IV are adequate for 
a short course in Lagrangian equations and their application to vibration 
problems. Again, the material in Chap. I has' been used in a similar 
way for a short course on graphical and numerical methods of integration 
of differential equations of dynamics. Chapters II and V might likewise 
be found useful for short courses dealing with engine balancing and the 
theory of the gyroscope. 

In addition to numerous examples discussed throughout the text, the 
book contains approximately 150 problems without solutions. For 
the most part, these are attached to those sections dealing with the 
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development of general principles and are designed to give the student 
an opportunity to test his own powers of application. Answers are given 
to most of these problems. 

Various books on both theoretical and applied dynamics were used in 
the preparation of this book. In this respect, acknowledgment is due 
to Lamb’s “Dynamics,” Routh’s “Elementary Rigid Dynamics,” and 
in particular to the book “Technische Dynamik” by Biezeno and Gram- 
mel for material used in the treatment of engine balancing. , 

Abo used to some extent were the Russian books: E. L. Nikolai, 
“Theoretical Mechanics,” vol. Ill, Moscow, 1939, and L. G. Lojciansky 
and A. J. Lurie, “Theoretical Mechanics,” vol. Ill, Moscow, 1934. 

We take this opportunity to express our thanks to Bruce Carder for 
assistance in the preparation of drawings and to Mrs. Evelyn Sarson for 
her extreme care in the typing of the manuscript. 

S. Timoshenko 
D. H. Young 

Palo Alto, Calif. 

September , 1948 
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area, amplitude 
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coefficient of viscous resistance 

diameter 

constants of integration 
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modulus of elasticity 
natural logarithmic base, eccentricity 
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T kinetic energy, tangential force 

t time 

V potential energy, volume, terminal velocity 

v velocity 

W weight 

w weight per unit volume 

X,Y,Z components of force 

x 3 yjZ rectangular coordinates 

x,y,z components of velocity 

x,y,z components of acceleration 

a phase angle 

magnification factor 

7 mass per unit volume, damping factor 
a,fi } 7 angles, quantities, direction cosines 

d deflection, variational symbol 

€ phase angle 

X amplitude 

p coefficient of friction, dynamic viscosity 

p mass density, radius of curvature 

r period of vibration 

co angular velocity 

9 ,<l> } \p angles of rotation 

coordinates 
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CHAPTER I 


DYNAMICS OF A PARTICLE 

1. Differential Equation of Rectilinear Motion. — A particle is defined 
as a material point that occupies no appreciable space. Many physical 
bodies are so small compared with their range of motion as to be treated 
as particles. Dynamics of a particle comprises a study of the motion of 
such bodies under the action of applied forces. This study is based 
largely on Newton’s first two laws of motion. The first law states that 
every particle remains at rest or moves uniformly in a straight line, except 
in so far as it may be compelled by force to change that state. This law, 
sometimes called the inertia law, establishes the inherent resistance of 
matter to change in motion and indirectly defines the concept of force 
as the only agent that can change or tend to change the motion of a 
body. The second law states that when a force acts upon a given particle, 
that force produces an acceleration of the particle in the direction of the 
force and proportional to its magnitude. From this law, we see that the 
effect of a given force on a given particle is independent of the effect of 
any other force that may also act on the 
particle and, likewise, independent of any [* “ 

motion that the particle may have had before j * 

the force began to act. For example, a p I0 . i. 

constant force in a given direction pro- 
duces a constant acceleration in the same direction irrespective of whether 
the particle was initially moving in that direction or not. Thus, at 
the very outset, we must recognize that the motion of a particle will 
depend not only upon the acting forces but also upon the initial motion. 

In the particular case where the resultant acting force is constant in 
direction and any initial motion of the particle was also in that direction, 
we obtain a rectilinear motion. In such case, taking the line of motion 
as the z-axis (Fig. 1), the acceleration of a particle will be defined by the 
second derivative of displacement z with respect to time t, for which we 
use the notation z. Then denoting the magnitude of the resultant force 
by X, the second law of motion may be expressed by the equation 

m£ = X, (1) 

where the constant of proportionality m represents the mass of the 

1 
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particle. This is the differential equation of rectilinear motion; we see 
that it is an ordinary differential equation of second order. 

Depending upon the law of variation of the acting force X, Eq. (1) 
may take many different forms. For example, we may know the acting 
force as a function of the independent variable time, X — F(t), or as a 
function of the displacement of the particle along 
its path, X = F(x). Again, in the case of resisted 
motion, we may have the force as a function of 
velocity, X *= F(x). Very often, the resultant 
force will be a combination of all of these cases, 
and we have 

m£ — F(x,x,t), (la) 

For example, if we have a spring-suspended mass 
to vibrating vertically in air under the action of a 
variable external force Q — F(t) (Fig. 2), there will 
act, in addition to Q, a spring force proportional 
to the displacement x and a resisting force propor- 
tional to the velocity x. Thus, Eq. (1) becomes 

m£ = — kx — a£ + F(t), (lb) 

and we have a linear differential equation with constant coefficients. 1 

In Fig. 3, we have a mass to attached to a thin cantilever spring, the 
effective length of which can be varied with time 
in any prescribed manner by moving the support 
A. Thus, in discussing lateral vibrations of the mass 
to, we have a spring characteristic that varies with time, 
and the equation of motion, without any external 
force Q, becomes 

mx = —F(t)x — ax. (lc) 

In this case, we obtain a linear differential equation with 
variable coefficients. 

If, in Fig. 2, we taka the resistance proportional 
to the square of the velocity and write 

mi = —kx — ax 1 + F(t), 

we obtain a nonlinear differential equation. 

To describe completely a rectilinear motion of a particle, we need to 
know the displacement x for each instant of time t. Thus in any given 
case, our problem consists in finding a function 

*=/«) 

1 The solution of Eq. (16) is discussed in Arts. 5, 6, and 7. 



(Id) 



Fid. 2. 


( 2 ) 




Abt. 1] 


DYNAMICS OF A PARTICLE 


3 


that satisfies Eq. (1) and also the known initial conditions of the motion. 
In general, a second-order differential equation will have a solution that 
can be represented by a function containing two arbitrary constants. 
In this ambiguous form, the function is called a general solution of the 
equation. It may be said to represent a family of curves in the asf-plane 
and any particular pair of values for the arbitrary constants defines, 
uniquely, one of these curves. Analytically, the problem usually 
resolves itself into finding the general solution and then selecting values 
for the two arbitrary constants in such a way as to satisfy the known 
initial conditions of the motion, namely: the initial displacement Xo and 
the initial velocity £o; i-e., 

x = *o, £ = £o, when f = 0. (3) 

While differentiation of a given function, to find its successive deriva- 
tives, can always be conducted ac- 
cording to definite mathematical 
rules, the inverse problem of inte- 
gration of a given differential equa- 
tion, to find its primitive, is more 
difficult, and there is no general 
method of procedure. In the 
simplest cases, where the variables 
can be separated, the solution can 
always be made by two successive 
steps of simple quadrature. Consider, for example, the case in which the 
acting force X = F(t) (Fig. 4). Then Eq. (1) becomes 

£ - - F(t). (a) 

To integrate this equation, we first write 

dx — — F{t)dt. 
m 

Then, by simple quadrature, we obtain 1 

where Ci is a constant of integration. To evaluate this constant, we use 
the known initial condition (a)f-o = £o. For t = 0, the integral vanishes 2 

1 By f* F(t)dt it must be understood that we mean the difference between the 

value of the integral function at any time t and its initial value at f 0. 

2 We assume that F(t) is finite at t « 0 . 
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and we find C\ = —xo- Thus the velocity-time equation becomes 

x = ±o + ^ F(t)dt. 

Using the notation 

G(t) = f‘ F(t)dt, 
and proceeding as above with a second integration, we obtain 

G(t)dt. 

Assuming now (rc)«- 0 = ®o, we find C 2 — —x 0 and the general displace- 
ment-time equation becomes 

x = Xo + Xo t H — f G(t)dt, (5) 

m Jo 

For any rectilinear motion of a particle under the action of a force that 
can be expressed as a function of time, Eqs. (4) and (5) reduce the solu- 
tion of Eq. (1) to the evaluation of two definite integrals. In connection 
with these equations, we note that the terms containing x 0 and $o repre- 
sent the influence of the initial motion while the integrals represent the 
effect of the acting force. 

Example: A particle moves rectilinearly under the action of a force X — P 0 sin at. 
Find the general velocity-time and displacement-time equations. 

Solution: Using Eq. (4), we obtain 

^ ~ cos wflo = Ao + ^ ( x ~ cos "0- (c) 

The corresponding velocity-time diagram is shown in Fig. 5a. 

Taking 

G(t) =» (1 — cos «$)> 

and using Eq. (5), we find 

p 

x = a?o + xdt H — 7T- (jut — sin cat). (d) 

arm ' * 

The corresponding displacement-time diagram is shown in Fig. 55. We see that 
we have a simple harmonic motion of amplitude Po/« 2 m and period %r/u superimposed 
upon a uniform motion having velocity x 0 -f P 0 /«m. 

From Eqs. (4) and (5), we observe (1) that if no force acts upon a 
particle, it moves uniformly with its initial velocity xo and (2) that if a 
force F(f) acts only for the time dt, thereby creating a so-called impulse 
F(t)dt } it produces, in the time dt, a negligible displacement and an 
instantaneous change in velocity dx — (1 /m)F(t)dt. These two observa- 


X + Ci = Xo t “|“ 


i 

m Jo 


(4) 

(&) 
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tions suggest another way of expressing the displacement-time equation 
for the rectilinear motion of a particle under the action of any force 
X = F(t). Referring again to the force-time diagram in Fig. 4, we 
imagine that the continuous action of the force is divided into a series of 
infinitesimal impulses, each represented by an elemental strip of area 


x 



F(t)dt. Confining our attention to just one of these impulses, occurring 
at the instant t, we conclude that the displacement at any later time 
<i resulting therefrom will be 

di(t i — i) = — F(t)dt(ti - t). 

171 

Hence, the total displacement at the time U, duo to the succession of 
impulses from { = 0 to t = ti, i.e., duo to tho continuous action of the 
applied force, will be 

£ / o “ FdXh - t)dt, (e) 

and the complete displaccment-timc equation can bo written in the form 
x = Xq + ±oh + — / F(t)(h — t)dt. (6) 

The integral of expression (e) can be given a simple geometrical inters 
pretation. Since F(t)dt represents the area of one elemental strip in Fig. 
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4, we see that F(t)dt(ti — t) is the statical moment of this area with respect 
to the ordinate at ti as an axis. Hence, the complete integral is simply the 
statical moment of the finite area of the force-time diagrani between the 
ordinates t = 0 and t = ti, said moment being taken with respect to 
the latter ordinate. Equation (6) is sometimes useful in studying the 
rectilinear motion of a particle under the action of a force X =* F(t), 



The above geometrical concept lends itself to a very simple graphical solution. 
Suppose, for example, that we want a displacement-time curve for the rectilinear 
motion of a particle of mass m under the action of a force X ® F(t) as represented by 
the force-time diagram in Fig. 6a. Then we pretend that the /-axis is a cantilever 
beam built-in on the right and carrying the force-time diagram as a distributed load. 
Replacing this distributed load by a series of concentrated forces proportional to 
the trapezoidal areas Ai, At, At, . . . and acting through their centroids, we con- 
struct a funicular polygon abed ... for this system of loads as shown in Fig. 6c. 
We know from graphic statics 1 that any intercept hi between this polygon and its 
first side a6, when multiplied by the pole distance H in Fig. 65, represents the statical 
moment of the shaded area with respect to the ordinate at Zi as an axis. Hence, this 
intercept, when multiplied by H and divided by m, represents the displacement at 
time ti due to the acting force X — F(t). In short, the smooth curve inscribed in the 
polygon abede ... is the desired displacement-time curve. 

If there is initial displacement x Q and initial velocity £ 0 , wo have for the total dis- 
placement x at any time ti 

$ « xq + £ok + ( f) 

m w/ 

In evaluating displacements from this formula, we note from Fig. 6 that intercepts 
hi are measured in the same units as abscissa, i.e., time. The pole distance H has the 
same di m e ns i o n as fictitious force, i.e., force X time. 

1 See the authors' “Theory of Structures," p. 30, McGraw-Hill, New York, 1946. 
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We come now to a consideration of the case where X ■* Fix'), as 
represented by the force-displacement diagram in Fig. 7. In this case, 
we can again obtain a solution of the differential equation of motion (1) 


by quadrature. First, we write 

di = — F(x)dt. 
m 

Then multiplying both sides of this 
expression by £ = dx/dt, we obtain 

xdi = — F{x)dx, 


Ffx) 



in which the new variables * and x are separated. Integrating, we get 

Assuming now that we know the initial velocity (i)*-*, = £o, we find 
C = — *o*/2 and the equation becomes 



This equation states that the change in kinetic energy of the particle over 
any portion of its path is equal to the corresponding work of the acting 
force as represented by the shaded area under the force-displacement 
diagram in Fig. 7. Equation (7) is very useful when we wish to express 
the velocity of a particle as a function of its displacement. Introducing 
the notation 

0(x) - f x F(x)dx, 

JX 0 

we have 

x = ± ^xo 1 + ( g ) 


where the sign is taken to agree with that of x 0 * 

Having velocity as a function of displacement from Eq. Cfir) we write 


from which 




* If ±o = 0, we must choose the sign of dx/dt on the basis of the initial direotion 
of the acting force F(x) when x * x 0 . If this force F(x o) is positive in direotion, it 
will induce a positive increment of displacement dx in time dt and we have to take 
dx/dt with plus sign. If F(x o) is negative, dx/dt is taken with minus sign. 
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Then integrating, we obtain 


t + C 



Since 2 = 0 when x = x 0 , we have C - 0, so that finally 

f x d,x 

1 ~ Jx, ^ 

From this expression, we obtain the displacement-time 
equation x = f(t), and the motion is completely defined. 

Example: A particle of mass m starts from rest at an initial 
height h above the center of the earth and falls under the action 
of gravity (Fig. 8). If air resistance is neglected and displacement 
x is measured from the center of the earth, the resultant acting 
force for any position of the particle above the earth will be 1 

y* Wr 2 
x 2 

Fio. 8- where W is the weight of the particle at the earth's surface and r 
is the radius of the earth. We are required to find the velocity of the particle as a 
function of its position x . 

Solution: Using Eq. (7) and remembering that x Q =* 0, we have 

x* 1 f* W£, = „ Tr!? = A _ IV 

2 " m Jh x* 9 lx Ja gr \s h) 



from which 


Taking /&«=*> and x 


—4 


■ r , we obtain 


— \/2 gr. 


(h) 


W 


This is the velocity with which a particle falling from infinity would strike the earth. 
With reversed sign, expression (i) also represents the initial velocity that must be 
given to a body at the earth's surface in order to have it completely escape the earth's 
gravitational field; it is called the velocity of escape . Taking r = 3,960 miles, we obtain 
» 7 m.p.s. This result, of course, is of no practical value, since our solution 
neglects the effect of air resistance. 

To calculate the time of fall for the particle in Fig. 8, wo substitute expression (A) 
for & in Eq. (8) and obtain 

< = zMl f x 

•s/2 ghh 'h-x 

To evaluate this integral, we let 

x = h cos a 0, 

where 6 = cos" 1 yfx/h is a new variable. Then 

dx = —2 h sin 0 cos 0 do 

and Eq. (, j ) becomes 

1 This follows from Newton's law of gravitation, which states that the force of 
attraction between any two masses is inversely proportional to the square of the 
distance between their centers, 


(j) 

(*) 
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t _ + f e aoM d6. 

V2gh J° 


Integrating this, we get 


36 (• +*■*»)■ 


We may now replace 6 by cos" 1 ^/xjh and obtain finally 




From this expression, the time of fall t can be calculated for any position x. The 
equation, of course, is valid only for r < x <h. 

PROBLEMS 

1. Under the influence of gravity and without resistance, particles start simul- 
taneously from rest at 0 and slide along variously inclined straight grooves cut in the 
surface of a cone with inclined axis (Fig. 0 ). Provo that after any lapso of time t , 
all the particles will lie on the surface of a 

sphere of diameter D *=* \gt % . ? 

2. Assuming £ 0 = So =* 0, develop general JL 

velocity-time and displacement-time equa- | |\\m 

tions for the rectilinear motion of a particle of I 1 y wSnV 

mass m under the action of a force X « Foe"®*, I \Y\yv^. 

where F 0 and a are constants. I/ \\Y\w^k 

3. Assuming £ 0 — x 0 « 0, develop general J// \\\ 

velocity-time and displacement-time equa- Ml 1 l\\\\m 

tions for the rectilinear motion of a particle of ~ \ \ \ yt 

mass m under the action of a force X « Fo cos X ^L Lj \ \ \ \ \y^ 

at, where F 0 and a are constants. ■ ' --UlI II 

4. A car of mass m moving rcctilinearly " j 

with initial velocity Vo is brought to rest by j? IQ> 9 , 

a succession of negative impulses occurring 

at regular intervals of time t **■ r, t ** 2r, . • . t ** nr. If each impulse reduces the 
velocity by the constant amount Av, what number n of impulses will bo required to 
bring the car to rest and what total distance x will it have traveled by this time? 
Assume, in addition to the impulses, a constant resistance R. 

, 0 „ , vq/t - r „„ v <>( tfo + At? \ 

AWS - n Av/r + it/m’ X 2 \Av/r + R/m) 

6 . Assuming as initial conditions x «■ *o and & «■ 0 when t ■» 0, develop the dis- 
placement-time equation for the rectilinear motion of a particlo of mass m under the 
action of a force X = kx. Am. x — Xocosti -\/k/m • t. 


2. Graphical Quadrature. — In the preceding article, we have seen 
that integration of the differential equation of motion (1) frequently 
reduces to two steps of simple quadrature. Thus if the acting force can 
be expressed analytically, there is no difficulty whatever. In engineering 
problems of dynamics, however, it frequently happens that the acting 
force is given graphically by an empirical curve like those shown in 
Figs. 4 and 7. In such cases, the quadratures indicated in the equations 
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of the previous article are best made graphically or numerically. We 
shall discuss here a graphical method of quadrature applicable to all 
such problems. 

Referring to Fig. 10, assume that a function i? = /(£)* is given by the 
curve AB and that we desire to determine graphically the integral 

function £ = g(^) = j* This means simply that we have to 

construct a curve £ = g(£) whose slope d£/d£ for each value of £ is equal 



to the corresponding ordinate v of the given curve and whose successive 
ordinates £ represent the accumulation of area under the given curve. 
To accomplish this construction, we proceed in the following manner: 
First, we select a suitable number of points 1 , 2 , 3 , ... 6 on the given 
curve AB and project these points onto the vertical 17-axis, obtaining 
the corresponding points 1', 2', 3 ', . . . 6'. Next, we select a pole P 
to the left of the origin 0 and any convenient distance p therefrom. Con- 
necting the points T, 2 ', 3 ', . . . 6' with the pole P, we obtain a series of 
rays 1 , 2, 3 , . . . 6, the slopes of which are all proportional to the cor- 
responding 'ordinates of the given curve 17 = /(£). 

This done, we replace the given curve AB by a step curve passing 
horizontally through the chosen points 1 , 2 , 3 , ... 6 and so stepped that 
the areas of the similarly shaded triangles are as nearly equal as we can 
make them by eye. Considering this step curve for a moment, we see 
that since its ordinates are constant over each step, then the correspond- 

* The discussion is perfectly general, and we use the notations £, ij, £ rather than 
x, y, z to avoid confusion with any specific quantities that x, y, z might suggest. 
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ing integral curve must have a constant slope over each step, as repre- 
sented by the slopes of the rays 1, 2, 3, . . . 6. In other words, it must 
be a funicular polygon corresponding to these rays. To construct this 
polygon, we being at 0 and draw Oa parallel to ray 1 ; from a, where Oa 
intersects the first vertical of the step curve, we draw ab parallel to ray 2; 
etc., as shown in the figure. The smooth curve inscribed in the polygon 
Oabcdef and tangent to it at the points 1", 2", 3", ... is the required 
integral curve. 

This follows from two facts: (1) The step curve and the given curve 
AB have the points 1, 2, 3, ... 6 in common; therefore, their integral 
curves must have the same slopes at these points. (2) Any ordinate of 
the integral curve at one of the points 1", 2", 3", ... 6" represents the 
accumulation of area under the given curve AB up to that point. Like- 
wise, it represents the accumulation of area under the step curve up to 
that point. For these areas to be one and the same, the areas of the 
similarly shaded triangles must be equal, a condition that was previously 
approximately fulfilled. Hence the smooth curve 1", 2", . . . 6" and 
the true integral curve have at points 1", 2", . . . the same ordinates 
and the same tangents. With a proper selection of the points 1, 2, 3, 
. . . , our smooth curve will represent a very good approximation to the 
true integral curve. 

One question remains to be discussed, namely: how to determine the 
scale by which the ordinates of the integral curve ? = ff(() shall be 
measured. If the same scale unit were used for both the unit of n and 
the unit of £ in constructing the given curve AB and, further, if this 
scale unit were taken as the pole distance p, then, of course, still the same 
scale unit would be used for measuring the ordinates f of the integral 
curve. However, it is usually neither convenient nor desirable to do this. 
In general, if e,, and e, units of length are the scale units 1 for £, ij, 
and f, respectively, and the pole distance is p units of length, then the 
tangent of the angle that any ray in Fig. 10 makes with the £-axis, i.e., 
the slope of any ray, is 

tan 4h = (a) 

tr 

In the same way, the actual slope of any tangent to our integral curve is 

1 For example, if we are using a scale 1 in. « 7 £.p.s. on the $-axis, then $ in. « 1 
f.p.s.; i.e., » $ in. In such case, $ f.p,s. is represented by in. of length in the 

drawing. 
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Equating expressions (a) and (b), we find 


e 3 = e l> 
V 


00 


since, by definition and regardless of scale, we have v = d{/d£. Thus 
it follows from expression (c) that the scale unit by which ordinates of 
the integral curve f = g(£) are to be measured is 


We shall now consider the application of the described method 1 
•to a specific problem of interior ballistics. 2 The curve OBC shown in 
Fig. 11 represents a typical powder pressure curve for a small-bore rifle; it 
shows the intensity of powder pressure as a function of the position of 
the bullet along the gun barrel. In this particular case, the bore is 8 

mm., the bullet weighs 10 g., and the 
3000 -A powder weighs 3.2 g. From these 

"l 2000 -I X. given data, it is required to find the 

^ looo / so-called muzzle velocity v e with which 

I c the bullet leaves the gun and also 

0 (S ib 20 - 30 40 so 6Q~~T0 cm. the time of travel t 0 along the barrel. 

I faTIr, . . . ■ - In making such calculations' here, we 

Flo ‘ 11 ‘ shall assume that the resistance to 

motion along the barrel due to friction, rifling, etc., is negligible in com- 
parison with the powder pressure. In other words, we assume that the 
force due to the expanding powder gas is the only acting force. 

We begin our solution with Eq. (7) of the preceding article. Noting 
that in this case cc 0 = x 0 = 0, when t = 0, and using v = A, we have 


fan' v 1 = a J* pdx = ag( x), 


wherein m' is usually taken to represent the mass of the bullet plus one- 
half of the powder mass, a is the cross-sectional area of the bore, and p 
is the powder pressure. From Eq. (d), we obtain 




and we see that by constructing graphically the integral curve f = g(x) 
corresponding to the given powder pressure curve p = fix), we can easily 


1 For a slight variation of the method as well as for other applications, see H. Von 
Sanden, “Practical Mathematical Analysis,” Methuen, London, 1923. 

1 For a brief r6sum6 of the principal problems of interior ballistics and bibliography, 
see “ Inner e Ballistik,” by Erwin Bolle, “Handbuch der physikalischen und tech- 
nischen Mechanik,” vol. II, p. 276, Leipzig, 1930. 
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find therefrom the velocity v for any value of x. In short, the velocity is 
proportional to the square root of the work done by the powder pressure. 

We proceed then by plotting the given powder pressure curve in 
Fig. 12a to the scale: 1 cm. = 1,000 kg. per sq. cm. on the p-axis and 



1 cm. = 10 cm. on the 2 -axis. Choosing the points 1, 2, 3, ... 9 
on this curve, we construct the corresponding step curve as already 
explained. Then taking a pole distance p = 2.5 cm., we construct the 
rays 1, 2, 3, ... 9 and the corresponding funicular polygon Oabcdefgh 
as shown. The smooth curve inscribed in this polygon gives us the 
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required integral curve f = g(x). Using Eq. (9), the scale factor for this 
curve is found to be 

1 1 1 1 
6r 10 X 1,000 X 2.5 25,000' 

i.e., on the f-axis, 1 cm. = 25,000 kg. per cm. The maximum ordinate 
at the end of this diagram scales 3.50 cm. Therefore g e (x) = 87,500' 
kg. per cm. To find the corresponding muzzle velocity v 0 , we have, for 
the given data, 


/2a _ (2 X 0.5027 X 980 

yjm' \ 0.0116 

and then, from Eq. (e), 


291.2 cmJ / sec. kg.* 


= 291.2 \/87,500 = 86,000 cm. per sec. = 860 m. per sec. 


We now turn our attention to the time of travel of the bullet along 
the gun barrel. In the case of large guns, this question is of considerable 
interest in connection with the design of recoil mechanisms. Having 
velocity v as a function of displacement x, there is no very great difficulty 
to find the time of travel. We begin with Eq. (8) of the preceding article 
and write 


t 


f x dx 

Jo V 


(/) 


From this, we see that to find the time of travel to any point x along the 
barrel, we need only to construct the curve 1/v = <j>(x) and then mnlra 
the corresponding integral curve t = $(x) as represented by expression 
(f). To do this, we first scale a suitable number of ordinates of the 
g(x )~ curve in Fig. 12a and calculate, from Eq. 
(e), the corresponding values of v and l/v as shown 
in Table I. The next step is to plot the curve 
l/v = </>(x) as shown in Fig. 125. 

Because of the fact that this curve approaches 
infinity as x approaches zero, we cannot deal with 
it graphically for small values of x. In other 
words, the area under the early part of the 
curve is indeterminate. Therefore we solicit a 
little analytical aid at the beginning, namely: we as sume that up to the 
point x = 2.5 cm., the powder pressure p is a linear function of 
Then the resultant force X acting on the bullet can be represented by the 
force-time diagram shown in Fig. 13. Using this diagram together with 
the notions of area and statical moment discussed on page 6, we may 
write at once 
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and 


Vl 


k(Aty 

2m! 


k(Aty At 
Xl ” 2m' 3 " 


Eliminating the constant k/m', we obtain 


(?) 

(A) 


At = 3 -• (0 

w 

Using in this expression, the first pair of values of x and v from Table I, 
we find 

A<== TW = 5 - 05(10) " lsec - O') 

To plot this starting point for the integral curve t = rp(x) in Fig. 126, we 
must first determine the scale factor for t. Since we have plotted the 


Table I 


X 

cm. 

B(x) 

scale units 

?(*) 

kg./cm. 

v Vo®) 

(kg./cm.)* 

V 

2a 

m' 

V 

cm./sec. 

see./cm. 

0.0 

0.000 

0 

0 

291.2 

0 

00 

2.5 

0.104 

2,600 

51.0 



14,860 

6.750 

5.0 

0.330 

8,325 

91.1 



26,500 

3.774 

7.5 

0.652 

16,300 

127.7 



37,100 

2.695 

10 

0.945 

23,600 

153.6 



44,700 

2.237 

20 

1.934 

48,400 

220.0 



64,000 

1.562 

30 

2.586 

64,600 

254.2 



74,000 

1.351 

40 

2.996 

74,900 

273.7 



79,600 

1.256 

50 

3.255 

81,300 

285.1 



83,000 

1.205 

60 

3.434 

85,800 

292.9 



85,300 

1.172 

70 

3.500 

87,500 

295.8 


* 

86,000 

1.163 


curve 1/t) = <t>(x) to the scale 1 cm. = 0.00001 sec. per cm. on the 
vertical axis and 1 cm. = 10 cm. on the s-axis, we have e 1/v — 100,000 
and at = tVi so that with a pole distance p — 2.5 cm., we have 

e t = 100,000 X^X^ = 4,000; 

i.e., on the t-axis, 1 cm. = 2.5(10)~‘ sec. We now plot the point 
A[t = 5.05(10) -4 sec. when x = 2.5 cm.] in Fig. 126 and are ready to 
begin the graphical construction of the integral curve t = \f/(x). This is 
carried out in the same manner as before, and the final ordinate at 
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* = 70 cm. scales 6.36 cm. Hence, 

U = 6.35 X 2.5 (10)- 4 = 1.59(10)-* sec. 

PROBLEMS 

6. For the particular case where h ■* 2r = 7,920 milefl, construct, by graphical 
quadrature the integral function t = g(x) as represented by Eq. O’) * n Art. 1 and 
check the accuracy of the graphical method by using Eq. (w). 

7. A test made on a hunter’s longbow (Fig. 14) shows the following relation 
between the draw d in inches and the pull P in pounds : 


Draw d 

* 

6 

mm 

— 

— 


Pull P 

0 

is 

19 

mi 





Hot the corresponding curve P = F(x ), and determine, by graphical integration, the 
maximum velocity with which a J-oz. arrow leavcK the* bow 
for full draw d = 30 in. 

3. Numerical Quadrature. — In dealing with 
the integral 

17(f) = /V(f)df, 

it often happens that the given function ij ■* /(£) 
is defined simply by a series of numerical values 
of 17 over a given range of £. These value* of 
the function may have been observed experi- 
mentally, scaled from a graph, or computed from 
a given analytic function. In any carte, it is fre- 
quently desirable to work directly with Hie 
given numerical data rather than to plot the 
function to scale and then work graphically or to attempt an exact integrn- 
tion. In this article, we shall describe and illustrate a common met hod 
of numerical quadrature. 

Referring to Fig. 15 , let the func- 
tion 17 = /(£) be defined within the 
region (£ — £0) by the ordinates vo, 

171, 17s, .. . i) n , for a series of equi- 
distant values of £ : £ 0 , £0 + A£, 

£0 + 2 A£, ... £0 + nA£. Then the 
problem of evaluating the integral 
function becomes simply one of findin g 
the area under the curve ij = /(£) be- 
tween the initial ordinate ij 0 and successive ordinates 171, 172, .. . *7*. 
The simplest approximation to this area would be obtained by aHHUtning 
that the function is linear between the given points and taking Hucceanivo 


7 



Fio. 15. 
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sums of the areas of the trapezoids shown in the figure. Thus 

ff(t) ^ (vo + Vi ) + 4^ (?li + Va) + ^ (va + Va) b ’ ' ’ - (10a) 

If we do not care about intermediate values of the integral function but 
require only the total area under a definite portion AB of the curve, we 
have 

J A ~ A£(ino + Vi + Va + • • • + Vn-i + bln)- (106) 

Formula (10) is called the trapezoid rule. It is often very helpful in 
making a quick rough approximation to the area under a given curve. 

A much better approximation to the area under the curve AB in 
Fig. 15 will be obtained by assuming that over any double interval 2A£, 
such a portion of the curve as opq is a parabola given by the equation 

v - A + Bt + Ct\ (a) 

where A, B, and C are constants and t is measured from the middle 
ordinate i/i as shown in the figure. The constants A, B, C can always be 
selected so as to make the parabola pass through the three given points 
o, p, q. However, instead of doing this, we find the values of the ordi- 
nates vo, Vi, va in terms of the constants A, B, C by substituting t = — A£, 
0, +A? into Eq. (a). In this way, we find that 

Vo + 4-77 1 +172 = 6A + 2C(A £) 2 . (6) 

At the same time, the area under the portion opq of the curve (shaded in 
the figure) is 

Substituting expression (a) for v and integrating, we find 

Si = 2A A£ + 2 C ^ [GA + 2C(A£) 2 ]. (c) 

Then from Eqs. (6) and (c) together, we obtain 

Si = 4p (170 4- 4vi + 572 ). (11) 

Using expression (11), successively, for the portions opq, qrs, ... of the 
given curve AB, we find for the total area up to any even-numbered 
ordinate 

?(£) = ^ fro + Aiji + va) + (va + iva + V*) 

+ (174 + 4^75 + i?«) + * ’ * • (12a) 



ADVANCED DYNAMICS 


[Chap. I 


18 

Agaitt) if we do not care about intermediate values of the integral func- 
tion but want only the total area under a specified portion AB of the 
given curve, we have 

J f(£)d£ = ^ (.Vo + 4i?i + 2ija + 4i)> + 2ru + • • • + rj n ). (126) 

Formula (12) is called Simpson ’s ride. In general, it gives a much greater 
accuracy than the trapezoid rule, and its use involves very little additional 
effort. It must be noted that in using formula (126), the given region AB 
must be divided into an even number of equal intervals Af. In other 
words, the given function must be defined by an odd number of ordinates 
equally spaced along the £-axis. 

Still greater accuracy can be obtained by approximating a given curve 
by a polynomial of the rath degree, but the formulas for calculating the 
area under such a curve are considerably more cumbersome than Simp- 
son’s rule, and the slight increase in accuracy is 
often not worth the additional labor. 1 Further- 
more, in working with empirical data, such refine- 
ment is usually unjustified. 

We shall now discuss the application of our nu- 
merical integration to a problem in the field of vibra- 
tions. In Fig. 16, a weight W = mg is attached at 
the mid-point of a tightly stretched piano wire AB. 
If this weight be displaced laterally from its position 
of equilibrium and released, it will, in the absence of 
damping, vibrate with a constant amplitude equal 
to the initial displacement x 0 . Of partic ular interest 
will be the period of such vibration, i.e., the 
required to complete one cycle of the motion from 
C to C" and back to C again. Since the system is 
symmetrical with respect to the middle configuration, this period will obvi- 
ously be four times the time required to pass from <7 to 0. Hence, in our 
further discussion we confine our attention to the first quarter cycle of 
vibration. We begin with the Mowing list of notations: 

21 = total length of wire, 

So = initial tensile force in wire, 
x 0 = initial lateral displacement, 

A = cross-sectional area of wire, 

E = modulus of elasticity of wire in tension, 
m = mass of attached ball. 

> For a discussion of more elaborate methods of numerical quadrature, see H. Von 
Baaden, “Practical Mathematical Analysis,” p. 18. 
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From simple geometrical considerations, we see that the tensile strain in 
the wire due to displacement x is 


Vi? + X s - l X 8 

l m 2 1* 


(d) 


Then the total tension in the wire is 

S~S 0 + AE~ (e) 

Since there are two of these forces (see Fig. 16), the resultant force on 
the displaced particle is directed along the z-axis and has the magnitude 

From this expression, we see that if the initial tension So is very large 
and the displacement x is always small, then the first term predominates 
and we have a restoring force that is approximately a linear function of 
displacement. In such case, the vibrations will be simple harmonic and 
the period r is independent of amplitude. Otherwise, the restoring force 
is definitely not a linear function of displacement but increases in greater 
proportion and the period of vibration will be somewhat diminished for 
large amplitudes. In any particular case, the period of vibration for a 
given amplitude can be calculated from Eqs. (7) and (8) of Art. 1. 

We begin with Eq. (7), which for z 0 = 0 becomes 



To make the indicated quadrature numerically, we take definite numeri- 
cal data as shown in Table II and evaluate the function Fix) as given by 
Eq. (J) for a series of chosen values of x. The function —F(x) plotted 
from this table is shown graphically in Fig. 17. 

We are now ready to proceed with our numerical integration. Using 
the values of —F(x) as given in the second column of Table III, together 
with formula (11), we make successive steps of quadrature, evaluating 

each time the integral /’* <+2A * F(x)dx as shown in column (4). 1 In col- 

umn (5), these increments of area are multiplied by the factor 2/m = 100, 
in accordance with Eq. (g), and successive summations of these incre- 

l The first step from x « 1.25 to x - 1.20 is made by the trapezoid rule. Since 
both F(x) and dx in Eq, (g) are negative, the integral is positive and we ignore signs 
in the table. 
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meats of £ s are given in column (6). Finally, in column (7), we have the 
final results of the first integration, namely: — x — This func- 

tion is also shown graphically in Fig. 17. 


Table II 


X 

in. 

2 3. 
T ■ 
lb. 

& 

in.* 

AE 

"jr** 

lb. 

-m 

lb. 

rr /\ 2/So i AE « 

W = — X + X z 

1.25 


1.953 

31.85 

56.85 

a?o « 1.25 in. 

EE3 


1.728 


52.20 


1.10 


1.331 


43.71 

So = 200 lb. 

1.00 




36.31 


0.9 




29.89 

1 =* 20.0 in. 

0.8 

16.0 

0.512 

8.353 

24.35 



14.0 

0.343 

5.595 

19.60 

2So/l - 20.0 lb. per in. 

0.6 

12.0 

0.216 

3.523 

15.52 

0.5 

10.0 

0.125 

2.038 

12.04 

A — 0.00435 sq. in. 

0.4 



1.044 

9.04 




0.441 

6.44 

E - 30(10)® p.s.i. 

0.2 

4.0 

0.008 

0.130 

4.13 


0.1 



0.016 

2.02 

AE/l s — 16.3145 lb. per cu. in. 

0.0 

0.0 

0.000 

0.000 

0.00 

m = 0.0200 lb.-sec. 2 per in. 


Having —x = 4>(x) as represented by the data in columns (1) and (7) 
of Table III, we are now ready to consider the time integral 1 



( h ) 


As a preliminary to the evaluation of this integral, values of — 1/x are 
recorded in column (8) of Table III. Here again, the area under the 
initial portion of the —1/x curve makes difficulty, since for x 0 = 1.26 
in., —1/xq = =o. To get around this difficulty, we assume that from 
*o = 1.26 in. to Xi = 1.20 in., the particle moves with constant accelera- 
tion a. Then 


from which 


=^a(A0 ! = ^ 

At - ^ = 0.006058 sec. 

t>i ID. 01 


(0 


Now beginning our numerical integration at Xi = 1.20 in. and pro- 

* The intermediate values shown in boldface type are found by interpolation. 

1 Again, both x and dx are negative; t is positive, and we ignore signs in the 
table. 
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(11) 

t 

sec. 

a 

1C 

c 

>l0 

o 

e 

cq 

1 

£j 

**» 

< 

0.01391 

0.01923 

0.02374 

0.02794 

0.03197 

0.03598 

(10) 

f •(••■) 

sec. 

16.51 

0.007851 

0.005318 

0.004517 

0.004192 

0.004032 

0.003963 

'T? 

~ ti 

+ 8 
e 

>5 

J Vi 

0.23553 

0.15955 

0.13552 

0.12577 

0.12095 

0. 11889 

(8) 

_ 1 

X 

sec./in. 

00 

0.06060 

0.03636 

0.02949 

0.02654 

0.02390 

0.02251 

0.02158 

0.02093 

0.02047 

0.02014 

0.01992 

0.01980 

0.01977 

o Jq 

^ 1 > 

.9 

u3Sol§o33co§ooSS23 
°Sl!889j 9^99888 

M 

/ — S 

^ « § 

S 

272.6 

1.150.4 

1.751.1 

2,145.3 

2,387.7 

2.517.5 

2.558.2 

N 

* 

s ii 
Hi 

• <£ 

877.8 

600.7 

394.2 

242.4 

129.8 

40.7 

9 : 4 

SI"*. 

2.726 

8.778 

6.007 

3.942 

2.424 

1.298 

0.407 

'T? 

p* 

+ 

/"'N r* m 

e jra. 

+ 

e . . 

s5 


263.35 

180.22 

118.27 

72.72 

38.93 

12.21 

•S' 

§ STa 

56.85 

52.20 

43.71 

36.31 

29.89 

24.35 

19.60 

15.52 

12.04 

9.04 

6.44 

4.13 

2.02 

0.00 

3 _ ».s 

§§88ca00l>eOtf5THc©eqTH© 
hhh Hodddddoddd 
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ceeding as before, we find for the even values of x in column (1) the 
corresponding values of t as given in column (11). The displacement- 
time curve t = $(x) plotted from these data is shown in Fig. 17. 

As already noted, the system is symmetrical with respect to the 
middle configuration, and we have therefore, for the period of vibration, 

r = 4(0.03593) - 0.1437 sec. (j) 


From Fig. 17, we see that for small amplitudes (x 0 < 0.2 in.), we can 
assume a linear restoring force and take 


X = 

In such case, the period is 



2S 0 

l 


x. 


0.1985 sec. 


c n 

GO 


Comparing expressions (j) and (k), we see that for the assumed larger 
amplitude, the period of vibration is reduced by about 28 per cent. 

In columns (9), (10), and (11) of Table III, we have proceeded in such 
a way as to obtain sufficient data for plotting the displacement-time 



curve t - \p(x) shown in Fig. 17. If we are interested only in the period 
of vibration for a given amplitude, we can save some time by using 
formula (126) to evaluate the time integral (h). In such case, using the 
data in column (8), we have 


vui = 4 + (0.0606 + 0.1454 + 0.0590 + 0.1062 + 0.0478 

+ 0.0900 + 0.0432 + 0.0837 + 0.0409 + 0.0806 + 0.0398 + 0.0792 

+ 0.0198) X 0.0333 J = 0.1437 sec. 
Making similar calculations for several different amplitudes, it is pos- 
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sible to construct a curve showing how the period of vibration varies with 
the amplitude. For the above system, such a curve is shown in Fig. 18 . 


PROBLEMS 

8. Show that for X * F(x) as defined by Eq. (/), the exact integration of Eq. 
(g) gives — & « \ZK\(x* 2 — x 2 ) + i£ 2 (zo 4 — x*) } where K\ «* 2So/lm and K% « AE/2lhn. 
Compare the values of x computed from this exact formula with .those obtained by 
numerical quadrature in column (7) of Table III. 



2Tig. 18. 


9. A .30-caliber rifle (bore diameter 0.30 in.) has a 30-in. barrel length, a 
maximum powder pressure p m ax * 45,600 p.s.i. that occurs when x ■» Xi » 4.17 in., 
and shoots a 150-grain bullet with 50 grains of powder. The complete powder pres- 
sure curve is defined by the numerical data shown in the accompanying table. Calcu- 
late the muzzle velocity v and the time of travel t by numerical quadrature. 


x_ 

Xi 

_s_ 

Pints. 

£L 

Xi 

JL. 

Pints 

£ 

Xi 

-JL 

proas 

0 



■H 

4.8 

0.228 

0.1 

m 


llfM 

5.0 

0.215 

0.2 

■ 

2.6 

mSSM 

5.2 

0.202 

0.3 


2.8 

mm 

5.4 

0.190 

0.4 


3.0 


5.6 

0.178 
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Those data were taken from C. Crane, “Lehrbuoh der Balliatik,” Vol. II, p. 329, Springer, Berlin, 
1926. 


10. What effect will a change in the weight of the bullet from 150 to 180 grains 
have on the muzzel velocity v and time of travel t in the preceding problem if all other 
data remain unchanged? 
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4. Rectilinear Motion in a Resisting Medium. — Whenever a body 
moves through a fluid medium such as air or water or along a rough 
track, it encounters a certain amount of resistance which, in the absence 
of any other forces, would eventually bring it to rest. Thus, a pendulum 
swinging freely in air gradually loses energy and finally comes to rest in 
its position of equilibrium. Likewise, a ship or train that cuts off its 
power at full speed will glide gradually to a stop owing to various resist- 
ing forces. Sometimes such resisting forces are so small compared with 
other forces that may act upon a body that they can be neglected without 
serious error. In other cases, they are of primary importance and have a 
pronounced effect upon the motion. As examples of problems in which 
resistance plays an important role, we may mention the motion of ships 
through water and the motion of aircraft and projectiles through the 
air. The slow settlement of fine particles of silt in a quiet body of water 
or. of particles of volcanic dust in the atmosphere is an example of recti- 
linear motion in which the resisting forces predominate. 

The exact nature of the resistance encountered by a body moving 
through a given fluid medium is rather complex; it usually involves several 
completely different physical phenomena. In general, resistance may 
be divided into four types: (1) frictional resistance, due to ordinary 
Coulomb friction on track or guides; (2) viscous resistance, due to the 
viscosity of the fluid medium in which a body moves; (3) wake resistance, 
due to eddy formations left in the fluid medium behind the moving body; 
and (4) wave resistance, due to the formation of waves radiating from the 
body into the surrounding medium. When a body moves through a 
stationary medium or, what amounts to the same thing, when a fluid 
medium flows past a stationary obstruction, the streamlines are dammed 
up in front of the body and exert a dynamical pressure on its nose. In 
going around the body, the streamlines are separated and do not always 
close up behind, so that a wake of eddy formations is left downstream. 
As a result of this, the pressures on the rear half of the body are appreci- 
ably less than on the front half; consequently, there is a resultant foroe 
on the body opposing its motion relative to the stream. This is the 
resistance referred to as wake resistance. In the case of ships moving on 
the surface of a liquid, there is another type of pressure resistance due 
to the formation of surface waves. Such wave resistance is also impor- 
tant in the case of projectiles moving through the air at speeds greater 
than that of sound. 

While the various sources of resistance mentioned above are essenti- 
ally different in character and extremely complex in nature, they may be 
said to have one thing in common, namely: they simply represent dif- 
ferent modes of transference of energy from the moving body to the sur- 
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rounding medium where it is eventually reduced to heat. For this 
reason, the forces of resistance are often referred to as dissipative forces. 

We come now to the all-important question of how to express the total 
resisting force. That it is some function of the velocity of the body 
relative to the fluid medium and that it always opposes the motion must 
be self evident. Thus, in general, we may write 

R = -Ckf(v), (13) 

where A; is a physical constant, the value of which depends upon the 
properties of the fluid medium and the size of the body, and C is a 
numerical factor, called the coefficient of resistance. The value of C 
depends principally upon the size and shape of the body and sometimes 
also upon its velocity. 

In many cases, where frictional resistance predominates, a satisfactory 
form for the resistance function (13) will be 

R = const. (13a) 

This law applies in the case of a body sliding over a clean dry surface, 
in which case R = —fN ; f being the coefficient of friction and N the 
normal force. 

If sliding surfaces are separated by a thin film of lubricant and the 
velocities are not too large, viscous resistance will predominate. In this 
case, both theory and experiment verify the fact that such resistance is 
proportional to the first power of the velocity. Thus 

R = -Kv. (136) 

This law applies also to the motion of very small spherical particles 
through a resisting medium such as water or air. In such case, if d is 
the diameter of the sphere and p the absolute or dynamic viscosity of the 
fluid medium, Eq. (136) takes the form 

R = —Zirpvd (136') 

which is known as Stokes’ law. This law holds only for values of Reyn- 
olds number Nr = vd/v < 1.0, where, in general, d = a characteristic 
lateral dimension of the body and v — p/p = kinematic viscosity of the 
fluid; p being the mass density of the fluid and p the dynamic viscosity. 

For other than minute velocities through a fluid medium and in the 
absence of any kind of sliding resistance, the major source of resistance 
lies in the unbalanced pressure distribution over the surface of the moving 
body. For such cases, Newton was the first to propose a definite form 
for the resistance function (13). He reasoned that in unit time, a body 
of cross-sectional area a, normal to the line of motion and moving with 
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velocity v, would have to impart its own speed to a mass of fluid, of mass 
density p, equal to pav. Then, since the force necessary to do this is 
proportional to the rate of change of momentum, i.e., to (pav)v, he con- 
cluded that resistance to motion of a given body through a given fluid 
medium is proportional to the square of the velocity. It is customary 
now to write this so-called quadratic law of resistance in the form 

R = — C%pav 2 = — Ckv*. (13c) 

While the whole mec hanism of such resistance is much more complex 
t.lmn Newton supposed, modem hydrodynamical research has shown the 
quadratic law of resistance to be the best form for a variety of cases, 
provided the resistance coefficient C is properly evaluated and provided 
we are willing to accept the fact that it is not always a constant as New- 



Velocity.ft per sec. 

Fio. 19. 

ton supposed. A detailed discussion of the coefficient C properly belongs 
to the field of fluid mechanics, 1 and we can give here only a few brief 
remarks about it. 

In those cases where wake resistance predominates, the coefficient 
of resistance C in Eq. (13c) may be taken as a constant. For motion in 
air below the velocity of sound, this will apply to short, blunt, sharp- 
edged bodies such, for example, as a circular disk flatwise to the air 
stream. In this case, C = 1.12. It also applies, with good accuracy, 
to very rough elongated bodies such as a locomotive or blunt-nosed 
projectile. Up to moderate speeds, it may apply even to the motion of 
marine ships, although at higher speeds, where wave resistance pre- 
dominates, it no longer does so. 

In the case of a smooth, streamlined body such as an airship, both 
viscous resistance and wake resistance are important and the coefficient 
C varies with the velocity or, more properly, it is a function of Reynold’s 

1 For an excellent discussion of the whole question of resistance, see Prandtl, “The 
Physics of Solids and Fluids,” 2d ed., pt. II, pp. 286-299, 378, Biackie, Glasgow, 1936. 
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number. These cases are the most complex and will not be discussed 
here. 1 

In the case of a projectile moving with velocities above the speed of 
sound, denoted by c, wave resistance predominates and the coefficient C 
in Eq. (13c) can be represented as a function of velocity. A typical 
resistance curve 2 for a rifle bullet is shown in Fig. 19, where the coefficient 
of resistance C in Eq. (13c) is plotted against the velocity v. We note 
that as we pass from subsonic to supersonic velocities, there is a marked 
rise in the resistance coefficient, which for very high velocities tends 
again toward a constant value. 

In the case of marine ships, all three types of fluid resistance are 
important and it is common practice simply to represent the total resist- 
ance as a function of velocity by an experimental curve. 8 Such a resist- 
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ance curve for a full-sized ship 4 is shown in Fig. 20a, no data being given 
for speeds below 5 knots. The portion AB of this curve shows the 
resistance to be proportional to the square of the speed, while in the 
neighborhood of point C it is more nearly proportional to the fourth 
power of the speed. The curve in Fig. 206 represents the resistance for 
a modem high-speed ship, such as a destroyer. 

We come now to a consideration of the differential equation of 
rectilinear motion under the action of a force involving the resistance 


i/Wi., p.299. 

* This curve has been taken from an article on Exterior Ballistics by Otto von 
Eberhardt. See “Handbueh. der physikalischcn und technischen Mechanik,” vol. II, 
p. 199. 

* The experimental data are usually obtained for a small-scale model and then 
adapted to the prototype in accordance with Froude’s law of similarity. 

4 The curve in Pig. 20a is of considerable historical interest. It was made in 1871 
for H.M.S. “Greyhound” G^gth, 172 ft. 6 in., breadth, 33 ft. 2 in., draught, 13 ft. 
9 in., displacement, 1,161 tons) by William Froude and represents ihe first serious 
attempt to study the nature of resistance of surface ships. See Trans., Inst. Nasal 
Architects , 1874; also, Naval Science, vol. Ill; and Engineering, May 1, 1874. 
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function (13). To make the discussion more, general, we *maninft that 
there is also a constant force and take 

X = X 0 — Ckf(v). (a) 

Then the equation of motion (1) becomes 

mj t — Xo - Ckf(v), 
which we may write in the form 

| = a - 0f(v), (b) 


where a = Xo [m is the acceleration produced by the constant force 
Xo and 0 = Ck/m is a resistance factor that is constant if C is constant. 
In any case, 0 may be regarded as a function of velocity, so that the 
entire right-hand side of Eq. (6) is a function of velocity and the variables 
are separable. By quadrature then, we obtain 


and, since dx — vdt, also 


t = 

x = 


/: 

/: 


dv 

a - $f(v) 

vdv 

a - j 8f(v)' 


( 14 ) 


( 15 ) 


After evaluation of these two integrals, for any given case, the variable » 
may be eliminated (or used as a parameter) and we have x — f(t), which 
completely defines the motion. 

Referring back to Eq. (6), we see that when the velocity has such a 
value V that 


m - 1 (<o 

the acceleration vanishes and there is no further increase in velocity. 
The velocity V that satisfies Eq. (c) is called the limiting velocity or 
terminal velocity . Thus, for example, a ship or train under full power 
accelerates until this terminal velocity is reached and thereafter runs at 
this constant speed, the power developed by the engine being completely 
used up in overcoming the resistance. 

We may now discuss, the solution of Eqs. (14) and (15) for several 
particular cases. We begin with the case where viscous resistance pre- 
dominates and the resistance is proportional to the first power of the 
velocity [Eq. (136)]. In such case, the equations become 

< 14o > “ d 
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where a = Xo/m and /S = K/m are constants, 
of these integrals, we obtain 


t 



a — fivo 
a — flv 


Evaluating the first 


(d) 


which may be written in the equivalent form 

• - i - 0 - '*) <e) 

This is the general velocity-time equation for the motion. Replacing v 
by dx/dt and integrating again, we ob- 
tain, for *o = 0, 

<» 

representing the final displacement- 
time equation. It will be noted from 
Eq. (e) that the velocity v approaches 
the terminal velocity V « a/p as 
a limi t but theoretically requires infinite time to reach this speed. The 
general nature of the displacement-time curve, plotted from Eq. (f), is 
shown in Fig. 21. We see that for large values of t, we may replace Eq. 
(/) by the equation of its asymptote 

x-rt - (a) 

P 

This amounts to assuming a uniform motion with a fictitious initial 
displacement as shown by the dotted line in Fig. 21. 

In the particular case where the viscous resistance — Kv is the only 
acting force, we put a — 0 in Eqs. ( e ) and (/) and obtain 

v = votr*, 

X - |° (1 - r*). 

From these equations, wo see that for this kind of resistance, theoretically 
infinite time is required to bring the body to rest but the distance covered 
is finite, being v 0 /p. 

Example: Equations (e), (/), and (g) apply to tho settlement of fine particles of 
silt in water or mist in the atmosphere. In such cases, wc use Stokes’s law of resist- 
ance for smooth spheres 

R =* —3 iruvd =* — Kv t CO 

where n is the dynamic viscosity of the fluid medium and d is tho diameter of the 
particle (assumed spherical). If %oi is tho specific weight of tho particle and the 



x 
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specific weight of the fluid, the apparent gravity a « g(m — v>t)/wi and 

p m Wid* 

Thus the terminal velocity becomes 

rr a 0(wi - Wi)Wid 3 _ Wi - «0a J, ,_ n 

K “ fi " Wil8^ “ I8 m 

For particles of silt (specific gravity « 3) in water at 72°F. (a* « 2 X 10" 6 lb.-sec. per 
sq. ft.), 

7 ■ ^ ■ 8 - 4e * <10) ' , ‘- 


Taking d «* 1/7,000 ft. (this corresponds to Reynolds number Nn ** 0.3), the terminal 
velocity is V - 0.00706 f.p.s. Assuming v, — 0 and using Eq. (p), the time required 
for such a particle to settle to the bottom of a reservoir 100 ft. deep would be 14,200 
sec., or approximately 4 hr. 

In using the quadratic law of resistance in combination with a constant 
force, it is necessary to distinguish between two cases: (1) The constant 
force is a driving force (a > 0), and (2) the constant force also opposes 
the motion (o < 0). Beginning with the case where a > 0 and using 
Eq. (13c) for the resistance function, the integrals (14) and (15) become 


[' do 
Jvi ® 


(146) and 


p vd v 
Jr,, a - Pv* 


(156) 


and, from Eq. (c), we have for the terminal velocity V = y/afp. When 
this notation is introduced, the above integrals become 

«-£/■* «d —E /•»*-,. 

a J„ V* - v* a J„ 7 * — 

Integrating, we get 

« - (fX - 1 H"‘ (v) - ^ a 


-glog[0*-P]; t 


7\ _ 7 2 — vt? 
2 o log 7 s - v *’ 


If the body starts from rest (i>o = 0), these equations reduce to 


7 tanh 

7* , 7 s 
*2a log 7 s - t>*' 


Then eliminating v, we get the displacement-time equation 

* - T log cosh (v)' 


(*) 

0) 

(«0 


(«) 
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If the constant force opposes the motion (a < 0), the integrals (14) 


and (15) become 



t = _ f dv 

Jtt o + 0V* 

and 


(14c) 

f vdv 

* ” J„ a + 


(15c) 

which, with the notation 7 = \/o/j8, become 



, V s f* dv J 7 J f" 

a J, V i + v* a J„ 

1 v dv 

7* +»* 


Evaluation of these integrals gives 



* -![*““ (r)- t “-(f)}i 

* - 71 let ^ + 1 

* 2a ° e 7* + »* 

| 

(o) 


These equations are valid, of course, only as long as v is positive. When 
the body comes to rest (v = 0), we have 






Example: If we take a — g } Eqs. (k) to (?) apply to the motion of a projectile fired 
vertically upward with initial velocity t> 0 less than the velocity of sound. Assuming 
an arrow 0.02 ft. m diameter and 235 grains in weight and taking the coefficient of 
resistance 0 » LOO, we have, for air density p » 0.00237 slug per cu. ft., 

0 - — - 35.7(10)"' ft.-‘ 

and a » g » 32.2 ft. per sec. per sec. Hence the terminal velocity 


r-'Tl 


300 f.p.s. 


A 35-lb .-draw bow will give the arrow an initial velocity Vo » 250 f .p.s. Then by Eq. 
(?), the maximum height h that the arrow will attain is 

A - ^ log (i + - 1,400 log (1.695) - 740 ft. 

We see that this is about three-quarters of the height that would be attained without 
air resistance. From Eq. (p ) , the time required to mako this ascent is 


7 *“'■(?) 


9.32 tan -1 (0.834) - 6.48 sec. 
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For the descent of the arrow, we use Eqs. (m) and (n). Substituting h « 740 ft. 
for * in Eq. (n), we find that 

log cosh *■ 0.2643, 

from which the time of descent V » 7.08 sec. Substituting this value of t in the first 
of Eqs. (m)j we find, for the velocity with which the arrow returns to us, 

v m 300 tanh ^ t - 300 tanh (0.760) - 192 f.p.s. 

In all cases where the coefficient of resistance C is not constant, 
we return to Eqs. (14) and (15), where the functions l/[a — / 3f(v)] or 
v/[a — Pf(v)] can be represented, in any given case, by a curve and the 
integrals evaluated by graphical or numerical integration. Thus, for 
example, having the resistance curve such as those in Fig. 20 for a ship, 
we can easily find by graphical integration the time and distance occupied 
in attaining full speed. Also, the case of a projectile fired with initial 
velocity v 0 > c can be treated in a similar manner by using a curve like 
that in Fig. 19. 

PROBLEMS 

11 . Integrate the differential equation dv/dt « — 0v 2 , and show that when quad- 
ratic resistance acts alone, the rectilinear motion of a particle having initial velocity t> 0 
is defined by the equations 

v = ttm and 

from which, x => (1/0) log(l + 0vo$). 

12 . H.M.S. “Greyhound” (displacement 1,161 tons) cuts off its power at a 

speed of 8 knots and glides to a stop. Referring to Fig. 20 o, we find that at 8 knots, 
R « 5,400 lb., while at 5 knots, R *= 2,000 lb. Assuming that the resistance is quad- 
ratic between 8 and 5 knots and linear below 5 knots, compute the total distance used 
up in coming to a stop. One knot = 1.689 f.p.s. Ana. x = 3,676 ft. 

13 . A ship going at full speed V suddenly reverses its engines. Assuming quad- 

ratic resistance at all times, find the time and distance occupied in coming to a full 
stop. [Use Eqs. (p) and (q), page 31.] Am. t = fl-7/4a; x = (7 8 /2a)log 2. 

14. If, in the preceding problem, the displacement of the ship is 1,200 tons and 

the full speed V is 12 knots, at which speed the total resistance is 25,000 lb., what are 
the numerical values of t and x above? Am. t = 47.5 sec.,* x » 425 ft. 

15 . A flyer and his parachute together weigh 220 lb. The parachute [considered 

as a hemispherical shell ( C = 1.33)] has a diameter d = 16 ft. What is the terminal 
velocity in air (mass density p « 0.00237 slug per cu. ft.)? * 

Am. V = Va/j5 =■ 26.3 f.p.s. 

16. Using the resistance curve in Fig. 20a, determine, by graphical integration, 
the distance occupied by H.M.S. “Greyhound” in coming to rest if the power is cut 
off at a speed of 12 knots. The displacement of the ship was 1,161 tons. 

17 . Assuming the resistance curve in Fig. 19 to apply to a 35-grain ,22-caliber 
rifle bullet fired vertically upward with muzzle velocity t> 0 = 2,200 f.p.s., find the 
maximum height h to which it will ascend (air density p « 0.00237 slug per cu. ft.). 
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18. Assuming the curve in Fig. 19 to apply to a 150-grain .30-caliber rifle bullet 
fired with muzzle velocity »o “ 2,800 f.p.s., find the velocity with which the bullet hits 
its target at a range of 1,000 yd. Treat the trajectory as a horizontal straight line. 

5. Free Vibrations with Viscous Damping. — In preceding articles, we 
have discussed integration of the differential equation of motion (1), 
always using such expressions for the force X that the integration could 
be made by quadrature. In those dynamical problems where the acting 
force depends upon more than one quantity such 
as displacement, velocity, or time, the variables are 
usually inseparable and the problem cannot be reduced 
to quadratures. As an example, we consider a case 
where the acting force is a function of both displace- 
ment and velocity. 

Referring to Fig. 22, let us consider a spring-sus- 
pended mass m 1 free to vibrate vertically in a medium 
that offers a viscous resistance, i.e., a resisting force 
proportional to the first power of the velocity. Such 
resistance is usually termed viscous damping. 2 In this 
case, if the mass m be displaced any distance x (within 
the elastic range of the spring) from its position of equilibrium and then 
released, it will begin to move under the action of a resultant force 

X = —kx — cx, (a) 

where the spring constant k represents the force necessary to produce 
unit extension of the spring and the coefficient of damping c represents 
the magnitude of the viscous resistance at unit velocity. For such forces, 
the equation of motion (1) becomes 

mx = — kx — cx. 

Dividing through by m and introducing the notations 

— = p 2 and — = 2 n, (6) 

m m ' ' ' 

1 We assume that the mass pf the spring itself is small compared with the sus- 
pended mass, so that we are doaling with the motion of a single particle. 

2 By using a doshpot, damping oaa always bo arranged to obey this law. Acci- 
dental damping such as air resistance is often assumed to. do so, although from our 
discussions in Art. 4, we can expect that in this case, a resistance proportional to the 
square of the velocity would be more appropriate. Such quadratic damping as well 
as various combinations of linear and quadratic resistance have been considered by 
W. E. Milne. See Damped Vibrations: General Theory togothor with Solutions of 
Important Special Cases, Univ. Oregon Pub., vol. 2., No. 2., August, 1923; also, Tables 
of Damped Vibrations, Univ. Oregon Pub., Malh. Ser., vol. 1, No. 1, March, 1029. 
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the equation may be written in the form 

£ + 2 n£ + p 2 x = 0. (16) 

Thus, for free vibrations with viscous damping, we obtain a linear differ- 
ential equation with constant coefficients. 

As a trial solution of Eq. (16), we take 

x - Ce Tt , (c) 

where r is a constant. Substituting this trial function for x in Eq. (16), 
we obtain the auxiliary equation 

r* + 2nr + p a = 0. id) 

This equation determines two values of r for which expression ( c ) can 
satisfy Eq. (16). They are 

r i ~ — » + V V — P 2 , ) / \ 

rs = —n — V » s — V 2 - J V ' 

Hence, we may take the general solution of Eq. (16) as follows : 


x = Ae ri ‘ 4- Be rtt , (17) 

where A and B are arbitrary constants of integration. 

To attach any physical significance to this solution, we must dis- 
ti nguish be tween two distinct cases, depending upon whether the radical 
Vtt* — P J in expressions (e) is real or imaginary, i.e., on whether n > p 
or n < p. Going back to notations ( b ), we see that this rests on the 
relative magnitudes of the damping coefficient c and the spring constant 
k. Generally speaking, a large coefficient of damping and a small spring 
constant will result in real values of ri and r 2 , while, for the reverse of these 
conditions, and r 2 will be complex numbers. 

Case I, (n > p). In this case, r i and r 2 have real values. To evalu- 
ate the constants A and B in the general solution (17), we must know the 
initial conditions of the motion. Ass uming , as a particular case, that 


x = x 0 , £ = 0, when t = 0, (/) 

we find by direct substitution into Eq. (17) and its first derivative with 
respect to time that 


A - — 


r&p 

ri - r% 


B = 


+ 


r&a 

ri - ri 


(?) 


For these values, solution (17) becomes 


Xo 


X 


n - r * 


(r 1 e r,t — r 2 e ri ‘). 


(17a) 
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In connection with this solution, it should be noted that both n and r a 
are negative, r 2 being numerically the larger. Thus the displacement * 
has the same sign as Xq and approaches zero as a limit when t becomes 
infinitely large. The displacement-time diagram plotted from Eq. (17a) 
is shown in Fig. 23. We see that the motion is not a vibration at all but 
simply one in which the suspended mass, after its initial displacement, 
gradually creeps back toward the equi- 
librium position but takes theoreti- 
cally infinite time to get there. This 
is called aperiodic motion. It results 
from the fact that the damping co- 
efficient is too large compared with the 
spring constant and is sometimes of 
practical interest in connection with Certain types of electrical measuring 
instruments such as the galvanometer. In the case where n — p, we also 
obtain aperiodic motion, and the corresponding value of the damping 
coefficient 

c — 2nm = 2 -y/krn (h) 

is called critical damping. 

Case II, (n < p). More often, we encounter the case where n < p 
so that the roots n and r 2 are complex. In discussing this case, it will 
be convenient to change the form of Eq. (17) in order to see more clearly 
its physical significance. Remembering that we are now concerned only 
with the case where n < p, we let 

p 2 — n 2 = pi*. 

Then expressions (e) become 

ri = -n + ipi, | 
r 2 = — n — ipi, j 

where i -> V'—l, and Eq. (17) may be written in the form 
x = e~ n, (Ae ip ' t -I- Be- (1,lt ). 

Using the known relations 

= cos z H- i sin z, \ 
tr* = cos z — i sin z, J 

Eq. (175), in turn, may be written in the form 

. x = e-^Uicos pit + <7 2 sin pit), (18) 

where Cj and Ct are new arbitrary constants. To evaluate these con- 
stants, we assume now the initial conditions 

x = xo, x — ±o, when t * 0. 


(175) 

(fc) 


CO 

(f) 


00 



( 0 . 
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— p—nt 


x sa & 


Then substituting conditions (1) into Eq. (18), together with its first 
derivative with respect to time, we find 

Ci = so and C 2 = (m) 

. Pi Pi 

and our solution becomes 

j^socos pit + ^ + sin pit j. (18a) 

The general solution (18) can be represented in still another form by 
the following considerations: Referring to Fig. 24, we lay out from the 

origin 0 a vector US — Ci that makes with 
the x-axis the angle pit as shown. Then 
the projection of this vector on the x-axis 
is Cicos pit and represents the first term in 
the parentheses of Eq. (18). Now from the 
end B of this vector, we lay out SU = C* 
at right angles to OB. In this way, the pro- 
jection of BS on the x-axis will be Cisin pit, 
and we have the second term in the paren- 
theses of Eq. (18). It is now clear from the 
figure that the sum of the projections of the vectors US and BC on the 
x-axis is the same as the projection of their resultant UU. Hence, instead 
of Eq. (18), we may write 



Fro. 24. 


wherein 


x — Ae^coaipit — a), 

A = V Ci 2 + C?, \ 
a = tan -1 ^ j 


(19) 

(n) 


are new forms of the arbitrary constants. Using the values of Ci and Ct 
from expressions (m), these new constants become 


a - (») 

and 

a = tan -1 + — Y (p) 

\soPi pi) w 

A displacement-time curve, plotted from Eq. (19) is shown in Fig, 
25, and -we see that the motion is now vibratory in nature and represents 
so-called damped free vibrations . Each time that cos(pi£ — a) becomes 
equal to ±1, this curve is tangent to one of the envelopes x = iAer**. 
This quantity is called the amplitude of vibration . We see that, owing to 
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damping, the amplitude gradually diminishes with time and that the 
rate of decay depends on the factor n. When » = 0 (no damping), the 
amplitude remains constant as given by Eq. ip) when » = 0. The time 
t — 2ir/pi required to complete one cycle of the motion is called the 
period of vibration, and its reciprocal / = pi/2ir is called the frequency of 
vibration. We see from Eq. (i) that these expressions also involve the 
quantity n. The quantity a, as defined by Eq. (p), is called the phase 



Fig. 25. 


angle. We see from the curve in Fig. 25 that it determines the lapse of 
time between the initial instant t = 0 and the first point of tangency with 
the envelopes x = ±Ae~ n> . From these observations, we find that free 
vibrations of a spring-suspended mass are completely defined by their 
amplitude, period, and phase angle. Each of these quantities will now 
be discussed in more detail. 

We begin with a consideration of the amplitude of vibration as repre- 
sented graphically by the exponential curves x — ±Aer nt in Fig. 25. 
We see that the displacement-time curve is tangent to these curves at the 
ordinates t = ot/pi, < = (<* + r)/pi, t = (a + 2r)/pi, etc. It will be 
noted that these points of tangency do not coincide exactly with the 
points of the curve representing extreme positions of the vibrating mass 
and that, owing to damping, the time interval occupied by the body in 
moving from an extreme position to a subsequent middle position is 
greater than that occupied in moving from a middle position to the next 
extreme position. The rate at which the amplitude diminishes depends 
upon the quantity n and can be calculated in the following manner: 
Let xi be the displacement at the first point of tangency with the expo- 
nential curve and x, the displacement after (s — 1) complete cycles. 
Then it is evident from Eq. (19) that 

— = e («-l)nr or log — (s — l)nr. (q) 

We see that the amplitudes at the ends of successive cycles diminish 
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as a geometric progression. The quantity 


nr 


2nm 

\/p 2 — ft 2 


Cr) 


on which the rate of decay depends, is called the logarithmic decrement 
of the amplitude. It can be determined experimentally by observing 
in what proportion the amplitude is diminished after an arbitrary 

number of cycles and then using Eq. (j). 

Using notation (t), we see that the period of damped free vibration is 


r = 2r = 


2ir 


7 GO 

Pi Vp* — »* 

As the value of n varies from 0 (no damping) to p (critical damping), 
the period r varies from 2v/p to », while the frequency of vibration 


_ 1 _ Pi _ -y/p* - n 2 , t \ 

% r 


varies from p/2r to 0. Denoting the undamped frequency p/2sr by /o, 
Eq. (t) can be expressed in the form 




-1- _ = I 

U + p* 


<M) 


We see that the relation between frequency/ and damping » is represented 
graphically by the quadrant of an ellipse as shown in Fig. 26. For small 
^ . values of n/p, which we usually have, Eq. (v) 

can be expressed in the approximate form 


r 

— 


fo 

L 


\ 

0 

« r 


/«/ o 


( 1 - $> 


<«o 


Fig. 26. 


■a/p and we see that the frequency / differs from fo 
only by a small quantity of second order. F or 
example, if n/p f differs from /o by less 
than i p er cent. In cases where damping is due principally to air resist- 
ance, n will be very small compared with p and the effect of damping on 
the period or frequency of vibration can be ignored. Consequently, in 
most practical cases, we have 


«-> 

where S, t *= mg/k represents the static elongation induced in the spring 
by the suspended mass. We note that this period is completely inde- 
pendent of the initial displacement x 0 and initial velocity &o and depends 



Abt. 6] DYNAMICS OF A PARTICLE 39 

only on physical constants of the system; it will be referred to as the 
natural period of the system. 

The phase angle a, as defined by expression (p), is of less practical 
interest than either amplitude or period. As we see from expression 
(p), we can always choose such a relation between initial displacement 
x 0 and initial velocity ±o as to make a = 0. This amounts simply to 
shifting the time origin in Fig. 25 from 0 to Oi. 


PROBLEMS 

19. A spring-suspended weight W «* 2 lb. vibrates with an observed period 
r — i sec., and damping is such that alter 10 complete cycles, the amplitude has 
decreased from Xi ** 2 in. to xn «= 1 in. Calculate the coefficient of damping c. 

Ans. c = 0.001436 lb. per in. per sec. 

20. By how much is the natural frequency of a system reduced if the coefficient of 

damping c — Ans. f — § /«. 


6. Forced Vibrations : Harmonic Disturbing Force. — In the preceding 
article, we have discussed free vibrations of a spring-suspended mass with 
viscous damping. We shall now consider the case where, in addition 
to a spring force —kx and a resisting force —cx, there is also an external 
force Q = f(t). Such a force, the action of which is independent of the 
motion itself, is called a disturbing force. A partic- 
ular case of practical interest is the periodic disturb- 
ing force 

Q = Qocos ut. (a) 

If a spring-suspended electric motor, constrained 
to move vertically as shown in Fig. 27, has an un- 
balanced armature that rotates with uniform angular 
speed a rad. per sec., a centrifugal force Q o is set up 
and the projection of this force on the vertical r-axis 
is given by Eq. (a). 1 Under such conditions, the 
equation of motion (1) for the suspended mass 
becomes 


Equitib. * » -position 



m£ — —kx — cx + Qocos ut. 
Dividing through by m and introducing the notations 


(b) 


p J = — j 2 n = —> 

e m m 


** 'v v 

771 


(c) 

( 20 ) 


we obtain 

■£ + 2 n£ + p 2 x => qoOOS at. 

This is the differential equation of forced vibrations with viscous damping. 
1 We neglect the effect of vertical motion on tbe magnitude of tbe centrifugal force. 
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A particular solution of Eq. (20) can be taken in the form 

x = A cos at + B sin oit, (21) 

where A and B are constants. To determine these constants, we sub- 
substitute the trial solution (21) into Eq. (20) and obtain 

(-«*A + 2 no>B + p*A - go) cos at + (-« 2 B - 2W + p 2 £)sin out = O* 

This equation can be satisfied for all values of t only if the expressions 
in the parentheses vanish. Thus for calculating A and B, we have the 
equations 

— co 2 A + 2 no)B + p 2 A = 

— co 2 B — 2 no) A + p 2 B = 0, 

from which 

_ go(p a - <-> 2 ) 

^ - (p2 _ w 2)2 + 4n 2 w 2' 

„ 

* “ (p* - « 2 )2 + 4nV 

Substituting these constants into Eq. (21), we obtain the particular 
solution of Eq. (20). 

The general solution of Eq. (20) is obtained by adding the particular 
solution (21) to the general solution of Eq. (16) on page 34, in which the 
right-hand member is zero. Thus, considering only subcritical damping, 
we have 

x = er^Cieos pit + C 2 sin pit) + A cos at + B sin out. (22) 

This general solution represents the superposition of damped free vibra- 
tions, as represented by the first two terms, and damped forced vibrations, 
as represented by the last two terms. The free vibrations have the 
period 

= Hi 

Pi 

as discussed in the preceding article, and the forced vibrations have the 
period 


2t 



identical with the period of the disturbing force that produces them. 
Owing to the presence of the factor e~"‘, we see that owing to damping, 
the free vibrations gradually subside, leaving only the steady forced 
vibrations represented by the last two terms, i.e., by the particular solu- 
tion (21). These forced vibrations are maintained indefinitely by 
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the action of the disturbing force and therefore are of great practical 
importance. 

Sometimes, the temporary state of combined free and forced vibra- 
tions is of practical interest; and before leaving the general solution (22), 
we shall discuss briefly one particular case. Neglecting the effect of 
damping, i.e., taking n = 0, expressions (d) for the constants A and B 
reduce to 

A = -s-^ — - and B = 0 (e) 

p 2 — u 2 ' 

and solution (22) becomes 

x = Cicos pt + Ca sin pt + 2 cos ut. (23) 

Assuming now, as a particular case, the initial conditions 
£ = 0, x — 0, ■ when t = 0, 

we find from Eq. (23) and its first derivative with respect to time that 

c.--jr c--o, tf) 

and our solution becomes 


x = (cos — cos pt). (23a) 

From this expression, we see that at the beginning of motion, the dis- 
turbing force sets up both free and forced vibrations having the same 
amplitude. When « is nearly equal to p, this superposition of two simple 
harmonic motions having almost, but not quite, the same period results 
in an interesting phenomenon known as beating. To show this analyt- 
ically, we assume a < p and take 

P - » - «• (a) 

Then using the trigonometric identity 

_ . x A- v . x — v 
cos x — cos y = —2 sin — s- 2 sin — 


we write Eq. (23a) in the form 



This expression represents a vibratory motion having the period 

4t 

T = ; 

U+P 


(236) 

(h) 


and an amplitude 2grosin.(S£/2)/(p 2 — « 2 ) that also varies periodically 
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with time, becoming zero at multiples of the interval 


T = ^ = -% .. 

8 p — a> 




This interval, during which the amplitude rises to a maximum and a gain 
falls to zero, is called the period of beating. The phenomenon is repre- 
sented by the displacement-time diagram in Fig. 28, which has been 
plotted from Eq. (236). Such beats are readily observable, especially 


x 



when the period of beating T is several times larger than the period of 
vibration r. Since damping soon destroys the free vibrations, the phe- 
nomenon can be seen only at the beginning of motion. 

It will be noted from expression (i) that as the frequency of the dis- 
turbing force w/2v approaches closer and closer to the natural frequency 
p/2ir, the period of beating becomes longer and longer until, when w = p, 
it becomes infinite and, without damping, the amplitude increases indefi- 
nitely with time. To show this more clearly, we write Eq. (236) as 
follows: 

= [ 2y 0 3in (St/2) 1 /w + p\ 

L(p + «)(p - «) J SU1 2~J L M 

Then as w approaches the value of p, we have 


p + a « 2w, p — to = 8, sin j « ( j ) 

and Eq. (23c) becomes 

x (23d) 

Thus, for the condition a = p, known as resonance, the amplitude 
increases uniformly with time and without limit as shown in Fig. 29. 
“ such a conclusion, it must be remembered that our solution 

L^q. (23)] neglects the effect of damping. As a result of damping the 
vibrations at resonance do not grow indefinitely but soon reach a steady 
state in which the amplitude remains constant. 

To see this, we return now to the steady forced vibrations represented 
by the particular solution (21). Using the transformation illustrated 
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in Fig. 24 (see page 36), we may write Eq. (21) in the new form 

x = C cos (ut — a), 


where 


and 


C - VA 2 + B 2 = 


go /g 


/•n 2 




+ 


4n 2 « 2 

P* 
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(24) 

(A) 

(D 


From Eq. (24), we see that steady x 
forced vibration with viscous damp- 
ing is a simple harmonic motion hav- 
ing constant amplitude C, as given by 
expression ( k ), phase angle a, as given 
by expression (Z), and period 2x/«, 
which is the same as that of the dis- 
turbing force regardless of the natural 
period of the system and regardless of 
the amount of damping. 

Using the values of p 2 and go from notations (c) and introducing the 
new notation 

r = —> ( m ) 

P 

expression ( k ) for the amplitude of forced vibration may be written in 
the more convenient form 



Qo 

k 


i 




+ 7 l | 5 

P 


(26) 


Likewise, expression (Z) for the phase angle becomes 

“ = tan_1 [i - I«Vp' 4 )]' (26) 

From Eq. (25), we see that the amplitude of forced vibration is 
obtained by multiplying the static effect Qo/k of the disturbing force by 
the quantity within the brackets. The absolute value of this quantity, 
which we shall denote by 0, is called the inagnification factor . We see 
that it depends on the amount of damping, as represented by y } and also 
on the ratio w/p, i.e., on the ratio of the frequency of the disturbing force 
to the frequency of free vibration of the system. In our further dis- 
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cussion, we shall refer to these two frequencies, respectively, as the 
impressed frequency fi = u/2r and the natural frequency fa — p/2k* 

In Fig. 30, the values of the magnification factor /3 for various values 
of y are plotted against the ratio u/p - fi/f 0 . From these curves, we 

see that when the impressed fre- 
quency fi is small compared with 
the natural frequency /o, the value 
of the magnification factor is not 
greatly different from unity. This 
means that during vibration, the 
displacements x of the suspended 
mass are approximately those which 
would be produced by the purely 
statical action of the disturbing 
force Qocos ut. 

When u is large compared with 
p, i.e., when the impressed fre- 
quency is much greater than the 
natural frequency, the value of the 
magnification factor tends toward zero, regardless of the amount of damp- 
ing. This means that a high-frequency disturbing force produces prac- 
tically no forced vibrations of a system that has a low natural frequency. 

In both extreme cases (« <3£ p and <o»p), we note that damping 
has only a secondary effect on the magnitude of the magnification factor 
0. Thus, in these extreme cases, it is justifiable in discussing forced 
vibrations to neglect the effect of damping entirely, in which case Eq. 
(24) takes the much simpler form 

x = — z } . , cos ut. (27) 

A: 1 — (u VP 2 ) v ' 

From this expression, we see that below resonance (<o <3C p), the forced 
vibrations are in phase with the disturbing force while above resonance 
(« » p) they are out of phase. In the latter case, this means that while 
Qa acts downward in Fig. 27, the suspended mass m is moving upward 
and vice versa. 

As the value of u approaches that of p, i.e., as the impressed frequency 
fi approaches the natural frequency fa, the magnification factor grows 
rapidly and, as we see from the figure, its value is very sensitive to 
changes in the amount of damping, as represented by y. It will also be 
noted that the maximum value of occurs for a value of u/p slightly less 

* Sometimes, to avoid writing «/2ir and p/2r, we refer to a and p, respectively, as 
impressed and natural. angular frequencies. 
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than unity, i.e., slightly below resonance. Setting the derivative of 0 
with respect to co/p equal to zero, we. find that the maximum occurs when 


CO 

V 



(n) 


Since y is usually very small, for which case the maximum £ occurs very 
near to resonance, it is common practice to take the value of /9 at reso- 
nance as the maximum. Then from Eq. (25), the maximum amplitude 
becomes 



(o) 


We see from this expression that for small damping, the amplitude of 
forced vibration can become extremely large in the condition of resonance. 
Since large amplitudes mean large stresses in the spring, the condition 
of resonance is usually to be regarded as a dangerous one and is to be 
avoided whenever possible. 

Regarding the response of a spring-suspended mass to the action of 
a periodic disturbing force for various values of the ratio co/p, we should 
like to quote here a brief remark by C. E. Inglis: 1 


In this behavior of the spring-supported mass, there is something almost 
human; it objects to being rushed. If coaxed gently and not hurried too much, 
it responds with perfect docility; but if urged to bestir itself at more than its 
normal gait, it exhibits a mulish perversity of disposition. Such movement as it 
makes under this compulsion is always in a retrograde direction, and the more it is 
rushed the less it condescends to move. On the other hand, if it is stimulated 
with its own natural inborn frequency, it plays up with an exuberance of spirit 
which may be very embarrassing. 

We turn now to the phase relationship between the forced vibrations 
and the disturbing force that produces them. This is represented by 
the phase angle a in Eq. (24), the value of which is given by expression 
(26). Since the disturbing force varies according to cos cot and the forced 
vibrations according to cos(gj£ — a), we say that the angle a represents 
the lag of the vibrations behind the disturbing force. That is, when the 
force Q 0 in Fig. 27 is directed straight down, the suspended mass on 
which it acts is not yet in its lowest position but arrives there a/w sec. 
later, by which time the force Qo has advanced to a position where it 
makes the angle a with the vertical a>axis. Expression (26) shows that 
the value of a, like that of 0, depends both upon the relative amount of 
damping y and upon the ratio (o/p. The curves in Fig. 31 show the 
variation in the phase angle a with the ratio w / p for several values of 

i See 0. E. Inglis, “ A Mathematical Treatise on Vibrations in Railway Bridges, 1 ” 
p. x, Cambridge, London, 1934. 
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the damping factor y. We see that when y - 0 (no damping), the 
forced vibrations are exactly in phase with the disturbing force for all 

values of w/p < 1 and a full half cycle 
J* out of phase for all values of a/p > 1. 

n " ™ * Also for this condition, the phase angle 

7“i~ ib' i s seen to be indeterminate at resonance 

v V (w = p). These observations coincide 

2 A.'?*? completely with those made previously 

on the basis of Eq. (27). 

q fj — 2 — 25 ~p When damping is present, we note a 

' ‘ continual change in a as the ratio a/p 

increases. Also, regardless of the 
amount of damping, we have a = v/2 at resonance. That is, at reso- 
nance, the forced vibrations lag behind the disturbing force by one quarter 
cycle. In Fig. 27, for example, the force Q 0 is directed downward when 
the vibrating mass passes through its middle position; and by the time the 
mass has moved down to its lowest position, the force Qo has rotated 
through 90 deg. and acts horizontally to the right, etc. 

For values of a/p either well below resonance or well above resonance, 


we note that a moderate amount of damping, i.e., a 
small value of y, has only a secondary effect upon the 
phase angle a. That is, well below resonance, it is 
practically zero, while well above resonance, it is 
practically t. This means, again, that in discussing 
forced vibrations well away from the condition of 
resonance, the effects of damping can be ignored. 

Corresponding to each of the three rather dis- 
tinct regions of the magnification factor diagram of 
Fig. 30, representing the phenomenon of forced vi- 
brations (1) well below resonance, (2) well above res- 
onance, and (3) near resonance, there are many 
important technical applications, some of which we 
shall discuss briefly. 



Fig. 32. 


For the condition well below resonance, we note that the chi e f char- 
acteristic of the motion is that the displacements produced by the 
dynamic action of the disturbing force do not differ much from those 
which would result from a purely static action of the same force. This 
fact is useful in the design of pressure indicators for measuring variable 
forces such as steam pressure in the cylinder of an engine. Such an 
instrument usually consists of a small piston attached to a spring as 
shown in Fig. 32. The natural frequency of such a system depends upon 
the spring constant k and the piston mass m. The instrument is con- 
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nected to the cylinder of an engine at B so that the piston is at all times 
subjected to the same pressure as that existing in the engine cylinder. 
Since this pressure varies periodically, 1 it produces forced vibrations of 
the piston, which are recorded on the uniformly rotating drum by the 
pencil A. In order that the displacement of the piston be approximately 
the same as that which any instantaneous static value of the pressure 
would produce, it is essential that the 
natural frequency of the indicator sys- 
tem be several times greater than the 
frequency of fluctuation in the variable 
pressure to be recorded. Under these 
conditions, the ratio a/p will be small 
and the magnification factor will differ 
but little from unity. Thus the ordi- 
nates of the record can be taken as pro- 
portional to the pressure. It is seen that the general requirements for the 
instrument are a lightweight piston and a stiff spring, since this combi- 
nation results in a high natural frequency. 

We consider next an example of forced vibration well above reso- 
nance, where the ratio a/p is large. This condition, as we have already 
seen, is characterized by very small amplitudes and a half-cycle phase 
difference between disturbing force and forced vibration. These facts 
are utilized in the design of spring mountings to be placed between an 
engine and its foundation. If an electric generator, for example, is 
rigidly bolted to its foundation (Fig. 33a) and there is some unbalance 
in the rotor, the corresponding centrifugal force Qo will be transmitted 
to the floor and may produce undesirable disturbance and noise. In 
Fig. 336, the same generator is mounted on flexible springs so that the 
system has a low natural frequency compared with its operating speed. 
Under these conditions, the generator practically stands still in space 
and the forces transmitted through the springs to the foundation are 
practically constant. The portion of the fluctuating force Qocos ait that 
gets through to the foundation is only a small fraction of that suffered 
in Fig. 33a. 

The principle of isolation illustrated above works equally well in 
reverse; i.e., if we wish to protect some sensitive instruments from 
unavoidable building vibrations, we place thorn on a heavy platform 
suspended from the ceiling by flexible springs as shown in Fig. 34. If 
the natural frequency of the platform is small compared with the build- 
ing’s natural frequency, the instruments will suffer pnly a small fraction 
of the motion of the ceiling. 

1 We assume a simple harmonic variation. 
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The system in Fig. 34 requires a few additional remarks. Here, 
instead of a disturbing force Q«cos cat, we have a forced motion 

*i = o cos wt (p ) 

of the upper ends of the springs. In such case, 
the equation of motion for the suspended mass 
becomes 

mi — —k(x — Xi) — ci, (q) 

where (* — xi) represents the net extension of 
the springs over and above that due to the static 
action of the gravity force mg. Using the first and second of notations 
(c), together with expression (p), Eq. (q) becomes 

oik 

i + 2 nx + p 2 x = — cos cat, (r) 



Fig. 34 . 


and we see that if, instead of the last of notations (c), we take 



(*) 


we come to the same differential equation of motion as Eq. (20). Hence 
all our conclusions about forced vibrations of the system in Fig. 27 apply 
equally well to a system like that in Fig. 34. 



A practical application of the resonance phenomenon is illustrated 
in Fig. 35, where a so-called vibrator is used to determine experimentally 
the natural frequency of vibration of a bridge or other large structure. 
This machine consists essentially of two identical rotors purposely 
imbalanced so that when they rotate in opposite directions, they set up 
two equal centrifugal forces Qo. Furthermore, they are so adjusted 
that these forces alwaj’-s make the same angle cat with the vertical, thus 
causing their horizontal projections to balance each other, while the 
vertical projections add together to give a vertical pulsating force, the 
frequency of which can be controlled by varying the speed of rotation. 
Suitably mounted on a car, the vibrator can be stationed on the bridge 
and gradually speeded up until the resonance condition is reached. 
This condition is easy to recognize owing to the large amplitude of forced 
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vibration of the bridge. It is necessary then only to note the r.p.s. of 
the vibrator to have the natural frequency of the bridge. 

PROBLEMS 

SI. The spring-suspended mass in Fig. 27 has a weight W ■= 10 lb. and the spring 
constant k = 100 lb. per in. The coefficient of damping c *= 0.1 lb. per in. per sec. 
Construct, to scale, the magnification factor diagram. At what value of a/p does the 
magnification factor 0 have its maximum value, and what is this maximum? 

Ana. fimax — 1 16.13 at u/p — — 0.990. 

22. Show that the damping factor y introduced in notation (m) represents twice 
the ratio of actual to critical damping; i.e., for critical damping, we have 7 = 2. 

23. A steam-pressure indicator like that shown in Fig. 32 uses a spring with con- 

stant k ~ 100 lb. per in. Determine the maximum weight W for the piston if the 
largest frequency of simplo harmonic fluctuating pressure to be measured is 600 c.pjn. 
and a limit of 2 per cent error is imposed. Am. W < 0.196 lb. 

24. Determine the spring constant k for the nest of springs in Fig. 336 that will 

reduce the disturbing force transmitted to the foundation to one-tenth of what it is 
when the generator is solidly mounted as in Fig. 33a. The generator operates at 
1,800 r.p.m. and weighs 200 lb. Am. k «= 1,6721b. per in. 

7. Forced Vibration: General Disturbing Force. — In the preceding 
article, we considered only the special case of a periodic disturbing force 



Fio. 36. 

Q = Qocos ut. While this is the most important case, there are many 
others for which the differential equation of motion of a spring-suspended 
mass m (Fig. 36a) may take the more general form 

£ + 2 n£ + p*x = q = /(f), (28) 

where g = Q/rn is the disturbing force per unit of suspended mass. In 
dealing with this equation, we shall follow a somewhat different procedure 
from that used in the previous article. Referring to Fig. 36b, we assume 
that the disturbing force q per unit of mass is given by a curve AB. Then 
for any instant f', we consider one elemental impulse q dt' as represented 
by the shaded strip in the diagram. This one impulse imparts to each 
unit of mass an instantaneous increase in velocity dx — q dt', regardless 
of what other forces, such as the spring force, may be acting upon it 
and regardless of its displacement and velocity at the instant f'. Treating 
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i.hig increment of velocity as if it were an initial velocity (at the instant 
and using Eq. (18a), page 36, we conclude that the corresponding 
displacement of the spring-suspended mass at any later time t will be 

dx = er»<*-v sin pi(t — t'). (o) 

P i 

Since each impulse q dt f between t f = 0 and t r = t has a like effect, we 
obtain, as a result of the continuous action of the disturbing force q , the 
total displacement 

xi = — f sin pi(< — f')d£'- (29) 

Pi Jo 

This expression still does not include the effect of any initial displacement 
x 0 or initial velocity x 0) when t - 0. These effects, however, are exactly 
those represented by Eq. (18a); hence, for a complete solution of Eq. 
(28), we may write 

x = e-»‘ J^xocos pit + sin pi<j 

+ ± [‘ qg-'W sin pi(t - t')dt'. (30) 
Pi Jo 


At first glance, it might appear that the first term in this expression 
represented free vibrations and the last term forced vibrations as dis- 
tinguished in the preceding article. This, however, is not quite the 
case. Actually, the first term represents the effect of initial displacement 
and initial velocity only; the last term represents the complete effect of 
the disturbing force q = f(f). As we already saw in the preceding article 
(see page 40), the disturbing force produces on its own account both 
free and forced vibrations and all this together is accounted for by the 
integral in Eq. (30), i.e., by the solution (29). For this reason, Eqs. (29) 
and (30) are especially useful in studying the early effects of a disturbing 
force before damping has had time to dissipate the free vibrations. 

If damping is neglected, we have n = 0 and pi = p, for which Eq. 
(30) reduces to 

xo i r i 

x = xocos pt + — sin Pt + - / q sin p(i - t')dt\ (31) 


For convenience in further calculations, it will be helpful to transform the 
integral 1 in Eq. (31) as follows: Using the relation 

sin(pf — pf) = sin pt cos pt' — cos pt sin pt', 
we write, for that part of the displacement due to the disturbing force 

1 This integral is sometimes called Duhamel’s integral alter the French mathe- 
matician J. M. C. Duhamel. 
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Xi = ^ ^sin pt q cos pt'dt' — cos pt J q sin ptfdtf^ 
Then, introducing the notations 


--if 

V Jo 


q sin pt'dt', B 


-if 

P Jo 


q cos pt'dt', 


we have, for a general solution without damping, 


x = rtocos pt -\ — sin pt + A cos pt + B sin pt. 

P 
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Q>) 


(32) 


(33) 


Thus, without damping, the solution of Eq. (28) reduces to the evaluation 
of the two integrals A and B as defined by expressions (32). 

As a first example, let us reconsider the case already studied in Art. 6 , 
where q = qocos ut'. In such case, the integrals (32) become 

. qo f‘ • * <?o T cos(p — co)t — 1 . cos(p + u)t — ll 

p Jo P L 2 (p - w) 2(p + «) J 

„ ffo f* q<t T sin (p — u)t . sin(p + «)<"| 

Substituting these values into Eq. (33) and reducing, we obtain 

x = xocos pt + — sin pt + . ■ — s (cos ut — cos pt). (33a) 

P P* — CO* 

Taking xo - x 0 = 0, expression (33a) coincides with expression (23 a) on 
page 41 as it should. 

Equation (31) can be used to advantage in 
studying the motion of a spring-suspended 
mass under the action of a series of discon- JVo ^ 
tinuous impulses. If, owing to such impulses, 
the mass obtains increments of velocity Ad 0 , 

A»i, A» 2 , ... at the moments t = .0, t = t', jq 
t = t", . . . , we havo, for Zo = 0, 

x = ^ [Aaosin pt + A^sin p(t — t') 

+ Aojsin p(t — t") + • • •]■ (31a) 

x 

We see that this expression is simply the sum of f io . 37 . 

projections on the vertical r-axis of vectors 

Avq, Avi, Avl, . . . making, with the horizontal, the angles pt, p(t — t')> 
p(t — t"), . . . . Thus, for any chosen value of t, the summation may be 
evaluated graphically as shown in Fig. 37. The vertical projection of the 
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resultant vector 6U, when multiplied by 1/p, gives the displacement * 
expressed by Eq. (31a). We note also that the magnitude of < 5(5 deter- 
mines the amplitude of the ensuing free vibrations, assuming that no fur- 
ther impulses occur. 

Looking again at Eq. (31a), we see that if we take a constant interval 
of time A = 2jr/p = r between impulses, the terms in the parentheses are 
all in phase; thus, owing to such a succession of impulses in resonance, 
the amplitude will be built up without limit. The same result will follow 
from a succession of alternately positive and negative impulses with the 
time interval A = r/p = r/2. These observations lead to the important 
practical conclusion that any periodic disturbing force, in resonance, 
builds up large amplitudes of forced vibration; it does not need to be 
simple harmonic in character to do so. 

In the case of a constant disturbing force Q suddenly applied to the 
suspended mass at the initial moment t = 0, we have q = Q/m = con- 
stant, for which the integrals A and B become 


A = ^ (cos pt — 1), B = — sin pt. 


Substituting these values in Eq. (33), we obtain 


Noting that 


x = asocos pt + — sin pt + (1 — cos pt). 

P p* 


£ - 9 - r 

p*- k ~ x * 


(c) 

(336) 

(<*) 


represents the static displacement corresponding to the constant force Q, 
we rewrite Eq. (336) in the form 


x - X't + (xo — x 9t ) cos pt + — sin pt 

p 


From this expression, we see that a suddenly applied constant force 
produces free vibrations of amplitude 



superimposed upon a constant displacement x at = Q/k. In the particu- 
lar case where xo = xq — 0, expression (/) for amplitude reduces to 
C = x,t and we have £m*x = 2 x 9 t and £min = 0. Thus a suddenly applied 
constant force Q produces a maximum deflection twice as great as the 
static effect of the same force. 

Equation (336) assumes the constant force Q , once applied, to act 
indefinitely. If it acts only for an interval of time A and then is suddenly 
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removed, we substitute A for t in Eq. (33b) and its first derivative with 
respect to time and find for the displacement and velocity at the end of 
the interval 

xt, * *ocos pA + ^ sin pA + ^ (1 - cos pA), 

= — pzosin pA + iocos pA + ^ sin pA. 

In the particular case where xo — &o = 0, these expressions reduce to 

jt (1 - cos pA), 

- sin pA. 

V 

If these quantities are treated as initial displacement and initial velocity 
at the instant A, the ensuing free vibrations, from Eq. (33), become 

x -» xaCOS p(t — A) + ^ sin p(t - A), (33c) 

where t > A is still counted from the original initial moment. These 
undamped free vibrations have the amplitude 

a = yl*s + (f} ' 


Xa = 
Xa - 




which, by using expressions (g), becomes 

2a . ©A Q - ttA 


We see that this amplitude depends upon the ratio A/r, i.e., upon the 
ratio of the duration of the constant force to the natural period of the 
system. By taking A/r = we obtain a = 2 Q/k. By taking A/r = 1, 
we obtain a = 0; i.e., there will be no vibrations after removal of the 
constant force Q. In the first case, Q acts through the displacement from 
0 to a and does positive work on the system. After removal of the force 
in the extreme position, the system, without damping, retains this energy 
and we have free vibrations equivalent to an initial displacement 
2 Q/k. In the second case, the constant force does positive work from 0 
to a an d negative work from a back to 0; the net work becomes zero; 
and the system acquires no increase in energy. If the suspended mass 
was initially at rest in its equilibrium position, it must remain at rest in 
its equilibrium position when the force is taken away. 

Equations (34) lend themselves to a simple numerical solution of the 
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problem of forced vibration of a spring-suspended mass under the action 
of an irregular disturbing force as represented by the smooth curve in 
Fig. 38. Replacing this curve by a suitable step curve with the constant 
time interval A, we see that such a disturbing force can be considered as a 
succession of constant forces Qi, Q 2 , Qs, , each acting for the time 
interval A and then giving way to the next. Assuming that we know the 



initial displacement x 0 and the initial velocity x 0 , we use Eqs. (34) and 
find for the displacement and velocity at the end of the first interval 


• Q 

Xi — xocos pA + — sin pA + ^ (1 — cos pA),] 

P rC 


— = — rosin pA + — cos pA + Q sin pA. 
p V AJ 




Then taking these values of *1 and ±1 as new initial displacement and 
velocity and using Eqs. (34) again, we have at the end of the second 
interval 

& Q I 

a?a = XiQOS pA + — sin pA + -P (1 *“ cos pA), ) 

P 16 \ (i) 

— = — a?isin pA + — cos pA + sin pA, \ 


Continuing in this way, we obtain a series of values of the displacement 
x corresponding to the times 0, A, 2A, 3A, . . . from which a displace- 
ment-time curve for the motion can easily be constructed. To simplify 
the calculations, the interval A should be chosen so that pA is some multi- 
ple of 2tt. An example will serve to illustrate the procedure. 


Example: We assume that the system in Fig. 36a has a spring constant k « 10 
lb. per in. and a natural period r — 1.2 sec. The disturbing force Q « F(t), as shown 
in Fig. 38, is assumed to be defined by the numerical values of Q recorded in the 
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second column of Table IV, page 55. We have taken A «= 0.1 sec. ; thus A/r « and 
pA ■■ t/6 — 30 deg.; cos pA «= 0.866, sin pA « 0.500, 1 — cos pA *■ 0.134. 

We have also assumed s 0 « x 0 » 0; i.e., the suspended mass m was at rest in its 
position of equilibrium at the initial moment t « 0. The procedure is perfectly 
regular. The first five columns of Table IV are filled out completely at the outset, 
and then the initial values zo and £ 0 /p (both zero in our case) are placed in the first 
line of columns (6) and (9), respectively. Then using Eqs. (*), the values of xi and 
xi/p are computed and recorded in the second line of columns (6) and (9), after which 
the remaining blank spaces in the second line can be filled in. Then using Eqs. (jf), 
the values of and d%/p are computed and recorded in the third line of columns (6) 
and (9), etc. In Fig. 39, the displacement-time curve for the first 14 sec. of motion 
is plotted from the data in columns (1) and (6). 


xOn.) 



Equation (33) also lends itself to a simple graphical treatment. 1 
Multiplying and dividing each of the integrals (32) by p and replacing 
q/p 2 by Q/k, we have 


A = - — sin B = ® cos 4> d<f> , (k) 

where in the angle <t> = pt is taken as a new variable. Now referring to 
Fig. 38, we replace the given curve Q = F(t) by a step curve having over 
each interval of time A a constant value Q t *. If this step curve is used 
instead of the true curve, the integrals ( Jc ) may now be replaced by the 
summations 

where = ipA. Introducing the notation u = Qi/k and integrating, 
we get 

A = 2r<(cos 4>i - cos <fc_i), } 

B = 2r<(sin - sin J 1 ' 

1 The method to be described is due to E. Meissner. See “Graphische Analysis 
vermittelst des Linicnbildes einer Funktion,” Verlag dcr Schweizerischen Bauzeitung, 
Zurich, 1932. 
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where r< is the static displacement corresponding to each value Qi of 
the disturbing force. 

We now refer to Fig. 40a for a graphical evaluation of A and B. 
Beginning with a horizontal line OiPo = ri and with Oi as a center and 
ri as a radius, we construct a circular arc PoPi whose central angle is pA 
as shown. This done, we take O 2 on the prolongation of P 1 O 1 so that 



Fig. 40 . 


OJPi = r*. Then with 0» as a center and r 2 as a radius, we make the 
next arc P 1 P 2 again with the central angle pA. After this, 0* is taken on 
the prolongation of P 2 0 2 ; and with Os as a center and r* as a radius, the 
arc PsP* is made, etc. 

Now in Fig. 405, we consider the arc Pi_iP< whose center is Oi and 
whose radius is r<. The horizontal and vertical projections of this arc, 
respectively, axe seen to be 

Pi-iPi = rv(cos 4>i - cos </><_i), 

Pi Pi = (sin fa - sin 1 ), 

which are exactly the quantities under the summation signs in expres- 
sions (35). Hence, the horizontal and vertical projections of any point 
Pi on the curve PoPjPa . . . P» in Fig. 40a determine, respectively, the 
values of A and B for the corresponding value of the angle <t>i = pt that 
the radius OiPi makes with the horizontal. 

To give further significance to the construction in Fig. 40a, we recon- 
sider Eq. (33), page 51, and write it in the form 

a; = (x 0 + A) cos pt + (^ + Bj sin pt. (33 d) 


Then using the transformation illustrated in Fig. 24, page 36, we write 


where 


x = C cos(pi — «), 



(36) 

(0 
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and 



( Qzo/p) + -B \ 
\ x 0 4- A )' 


(m) 


In the particular case 'where xo = io = 0, expressions (l) and (m) reduce 
to 


''A 2 + B\ 


a = tan -1 (^' ( m 0 

Now, referring again to Fig. 40a, we see that any radius vector such as 
PoP, is equal to the quantity C as defined by Eq. (V) and that the angle a 
which it makes with the horizontal is that defined by Eq. (m'). Further- 
more, since the radius OJPt makes the angle <j>» = 3pA with the horizontal, 
it follows that the angle f3 between the radius vector PoP 3 and the radius 
0*P # is 

P = ~ «) 

as shown. Then since cos(— p) = cos 6, we conclude finally that the 
projection of P0P3 on the corresponding radius O3P3 represents the value 
of x as given by Eq. (36). Since this reasoning holds for each point 
Pi on the curve PoPjPa . . . P», the distances Pil', Ps 2', Ps3', . . . give 
the values of x corresponding to t = A, t — 2A, t = 3A, .... 

For the numerical data given in columns (1) and (3) of Table IY, such 
graphical solution is shown in Fig. 41. The values of x scaled from this 
construction are shown below in comparison with the computed values 
obtained in Table IV. 



We see that no apology needs to be made for the accuracy of the graphical 
solution. 

A word of explanation may be necessary in regard to scaling the values 
of x from the construction in Fig. 41. Take, for example, X\ correspond- 
ing to t = 4A. Dropping a perpendicular from the origin 0 to the 
radius P4O4, we obtain a point 4' as shown. The scaled length P*4' gives 
xi] it is positive because 4' falls on the concave side of a loop OPe that 
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corresponds to positive values of the force Q = F(t) in Fig. 38. Now 
consider the point 9 ' representing the projection of point 0 on the radius 
P9O9. T his also falls on the concave side of loop PePisJ but since 
this loop corresponds to negative values of the force Q = F(t) in Fig. 38, 
the displacement x 9 = P 9 9 ' is negative. F or the same reason, P nil' = xn 
is a negative displacement. In general, a projection on the concave side 
of a loop indicates a displacement of the same sign as the disturbing 
force. Thus Pi B 15' being on the convex side of a positive loop represents 
a negative value for xu. ; 



The graphical solution represented by Fig. 41 has several advantages 
over the numerical solution represented by Table IV: ( 1 ) It is much faster, 
and ( 2 ) it is independent of initial displacement xo and initial velocity 
± 0 . In our example, we assumed xq = xo — 0. If we have some initial 
displacement and some initial velocity at t = 0 , the numerical solution in 
Table IV must be made all over again, taking these initial conditions 
into account in the first horizontal line of the table. But in the graphical 
solution, as we see from Eq. (33d) , xo and £ 0 / P nre simply initial values of 
A and B. Hence to adapt the constructions in Fig. 41 to initial displace- 
ment xo and initial velocity ± 0 , we have only to take a new origin O' such 
that the point 0 has coordinates Ao == xo and Bo — xo/p . Then pro- 
jecting O' instead of 0 onto the various radii, we get values of x corrected 
for initial displacement and initial velocity. 

Example: The graphical solution lends itself nicely to a discussion of the effect 
of Coulomb friction as a source of damping. Consider, for example, the system in 
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Fig. 42a, which has a natural period r and an initial displacement x 0 as shown. During 
the first half cycle, while the weight W moves to the left, a constant friction force 

F — nW opposes the motion as shown 
During the second half cycle, while motion 
is to the right, the force F reverses its di- 
rection and again opposes the motion. 
Thus, due to coulomb friction, we have a 
disturbing force Q = F(t) as represented by 
the diagram in Fig. 426. This is a step 
curve with Qi/k = ±F/k and time interval 
A — r/2; i.e. f pA = t. Hence the graphic 
solution is represented by the system of 
alternately ± semicircular loops having 
the radii ±F/k as shown in Fig. 42c. The 
abscissas of points Pi, P* . . . represent 
the displacements at the ends of half 
cycles, and we see that the amplitude di- 
minishes as an arithmetic progression, los- 
ing 2 F/k in each half cycle. The motion 
ceases at the end of that half cycle for which P n has the abscissa |s»| < \F/k\, since in 
this position the spring force —kx n cannot overcome the friction force P. The method 
can also be used to discuss forced vibrations with Coulomb damping. 1 



Fig. 42. 


PROBLEMS 


25. Develop the displacement-time equation for forced vibrations of an undamped 
system (Fig. 36a) under the action of a disturbing force Q = Kt. Assume x Q «* xo « 0. 

Ans . x ** (K/mp*) [pt (1 — cos pt) — sin pt]. 

26. Verify expression ( h ), page 53, by using the graphical construction of Fig. 40. 

27. Repeat the solution in Table IV for a system having the natural period 
r >■ 0.8 sec. Assume all other data to remain unchanged. 

28. Solve Prob. 27 graphically. 

29. For the system in Fig. 42a, k = 10 lb. per in., W « 10 lb., p « 0.2, and 

*o ■“ 2.0 in., xo » 0. How many half cycles of vibration will occur, and where will the 
block come to rest? Ans. 10 half cycles; Xio - 0, 

80. A wheel of weight TV, pressed against an elastic foundation by a large constant 
force P, rolls with uniform horizontal velocity v as shown in Fig. 43. The spring con- 
stant for the foundation is k; and as long as 
the undisturbed foundation surface ahead 
of the wheel remains uniform and hori- 
zontal, the vertical deflection 8 under 
the wheel remains constant and equal to 
(P + W)/k; i.e.j the wheel moves recti- 
linearly. Show that any slight irregularity 
in the undisturbed foundation surface, 
defined by the equation rj - f(x), will pro- Fig * 43 - 

duce forced vibrations of the wheel on the foundation and that the differential equa- 
tion of such vibrations will be 



E &y + k V 
g at ? +ky 


Wdfin 
g dt *’ 


1 See E. Meissner, “Resonanz bei konstanter Dfimpfung,” Z. angew. Math. Mech., 
Band 15, Heft 1/2, February, 1935. 
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where y is the vertical displacement over and above that due to the static action of 
P + W. This example has found an important application in the study of vibrations 
of railroad car wheels due to slight irregularities in the track. 1 

8 . Forced Nonlinear Vibrations. — In dealing with forced vibrations 
of a spring-suspended mass, we sometimes encounter sys- 
tems where the restoring force is not a linear function of 
the displacement. For such cases, we consider the differ- 
ential equation of motion (1) in the form 

m£ + E(x) + D(x) = F(t), (a) 

where E(x) defines the restoring force, D(x) the damp in g , 
and F(t) the disturbing force. A discussion of this equa- 
tion in its general form 2 is complicated; and for simplic- 
ity, we limit our discussion here to the symmetrical system 
shown in Fig. 44, the free vibrations of which, without 
damping, were already discussed in Art. 3. Using ex- 
pression (/) on page 19, we have 

E(x) = + — x + ^ r x\ (b) 

where So is the initial tension in each wire; A its cross-sectional area; E 
its modulus of elasticity, and l its length. In addition, we now assume 
linear damping 

D(x) = cx (c) 

and a simple harmonic disturbing force , 



F(t) = Q cos(wf + a). (d) 

Substituting expressions (6), (c), and (d) into Eq. (o) and dividing through 
by m, we obtain 

£ + + p } x + fix* = q cos («f + a), (37) 

where 



P a = 





0 ) 


Equation (37) is a nonlinear differential equation, the general solu- 
tion of which is not known; in discussing it, we must proceed by approxi- 
mate methods. 

‘See S. Timoshenko, “Vibration Problems in Engineering,” Van Nostrand, 2d 
ed., p. 107, 1937. 

* For a more general method of dealing with this problem and a bibliography on the 
subject, see the paper by M. Raucher, Steady Oscillations of Systems with Non-linear 
and Unsymmotrical Elasticity, J. Applied Mechanics, pp. A-169 to A-177, December, 
1938. 
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Confining our attention to a steady state of forced vibrations only 
and assuming that #e s is small compared with p 2 a;, we take, as an approxi- 
mate solution 1 of Eq. (37), 

x = a cos ut. (/) 

This assumed solution represents the steady forced vibrations as a simple 
harmonic motion having the same angular frequency u as the disturbing 
force. The relation between a and w is left to be determined. 

For this purpose, we substitute our trial solution (/), together with 
its derivatives, into Eq. (37) and obtain 

— a« 2 cos ut — nau sin ut + p 2 a cos ut -f- /3a 8 cos*«< 

.= 2 cos a cos ut — q sin a sin ut. (g) 

We see that this equation cannot be satisfied for all values of t; i.e., 
expression (/) is not really a solution of Eq. (37). The best that we 
can do is ,to satisfy Eq. (g) for values of ut = rm, i.e., for extreme positions 
of the vibrating mass; for intermediate positions, the equation will be 
only approximately satisfied. Taking ut — nv, for which cos ut = ± 1 
and sin ut — 0. Eq. (g) reduces to 

p ! a + |8a 8 = q cos a + aw 2 . (38) 

This algebraic equation defines an approximate relation between ampli- 
tude a, angular frequency u, and phase angle a for steady forced vibra- 
tions of a given system. 

•To establish a second relationship between a, u, and a, we must 
consider the question of the work done per cycle by the disturbing force 
and by the damping force. In order to have a steady state of vibration, 
the negative work of damping per cycle must be offset by an equal amount 
of positive work from the disturbing force. W e consider first the work 
of the disturbing force. 

- /.><»* - />« (§y 

Substituting expression (d) for F(t) and the first derivative of expression 
(/) for dx/dt and noting from notations (e) that Q = gm, we have 

2r 

Wp = mqau J^ a cos(ut + a) sin ut dt — irmqa sin a. (fi) 

From this result, we see that when the disturbing force leads the motion 

1 The justification for this lies in the fact that for p » 0, expression (f) can be an 
exact solution of Eq. (37) if the amplitude a is properly chosen. When f) y* 0 but is 

small, we can expect that the form of the motion will npt differ groatly from exnres- 
sion (f). oft- 



Art. 8] 


DYNAMICS OF A PARTICLE 


63 


(0 < a < t), it does positive work thereon and that this work is a maxi- 
mum when a = t/2, i.e., when the force leads the motion by a quarter 
cycle. When the force lags behind the motion (— t < a < 0 ), it does 
negative work thereon. Thus in a steady state, we can always expect a 
to be positive and lie between 0 and t. 

The energy dissipated by damping during one cycle will be 


Wd 



= urn 


2r 



2 

dt = Tjumcoa 2 . 


(0 


We note that this dissipation of energy due to damping increases as the 
square of the amplitude -while the energy input (h) increases only as the 
first power of the amplitude. 

Now as stated above, the condition of a steady state of forced vibra- 
tion requires that the negative work of damping shall be exactly offset 
by the positive work of the disturbing force. Equating (i) and (h), we 
find 


from which 


sin a. — 


IMU i) 

J 

? 


U) 


cos a 



(*) 


This is the second required relation between the three variables a, «, and 
a. Substituting expression (k) for cos a in Eq. (38), we obtain 


p*a ■+• / 8 a s * ±q - ^3 (a«) s + ato s . (39) 

For a given system, i.e., for given values of p 2 , 0, q, and n, this algebraic 
equation defines the approximate relation between the amplitude a 
and the angular frequency w for steady forced vibrations. It can best 
be solved by a graphical method that we shall now discuss. 

For simplicity, we begin with a consideration of undamped vibrations, 
i.e., we take y, = 0, for which Eq. (39) reduces to 

p 2 o + /So* = ±q + om*. (40) 

Referring to expression (k) above, we see that the plus sign on q cor- 
responds to a = 0 while the minus sign corresponds to a = ir. Thus, 
without damping, the forced vibrations are either in phase or completely 
out of phase with the disturbing force. In either case, the work of the 
disturbing force per cycle is zero. 

The left-hand side of Eq. (40) represents the restoring force per unit 
mass for an extreme position; the right-hand side is the sum of the dis- 
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turbing force and the inertia force, each per unit mass, for the same 
position. To satisfy Eq. (40), the amplitude a must be so chosen as to 
make these two quantities equal. This may be accomplished graphi- 
cally as follows : First, from Eq. (6), we plot the spring force per unit mass 
as a function of amplitude a. This gives the curve OA in Fig. 46a. In 



a sim i l a r mann er, the right-hand side of Eq. (40) will be represented by 
straight lines having the intercept ±? on the vertical axis and slopes 
represented by various values of co 2 . The intersection between any 
such line and the curve OA determines, for the corresponding co, the value 
(or values) of a for which Eq. (40) is satisfied. We consider first the 
case of in-phase vibrations (a = 0) and take q with plus sign as shown. 
Then drawing several straight lines PAi, PA 2 , PA Z , . . . with the slopes 
«i 2 , co 2 2 , co* 2 , . . . , we get intersections Ai, A 2 , A t , . . . defining (by 
their abscissa) amplitudes ai, a 2 , as, ... . Plotting a< as ordinate 
against co< as abscissa, we get the curve AoAs in Fig. 46 showing the 
amplitude of undamped in-phase forced vibrations for various fre- 
quencies co/2*- of the disturbing force. 

Now let us consider the out-of-phase forced vibrations corresponding 
to a negative intercept q as shown in Fig. 456. We see that in this case, 
there are no intersections for values of co less than a certain value co* 
corresponding to the slope of the line PB 0 that is tangent to the curve OA 
at Bo, while for each line with slope greater than this, there are two 
intersections such as B* and CV Hence, for each value of co > w*, there 
are two amplitudes of out-of-phase forced vibration that satisfy Eq. (40), 
Drawing several such lines and again plotting at against <■><, we get the 
curve CtBoBs shown in Fig. 46. 

Finally, if we draw lines 0D h OD 2 , OD s , . . . through the origin 0 
as shown in Fig. 45c, we get the solution of Eq. (40) for q = 0, i.e., for 
free vibrations of the nonlinear system. The relation between a and « 
obtained in this way is represented by the curve DoD t in Fig. 46, which 
intersects the co-axis at «o = P- This curve may be considered as an 
approximation to the reciprocal of the period-amplitude curve shown in 
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Fig. 18, page 23. The curves in Fig. 46 are called response curves for 
forced vibrations of the nonlinear system. In a general way, they cor- 
respond to the y = 0 curves in Fig. 30, page 44, for linear forced vibra- 
tions without damping. Taking a series of values of q, a whole family of 
Such curves can be drawn showing 
how the nonlinear system responds to 
various intensities and frequencies of 
the disturbing force. 

In the case of forced vibrations of 
a linear system as discussed in Art. 

6, there was only one value of the 
amplitude for a given value of w; in 
the case of a nonlinear system, the 
phenomenon is more complex. For 
angular frequencies of the disturbing force less than u a , there is again 
only one amplitude of in-phase forced vibration; but for frequencies 
larger than u a , there are three amplitudes, one corresponding to in-phase 
vibrations and the other two to out-of-phase vibrations. Experiments 1 
show that of these two out-of-phase amplitudes, the larger one corresponds 
to an unstable motion that never occurs in an actual physical system. 

For further discussion, we now return to the more general Eq. (39) 
which takes account of damping. The left-hand side of this equation is 
the same as that of Eq. (40) and is still represented by the curve OA in 
Fig. 45a. On the right, however, we now have a family of straight lines 
with the slopes « 2 and variable intercepts on the vertical axis, as repre- 
sented by the term containing the radical. Introducing the notation 

q' - fi ^l - £ (a*) 4 , (!) 

we see that the numerical value of this intercept in the case of damping is 
always smaller than q. However, its value depends upon the product a«; 
and since we are trying to find the proper relation between these two 
quantities, we must proceed by trial and error. To show how this works, 
we refer to Fig. 47a, where the straight line PoA determines, for a chosen 
value of w, the amplitude ao of undamped vibrations. Using this value 
of ao together with the chosen value of w in expression (!), we compute a 
first approximation qi to the intercept q’ which, of course, is smaller 
than q. Drawing a new line Pil with the intercept qi and the same slope 

1 The first experiments of this kind wore made with electric circuits by 0. Martiena- 
sen. See Physik. Z., vol. II, p. 448, 1910. Later experiments with mochanical vibra- 
tions were made by G. Duffing, “Erzuringene Schwingungen bei verSndlicher 
Eigenfrequenz,” Braunschweig, p. 40, 1918. 
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co 2 as before, we get a somewhat smaller value ai for the amplitude. Now 
using the new product aw in expression (Z), we compute a second approxi- 
mation q% to the intercept q f and draw the straight line P$ as shown. 
Since aw < aw, we see that qi < < q\ hence the amplitude 

ai K. az K. o&o. 

By the same reasoning, we conclude that a third approximation to the 
amplitude must lie between ai and a%; thus the process is convergent, and 



Fig. 47. 

we soon find with sufficient accuracy the correct amplitude for the 
chosen value of w. 

Starting with <*> = 0 and proceeding in this way for a series of increas- 
ing values of co, we can determine amplitudes in Pig. 47a and plot the 
curve AqAc shown in Pig. 48, representing the relation between a and co 
for forced vibrations with a given amount of damping. Since a is increas- 
ing with co along this branch of the response curve, it is evident that we 
must finally reach a point for which 


and beyond this, expression ( l ) becomes imaginary. Thus, with damp- 
ing, there is a limit to the amplitude of forced vibration of a nonlinear 
system. Using expressions ( m ) and (Z), we see that this maximum 
amplitude is defined by the equations 

«■» - Z and s' = 0- (») 

Since the solution of Eq. (39) for q' = 0 corresponds to the free-vibration 
curve 2>oI>s in Fig. 48, the maximum amplitude and the corresponding 
angular frequency <o 0 (point A c ) are determined by the intersection of this 
curve with the hyperbola cue — q/n. Finally, from expression (J), we 
see that this point corresponds to a = x/2, and the disturbing force leads 
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the motion by a full quarter, cycle and is doing its mn-gimiim positive work 
to offset damping. A steady state of forced vibration with larger 
amplitude cannot exist, and Eq. (39) gives no real solution for any larger 
amplitude. 

T o get the solution with damping corresponding to the minu s sign in 
Eq. (39) and thereby complete the re- 
sponse curve in Fig. 48, we proceed in a 
similar manner. To illustrate, we refer 
to Fig. 476 and start with the intercept 
—q and choose some value of « > «*. 

The corresponding straight line through 
Po gives the amplitudes at and a„ for zero 
damping. Substituting either the 
product a& or aw in expression (T), we 
see that as before, the numerical value of 
q' will be less than q. Hence for a second approximation, we must draw a 
parallel line through some point Pi nearer the origin. In this way, we get 
new intersections B’ and C defining new values of the amplitudes a* and 
aj , as follows; at < at and a e ' > a 0 . Using the product a e 'u in expres- 
sion (Z), we get a somewhat smaller numerical value for q' and have to 
move the point P a little closer to the origin, which, in turn, gives a slightly 
larger amplitude a 0 ", etc. The process, however, converges quite rapidly 
and we soon find the value of a« that satisfies Eq. (39) for the chosen value 
of <o. Proceeding in this way, we can construct without much difficulty 
the portion A C B 0 of the response curve in Fig. 48. Since this portion of 
the curve represents an unstable state of motion, it has been indicated by 
a broken line in the figure. 

Regarding the P-intersections obtained in Fig. 476, we see that; as 
in Fig. 47a, a reduction in the absolute value of g' also reduces the 
amplitude for a given «; i.e., at < at as noted above. Thus the correct 
P-intersection lies between B and B' and may be located in the same 
manner as in Fig. 47a. Proceeding in this way, we construct the curve 
BoBu as shown in Fig. 48, and the response diagram is completed. 

Fef erring to Fig. 48, we may now describe what may be expected to 
happen in the case of damped nonlinear forced vibrations if, starting with 
u = 0, we gradually increase the frequency of the disturbing force - . At 
first, both the amplitude a and the phase angle a will grow with « until 
we reach the value coo. Here, as we have already observed, the disturb- 
ing force leads the motion by a quarter cycle, and no further increase in 
amplitude can occur. As soon as « is increased slightly beyond »c, the 
motion changes form completely; the amplitude falls to Pi, and the force 
leads the new motion by something more than a quarter cycle. With 
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further increase in «, the amplitude gradually falls along the curve BtBs 
and the phase an gle approaches x. Now if we reverse the procedure and 
begin gradually to decrease a, the amplitude grows according to the curve 
BiBo until we reach w s . Since there is only one solution of Eq. (39) for 
values of w < w B) a further decrease in co will be accompanied by a rather 
sudden jump in amplitude and a change in phase angle from something 
greater than x/2 to something less than x/2. With further decrease in 
«, the amplitude gradually falls according to the curve A^Ao- We see 
that the question of instability exists only in the region co* < co < «<*• 



The foregoing discussion of nonlinear forced vibrations has been 
associated with the system in Fig. 44. It applies equally well, however, 
to any system in which the departure from linearity is not too great and 
which is symmetrical with respect to the middle position. That is, the 
curve OA in Fig. 45 or 47 need not be exactly the cubic parabola repre- 
sented by Eq. (b). In general, if it has the same shape for displacements 
both sides of the middle position and the nonlinearity is not too great, 
we may proceed in the same manner. The method is, of course, always 
an approximate one, except in the case of a linear system. As a matter 
of fact, we can apply the method to a linear system and get the response 
curves shown in Fig. 30. In all cases, it is assumed that damping is not 
so great as to govern the motion (see page 35). 

For the system in Fig. 44, the curve OA (Fig. 45) is concave upward; 
i.e., the system becomes stiffer with increasing amplitude, and the natural 
frequency of free vibration rises. Such a system is said to be hard. 
Sometimes we have a so-called soft system for which the restoring force 
decreases with increasing amplitude. In such case, the curve OA is 
concave downward as shown in Fig. 49a. Proceeding as already 
explained, ,we get, for a soft system, response curves of the type shown in 
Fig. 49b. 

In Fig. 50a, we have a symmetrical system for which the relation 
between restoring force and amplitude is discontinuous as shown in 
Fig. 50b. As long as the amplitude of vibration is less than a certain 
value 5, only the longer springs are in action and we have a linear system. 
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When the amplitude becomes larger than 5, the two middle springs come 
into action and the stiffness increases abruptly. If the change in slope 



Fig. 50. 


between OAi and A%A 2 is not too great, the described method can be used 
also in this case with good accuracy. 1 

Finally in Fig. 51a, we have an unsymmetrical nonlinear system. 
For displacements of the mass m to the right of the equilibrium position, 
the spring characteristic is represented by the 
broken line OAiA 2 in Fig. 516; while for displace- 
ments to the left, we have the straight line OA '. 

In this case, the amplitudes of forced vibration 
on the hard and soft sides of the equilibrium po- 
sition will be different, and the above method is 
not applicable without some modification. It is to 
such cases as this that the method developed by 
Raucher 2 is especially well suited. 3 

PROBLEMS 

31. For tho numerical data given in Table II, page 20, 
construct the curve OA and determine graphically, as in Fig. 

45c, the approximate relation between amplitude a and (b) 

natural frequency of free vibration of the system in Fig. j? IG> 51. 

44. Compare the results with those given in Fig. 18, page 

23. 

32. Referring to Eq. (5) and Fig. 27, page 39, and assuming mg « 1 lb., k ■» 1 
lb. per in., c = 0.025 lb. per in. per sec., and Q 0 * 0.1 lb., construct by graphical solution 
the response curve like those in Fig. 30, page 44. 

33. Referring to the system in Fig. 44 and using the numerical data in Table II, 
page 20, construct to scale the response curves like those shown in Fig. 46. Assume 
Q - 2 lb. 



9. Numerical Integration: Stormer’s Method. — We have already 
noted in Art. 1 that the differential equation of rectilinear motion of a 

1 See Jacobsen and Jbspbrsbn, Steady Forced Vibrations of Single Mass Systems 
with Symmetrical as Well as Unsymmetrical Non-linear Restoring Elements, J. 
Franklin Inst., vol. 220, No. 4, 1935. 

1 Rauches, op. cit ., p. 61. 

8 For another method of dealing with this problem, see Etude graphique des 
vibrations de syst&mes a un scul dogr6 do liberty, by J. Lamoen, Revue UniverseUe des 
Mines , VoL XI, No. 7, May, 1935. 
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particle may be nonlinear or contain coefficients varying with time. For 
example, we may have to deal with a.vibrating mass for which the restor- 
ing force is not a linear function of displacement (Fig. 52a) or varies in 
some prescribed manner with time (Fig. 525). In such cases, where 
damping is of secondary importance and can be neglected, the equation 

of motion takes the general form 


(zS/Ae 


Ty* 


\ 

v 




r 


±—x 


£ = rW), 


m 


(a) 




wfiere F(x,t) defines the resultant force and 
m is the mass of the particle. It is only 
for the simplest cases that we are able to 
obtain a rigorous solution of this equation; 
and in many practical problems, recourse 
must be made to some approximate 
method of integration. We take this op- 
portunity to describe and show the appli- 
cation of one of the general step-by-step 
methods of numerical integration. The 
particular procedure to be described was developed about 1890 by Carl 
Stdrmer in connection with a mathematical theory of the aurora borealis. 
It has also proved very useful in the treatment of such practical problems 
as the motion of projectiles and trains. 1 

To apply the method, we write Eq. (a) in the form 

* = 4>M (41) 


(a) 


( 6 ) 


Fig. 52. 


and assume that for a small interval of time from 0 to t, the solution can 
be represented by the Maclaurin’s series 

1 2 £3 IV fA 

x = £o + iot + %o 2 + * o g + + • * ■ • (42) 


In this series, xo and x 0 are the initial displacement and the initial velocity 
of the particle; these initial conditions must be known. The initial 
acceleration xo is found by substituting x = x 0 together with t = 0 in 

.. w 

Eq. (41). In like manner, the values of x 0 , *o, - . . are obtained by 
making successive differentiation of Eq. (41) and using x = Xo and t = 0 
therein. Substituting all these initial values into the series (42), we can 
calculate the displacement x for a given value of t. If t is small, the series 
converges rapidly and the first few terms will give the value of x with 
sufficient accuracy for practical applications. 

x For a more complete discussion of various methods of numerical integration 
together with applications, see “Sur Integration numerique approchde dos Equations 
diffdrentielles,” by M. A.-N. Kriloff, Imprimerie Nationale, Paris, 1927. 
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Assume now that several values of x have been calculated in this 
manner for t = 0, t = h, t = 2h, . . . t = nh, where A is a small con- 
stant interval of time. These values of x, denoted by xo, xi, , . . 
x„_ 2 , Xn—i, x„, are called starting values; they are arranged in tabular form 
as shown in column (2) of Table V. This done, we compute and record 
the first differences Az„_i = x n — x«_i, ... as shown in column (3) 
and then the second differences A 8 x„_ 2 = Ax„_i — Ax*_*, ... as 
shown in column (4). 


Table V 


(1) 

Step 

(2) 

X 

(3) 

Ax 

(4) 

A>x 

(5) 

S 

(6) 

Af 
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(6) 

AXn 



(8) 

A{„ 


n + 1 

(c) 

*,.+1 



id) 




All the above calculations are made for very small values of t, in 
which case the series (42) converges rapidly. For larger values of t, 
the series usually converges slowly and more and more terms must be. 
taken to obtain a desired accuracy. Obviously, the amount of labor 
involved in such a procedure will very soon become prohibitive. The 
essential feature of Stormer’s method is a means of prolonging the 
calculations with good accuracy even for large values of t without 
the necessity of using many terms of the series (42). For this purpose, 
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he introduces a quantity (, defined by the equation 

H = h*£ = h?<t>(x,t). (43) 

Substituting the starting values Xo, Xi, , Zn-i, Xn-i, x n , together with 
t — 0, t = h, . . . t = (n — 2 )h, t — (ra — 1)A, t — nh, into this expres- 
sion, we compute and record £o, ?i, . . . $«_ 2 , £»_i, $», as shown in column 
(5) of Table V. Then, as before, we compute and record first and second 
differences A $ and A 2 £ as shown in columns (6) and (7). 

Having the quantities shown in boldface type in Table V, we are now 
ready to consider the prolongation of the calculations. To find the next 
value Xn+i of the displacement in column (2), we need the next second 
difference A 2 z„_j in column (4) . This is computed, as will be shown later, 
from the formula 

A^n-I ~ £n + tMA 2 £ti_2). , (44) 

Having this second difference [item (a) in column (4)], we easily obtain 
Ax n = Ax»_i + A 2 av-i, 

Xn+l = Xn + &X n , 

which are recorded in their proper places as shown [items (f>) and (c)]. 
Substituting x„+i together with t = (n + 1 )h in expression (43), we now 
get £„ + i after which the differences A£„ and A 2 £„_i are computed and 
recorded in their proper places [items (d), (e), .(/), in Table V]. After 
these six operations, made in the order (a), (b), (c), (d), (e), (/), we are 
ready to repeat the same procedure finding, in order, the quantities 

A 2 Z», AXn+i, Xn+z; fn+2, A£ B+ 1, A 2 £„, 

and so on. 

We see that the success of the whole process, once the starting values 
have been obtained, rests on formula (44). Stormer derives this formula 
in the following manner. Considering a time t — nh as a new origin 
and expanding x = /(<) about this point, the series (42) may be written 
in the form 

* = x n + xji + *n|+*.J + Si^+" , | (<?) 

where h — t — nh. Substituting first h = +h and then fi = —h in 
this expression, we obtain 



Xn+l = X n + Xrh + X n Tf + X n ~ + X n + 

„ _ + „ A 2 _ ... A* w h* _ 

l 5=1 “T "2" n “T* %n 


( 4 ) 
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A*a: B _i = Xn+i - 2x n + **_i 


„ , ™ h* , vi h* , 

s» + x »j2 + Xn m + 


9 


or, limiting ourselves to the first two terms of this series, 


A S X„-1 


+ *. jj 


(«) 


Now returning to the series (c) and differentiating twice with respect to 
time, we obtain 

1V <i 2 

& = X» + £'ntl + *» -g" + ' ’ ‘ , 


from which, by putting h = —h and <i = —2 h, we find 

£n — 1 ~ h 2 £n — 1 = £n — X n h* Xn j 

£n— 2 = fe S X«-2 = £n ~ 2z „A S + 4CC n ^ ~ • ' • . 


Cf) 


Again, limiting ourselves to the terms shown, we find 

A s £„_ 2 - £„ - 2£ n _ 1 + Jn-s * &n y (g) 

17 

Elimination of x n between Eqs. (e) and (g) yields, finally, 

A S £n_ 2 £n + A (A 2 £, 1 - 2 ), 


as already given by formula (44). 

In the foregoing discussion, we have considered only second differences 
A*£ in the values of £. By using seven terms of the series (c), the method 
can be extended to work with fourth differences in £. In this case, for- 
mula (44) will be replaced by 

A 2 *n-i = £» + A(A 2 £n-s + A 8 £„_s + i§A 4 £„_ 4 ). (45) 

From this expression, we see that the procedure outlined in Table Y will 
be exact if third differences in £ vanish and that if they do not, their 
magnitudes are an index to the error involved. By watching the varia- 
tion in second differences A s £ as the work proceeds, one can judge the 
error involved and choose the interval h so as to attain the desired degree 
of accuracy. 

In order to see what may be expected of the method in the way of 
accuracy, let us start with the equation of simple harmonic motion 

£ = —p 2 x (fi) 
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and take as a particular case 

p = 10r, xq = 1 in., xq = 0. 

In such case, the exact solution becomes 

x — 3 0 cos pt ({) 

and the period r = 2r/p = 0.2 sec. In using Stormer's method, we 
shall divide this period into 20 steps and take h = 0.01 sec. With these 
data, formula (43) becomes 

i = — O.OIt 2 ® - -0.0987x. O') 

To save time, the starting values xq , xi, x^ are computed from the known 
solution ( i ) in this case and are shown by boldface type in column (2) 
of Table VI below. The remainder of the calculations are made as 
explained above, and the table is completed up to t = 0.1 sec. = Jr. 
For comparison, the exact values of x, computed from Eq. (i), are given 
in column (0). We see that even when we use only second diff erences in 
( .and a comparatively large interval h , we have an error of less t han 
per cent in the value of x at the end of a half cycle. Using fourth dif- 
ferences in ( and formula (45), or cutting the interval h in half , a much 
greater accuracy can be obtained if desired. 


Table VI 
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The method can be used also to calculate the period of free vibration 
of .a nonlinear system like that shown in Fig. 52a and already'discussed in 
Art. 3. In such cases, it is necessary only to carry the calculations to 
the point where x changes sign and then compute the quarter period by 
interpolation. Proceeding in this way, the period of vibration for a given 
amplitude can be found with very good accuracy. 

As a second example, let us consider the system shown in Fig. 525 and 
g.qanmft that the movable support is so manipulated that the equation of 
motion for the attached mass becomes 

x = —tx. (fc) 

We also assume, as initial conditions, that 

a:o = l in., ±o = 0, when t = 0. (1) 

For small values of t, this motion will have a rather long period, and we 
choose, correspondingly, a much larger value of h than in the preceding 
example. Taking h = 0.2 sec., we have 

£ = h*£ = — 0.04fa;. (m) 

To obtain starting values, in this case, we first make several successive 
differentiations of Eq. (k) obtaining, in order, 

x = —tx — x, \ 
xv 1 

x — —tx — 2x, I 

x = — tie — Sx, / ( n ) 

VI xv V 

x = —tx — 4x, ] 


Then substituting the initial conditions (l) into expressions (fc) and (n) 
and using the series (42), we obtain 

. _ i _ t + i! + • • • . (a) 

From this series, the starting values of x, as shown by boldface type in 
column (2) of Table VII, have been computed. The corresponding 
values of $, computed from Eq. (m), are recorded in column (5). The 
remaining steps for the first 5 sec. of the motion are made in the pre- 
scribed manner, except that in this example, we have carried fourth 
differences in { and used formula (45) instead of (44). This requires 
but little additional work, and the improved accuracy is well worth the 
effort. The displacement-time curve plotted from the data in columns 
(1) and (2) in Table VII is shown in Fig. 53. We see that both the 
amplitude and the period of vibration are decreasing with time. 
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As we near the end of Table VII, we see that the corrections to £ are 
beginning to affect the third figure in values of A 8 * in column (4). This 
is an indication that the interval h should be reduced if the calculations 
are to be prolonged much beyond t = 4 sec. 



As a final example here, we refer again to Fig. 52& and assume that 
the movable support oscillates in such a way that the equation of motion 
for lateral vibrations of the mass m becomes 1 

£ + (p* + 5 sin ut)x = 0. (46) 

In this differential equation, S sin ut represents a ripple of period t = 2 *•/ <o 
and amplitude 5 that is superimposed upon the average value p* of the 
spring characteristic per unit of vibrating mass m. The nature of the 
motion represented by Eq. (46) will depend very much upon the ratio 
oi /p in any particular case, but the general solution is not known specifi- 
cally in terms of p, S, to, x a , and x 0 . To illustrate the numerical integra- 
tion, we take as a particular case 

2 tc v 2 

2p = co = 2jt, t = — = 1 sec., ® = Xo 

and assume, as initial conditions, 

*o — l in., *o = 0, when £ = 0. 

Equation (46) may then be written 

£ = — p s x(l + A sin 2iri). (p) 

Making successive derivatives of this expression with respect to lime and 
substituting the assumed initial conditions, we find 

*o = 1, *o = 0, 
n* w 

£ o = — p*, $‘o = — j, *o = + P 4 , 

v 8 . ' n 21 , 

*o = g P*, Xo “ — 26 P ’ ' ’ ' ’ 

1 This differential equation is of considerable importance in various problems. It 
is called Mathieu’s equation; see E. Mathieu, “Cours de physique mathematique,” 
p. 122, Paris, 1873. 
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( 2 )* 

( 3 ) 

x ■ 

Ax 


1.00000 

0 J 98750 
0.95007 
0.88788 
0,80807 

0; 69471 
0.56854 
0^42705 
0.27418 
0.11415 
- 0.04880 
- 0.21058 
- 0.36784 
- 0.51561 
- 0.65221 
- 0.77427 
- 0.87915 
- 0.96441 
- 1.02782 
- 1.06739 
- 1.08148 
- 1.06894 
- 1.02928 
- 0.96281 
- 0.87074 
- 0.75522 
- 0.61926 


- 0.01244 

- 0.03749 

- 0.06224 

- 0.08576 

- 0.10736 

- 0.12617 

- 0.14149 

- 0.15287 

- 0.16003 

- 0.16295 

- 0.16178 

- 0.15676 

- 0.14827 

- 0.13660 

- 0.12206 

- 0.10488 

- 0.08526 

- 0 . 06341 - 

- 0.03957 

- 0.01409 

+ 0.01254 

+ 0.03966 

+ 0.06647 

+ 0.09207 

+ 0.11552 

+ 0.13596 

+ 0.15265 


- 0.02505 
- 0.02475 
- 0.02352 
- 0.02160 
- 0.01881 
- 0.01532 
- 0.01138 
- 0.00716 
- 0.00292 
+ 0.00117 
+ 0.00502 
+ 0.00849 
+ 0.01167 
+ 0.01454 
+ 0.01718 
+ 0.01962 
+ 0.02185 
+ 0.02384 
+ 0.02548 
+ 0.02663 
+ 0.02712 
+ 0.02681 
+ 0.02560 
+ 0.02345 
+ 0.02044 
+ 0.01669 


-0.02467 

-0.02512 

-0.02482 

—0.02368 

-0.02167 

- 0.01886 

- 0.01536 

- 0.01139 

- 0.00716 

- 0.00290 

+0.00120 

+ 0.00504 

+ 0.00853 

+ 0.01169 

+ 0.01456 

+ 0.01719 

+ 0.01963 

+ 0.02187 

+ 0.02387 

+ 0.02552 

+ 0.02668 

+ 0.02719 

+ 0.02689 

+ 0.02508 

+ 0.02353 

+ 0.02050 

+ 0.01673 
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Table VIII.— (Continued) 


(1) 

t 

(2) 

X 

(8) 

Ax 

(4) 

A s £ 

HI 

HI 

(7) 

(8) 

(9) 

(10) 

2 

1.35 

-0.46661 


+0.01242 

+0.01244 


-27 


- 3 

+ 14 



+0.16507 



-456 


+22 



1.4 

-0.30154 


+0,00788 

+0.00788 


- 5 


- 1 

+ 36 



+0.17205 



-461 


+21 



1.45 

-0.12859 


+0.00328 

+0.00327 


+ 16 


- 7 

+ 37 



+0.17623 



-445 


+14' 



1.5 

+0.04764 


-0.00115 

-0.00118 


+30 


- 8 

+ 34 



+0.17508 



-415 


+ 6 



1..55 

+0.22272 


-0.00530 

-0.00533 


+36 


- 5 

+ 33 . • 



+0.16978 



-379 


+ 1 



1.6 

+0.39250 


-0.00909 

-0.00012 


+37 


- 8 

+ 15 ’ 



+0.16069 



-342 


- 7 



1.65 

+0.55319 


-0.01251 

-0.01254 


+30 


+ 8 

+ 25 . 



+0.14818 



-312 


- 4 



1.7 

+0.70137 


-0.01565 

-0.01566 


+26 


0 

+ 18 



+0.13253 



-286 


- 4 



1.75 

+0.83300 


-0.01850 

-0.01852 


+22 


+ 2 

+ 20 



+0.11403 



-264 


- 2 



1.8 

+0.94793 


-0. 02114 

-0.02116 


+20 


+ 8 

+ 40 



+0.00289 



-244 


+ 6 



1.85 

+ 1.04082 


-0.02358 

-0.02360 


+26 


+ 5 

+ 53 



+0.06031 



-218 


+11 



1.9 

+ 1.11013 


-0.02575 

-0.02578 


+37 


+ 6 

+ 77 



+0.04356 



1 

i — * 
00 
H -* 


+ 17 



1.95 

+ 1.15369 


-0.02755 

-0.02759 


+54 


- 1 

+ 85 



+0.01601 



-127 


+ 16 



2.0 

+1.16970 


-0.02880 

-0.02886 


+70 


+ 2 

+108 



-0.01279 



- 57 


+ 18 



2.05 

+ 1.15601 


-0.02936 

-0.02943 


+88 


- 8 

+100 



-0.04215 



+ 31 


+ 10 



2.1 

+ 1.11476 


-0.02003 

-0.02012 


+98 


- 6 

+ 100 



-0.07118 



+ 129 


+ 4 



2.15 

+ 1.04358 


-0.02775 

-0.02783 


+102 


-11 

+ 77 



-0.09893 



+231 


- 7 



2.2 

+0.94465 


-0.02544 

-0.02552 


+95 


- 8 

+ 57 



-0.12437 



+326 


-15 



2.25 

+0.82028 


-0.02220 

-0.02226 


+80 


- 8 

+ 26 



-0.14657 



+406 


-23 



2.3 

+0.67371 


-0.01815 

-0.01820 


+57 


- 4 

-’ 1 



-0.16472 


I 

+463 


-27 



2.35 

+0.50890 


- 0:01355 

-0.01357 


+30 


+ 2 

- 18 



-0.17827 


1 

+403 


-25 



2.4 

+0.33072 


-0.00864 

-0.00864 


+ 5 






-0.18691 


1 

+408 





2.45 

+0.14381 


-0,00368 

-0.00366 








-0.19059 


| 






2.5 

-0.04678 



I 







and the series (42) becomes 


x ■ 



■ (PiY 
30 T 24 



IM! 

6,000 


( 2 ) 


Taking A = 0.06 see., five starting values of x are now computed from 








ADVANCED DYNAMICS 


80 


[Chap. I 


this series and recorded as shown by boldface type in column (2) of 
Table VIII. For further calculation, we write 

Z = h 2 z= — 0.024674$ (1 + to - sin 2 irt). ( r ) 

The values of £ corresponding to the starting values of x are shown by 
boldface type in column (5). Proceeding further on the basis of formula 
(45), the step-by-step calculations are made in the usual manner and are 
shown as far as t = 2.5r = 2.5 sec. 


Having the numerical calculations in Table VIII, we shall now proceed to show how 
the displacement z for any time t can be found without the necessity of prolonging 
further the step-by-step computations. The possibility to do this rests on the fact 
that Eq. (46) has a general solution of the form 1 


x - CuKQet* 4- Cxf/tyer#, (47) 

in which Ci and C 2 are constants of integration, ^ is a quantity independent of t, and 
$(0 and \J/(t) are periodic functions of time, having the same period r as the function 
S sin <ri in Eq. (46). From expression (47), we see that if the displacement x forany 
instant t' is 

xo ' = a' 4- 

then, in general, for the instants t f , t' + r, t' 4- 2r, nr, we must have 


where 


xo *■ a' b', 

- so' + - V 
8 

x,' = *V + -U', 

7 

7 

x.' - 8 n a r -(- 1 6', 

** ’ i 

» = e' 1T 


(48) 


(») 


is a constant independent of t'. Prom the first three of Eqs. (48) we easily find, cor- 
responding to the chosen instant t', 


8Zi — X* 
- 1 » 


/ » el z £l 

and also the quadratic equation 
from which 

Substituting the values 


(49) 

(0 

(60) 


*o =* 1.00000, Xi — —1.08148, xi - 1.16970 
* See Floquit, “Annales de l’ficole normale,” yol. 1883/84. 


(«) 
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from Table VIII into expression (50), we find, in our case, 

si - —1.0821 or St = -0.9241. (i v ) 

Since one of these values is the reciprocal of the other, it makes no difference which we 
use. Changing s-values simply interchanges the quantities a' and b', and Eqs. (48) 
are unaffected. Confining our attention then to si = —1.082, we find from Eqs. (49) 

a 0 « 1.000, 6 0 = 0.000. 

Thus the displacement corresponding to t = nr is 

Xn - (-1.082)* in. 

We see that the amplitude is growing with time, and the motion is said to be unstable . 

We can expect from Eq. (s) that the value of s is independent of which three 
periodic values of x from Table VIII we use to compute it. To check our numerical 
integration, we now use in Eq. (50) the values 

*o' - -0.04880, si' - +0.04764, x 2 ' - -0.04678 (w) 

taken from Table VIII for t « 0.5, 1.5, 2.5 sec. With these values we get 
si — —1.0826 or s 3 — —0.9237, 

which agrees very well with the values (v) above. 

Although the value of s is constant and independent of t', the quantities a' and V 
defined by Eqs. (49) are not, since they contain the periodic functions <f>(t') and 
ip(t') and also and For example, using the values (to) in Eqs. (49), we get 

a 0 . 5 ' - -0.0161 and 5 0 . 6 ' « -0.0327. 

Hence, for any time t « 0.5 + nr, we have 

a. - —0.0161 (—1.082)* - 0.0327 

In a similar way, the value of a for any time t = {' + nr can bo found by taking the 
proper values for xo', xi, x% from Table VIII. 

Sometimes, in dealing with the numerical integration of Eq. (41), 
it may happen that the function 4>(x,t) is not given in analytic form and 
successive differentiations cannot be made. In such cases, we may take, 
at the beginning, a sufficiently small time interval h that we will be justi- 
fied in using only three terms of the series (42) to compute starting values 
*o, xi, Then continuing with the step-by-step integration up to 
t = ih, we get values xo, xi, x 2 , x 2 , xa. After this, we double the inter- 
val and take x 0 , x 2 , xa as new starting values and proceed again up to 
t = 4(2/i). Then the interval can be doubled again, etc., until a suitable 
working interval is reached. 

PROBLEMS 

34. Repeat the calculations in Table VI, using fourth differences in J and formula 
(46), and show how much the accuracy will be improved. 

36. Repeat the calculations in Table VI, using h — 0.005 sec. and only seoond dif- 
ferences in (. Compare the accuracy of these calculations with that of the preceding 
problem. 
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36. Using the data in Table VIII and formulas (48) and (49), calculate the dis- 
placement * for ( « 5.25 sec. Use s — —1.082. Ans. xi.n — —1.051 in. 


10 . Plane Harmonic Motion. — In discussing the curvilinear motion of 
a particle, we begin with Newton’s second law of motion, expressed by 
the equation 

ma = F, (a) 


where m is the mass of the particle, F is the resultant acting force, and S 
is the corresponding acceleration. Equation (a) is a vector equation 
and states that under the action of the force F, the particle receives an 

acceleration & that is in the same direction as the 
force and' proportional to its magnitude. We 
recall that Newton’s second law assumes no 
limitations regarding the motion of the particle 
before the force F begins to act. Thus, as con- 
cluded in Art. 1, when F is constant in direc- 
tion and any initial motion of the particle is in 
the same direction, we obtain the particular case 
of rectilinear motion. If the direction of the re- 
sultant force varies, or if the particle has some initial motion in a direction 
not coinciding with that of the force, we obtain a 
curvilinear motion. Thus, for example, a projectile 

fired horizontally into the vertical force field of grav- — C — —x 

ity describes a curvilinear path. In many practical 
problems, the motion will be confined to one plane 
and we speak of plane curvilinear motion. In such 
cases (Fig. 64), we resolve the force F and the accel- 
eration & into rectangular components X, Y and x, y, 
respectively, and write 



m£ = X, I 
my = Y. f 


(51) 


A 




l 

I 

0 ^ m 


ty??7 77777} 

Fig. 55. 


These are the differential equations of plane curvilinear motion of a 
particle. In . the simplest cases, Eqs. (51) are independent equations 
and can be integrated separately. As an example, we shall discuss hero 
the problem of free vibrations in a plane. 

, In Fig. 55, we have a heavy particle of mass m attached to the upper 
end of a slender vertical wire of uniform circular cross section that is 
built-in at A as shown. In discussing motion of the particle m in the 
horizontal plane, 1 we choose rectangular coordinate axes x and y having 
their origin 0 in coincidence with the equilibrium, position of the particle. 

1 We assume small lateral displacements and neglect tlie corresponding insignificant 
vertical displacements; we also neglect air resistance and inertia of the wire. 
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If the particle be given a small initial displacement or initial velocity 
along the 3 -axis and released, it will perform simple harmonic motion in 
the ^-direction. The same will be true for an initial displacement or 
velocity in the y-direction. However, if we give to the particle an 
initial displacement xq and release it with an initial velocity yo, it will 
describe a curvilinear path in the xy-plane. To study this motion, let 
us consider the particle in any position defined by the coordinates * 
and y (Fig. 55). Denoting by 5 the lateral deflection of the end of the 
wire and by k the spring constant, the resultant force acting on the 
particle in this position is F = kS directed toward the origin 0. The 
projections of this force are 

X = — kx, 7 = —ky, 

and the equations of motion (51) become 

m£ = -kx, \ (&) 

my = —ky. J 

Using the notation p 4 = k/m and integrating Eqs. (5), we obtain 

x = A cos pt + B sin pt, 1 
y = C cos pt + D sin pt, f 

where A, B, C, D are constants of integration. Substituting the initial 
conditions 

(r)t_o = so, (x) t_o = 0, (y)i-o = 0, (y)t - o = Vo (d) 

in Eqs. (c), we find 

A -so- o, B =0, C — 0, D = | = 5, 

and the equations of the path, in parametric form, become 

x - a cos pt, 1 
y = 6 sin pt. ) 

Eliminating t between Eqs. (e), we find for the equation of the path 
of the particle in the ay-plane 



'This is an ellipse with major and minor semiaxes a and b, and the motion 
is called elliptic harmonic motion; the period r = 2r/P- 

If the vertical wire to which the particle m is attached is of rectangu- 
lar cross section so that it has two different flexural rigidities in two 
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principal planes, and if the principal axes of the cross section ore token 
as the x- and p-axes, the equations of motion become 

m£ = —kx, my = —kiy, (g ) 


where k and ki are two different spring constants corresponding to the 
two different flexural rigidities of the wire. Proceeding as before with 
the integration of these equations and using the same initial conditions 
(d), we obtain 

x = c cos pt, y = b sin pit, ( h ) 

where 



In this case, the equation of the path is more complicated and its shape 
depends upon the relation between the two angular frequencies p and pi- 
Let us assume first that pi — 2p. Then making this substitution in 
the second of Eqs. ( h ) and eliminating the parameter t as before, we 
obtain, for the equation of the path, 



This is the equation of the curve shown in Fig. 56a. Since the period 
r* = 2m /p is two times larger than the period t„ = 2jr/pi, there are two 
complete oscillations in the ^-direction to one in the z-direction. Again, 
if Pi = 3p, there are three complete oscillations in the p-direction to one 
in the ^-direction and we obtain the path shown in Fig. 566. 



Fig. 56 . 


If the cross section of the wire is very nearly square so that the two 
spring constants k and ki, corresponding to the two principal planes of 
bending, are almost, but not quite, equal, we obtain an interesting varia- 
tion of the motion represented in Fig. 55. Assume, for example, that 
ki is slightly larger than k, so that pi = p + Ap. In this case, Eqs. (6) 
take the form 

x = a cos pt, y = b sin (pi + Apt). (j) 

Eliminating pt between these two expressions, we obtain the equation of 
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the path of the particle in the form 

o 5 ~ S sbx Apt + F* = cos2Ap< ‘ ( fc ) 

This is the equation of an ellipse inscribed in the rectangle formed by 
the straight lines x — ±a and y = ±b 
(Fig. 57). The orientation of this 
ellipse depends upon the value of the 
angle Apt; and since this angle increases 
uniformly with time, the shape and 
orientation of the ellipse within its 
circumscribed rectangle are continually 
changing. 

A picture of the cyclic changes through which the ellipse in Fig. 57 
passes may be obtained as follows: Referring to Fig. 58a, let ABB' A' be a 
transparent right circular cylinder of radius 6 and 
altitude 2a, on the surface of which is traced the 
ellipse representing the diagonal plane section AB'. 
Now if this cylinder is rotated uniformly about 
its geometric axis 00 at the rate of A p rad. per 
sec., we shall see the ellipse traced on its surface 
go through a series of cyclic changes. First, let 
us say we are looking at the edge of the plane of 
the ellipse so that we see simply a straight line 
AB' or, more properly, the two straight lines AB' 
and B'A superimposed on one another (Fig. 58a). 
Gradually these lines open up into a narrow ellipse 
AB' (Fig. 58b) ; and finally, after the cylinder has 
made a quarter turn, we shall see the fully opened 
ellipse in Fig. 58c. With further rotation of the 
cylinder, the ellipse gradually contracts (Fig. 58d) 
until after a half turn, we see again the straight 
line AB' across the other diagonal of the rectangle. 
This line then opens into the ellipse in Fig. 58c and 
finally closes up into the lino AB' in Fig. 58a. A 
complete revolution of the cylinder has now been 
made, and the same series of changes begins over again. Obviously the 
period of the cycle is r = 2x/Ap.* 

To show the connection between the curves represented by Eq. (k) 

* The above-described transparent cylinder for demonstrating the cyclic changes 
in the plane curve represented by Eq. (k) is known as Lissajous’ cylinder, and in 
general, such curves are called Lissajous’ figures. 



(ei 

Flo. 58. 



Fio. 57. 
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and the various aspects of the ellipse in Fig. 68, we return to Eqs. (j). 
Holding x constant and equal to a, we see from the first of these equations 
that cos pt = 1 , and hence the second equation becomes 

y = 5 sin Apt. 

This shows that the point of tangency P in Fig. 57 moves along the line 
x = a with simple harmonic motion of period r = 2»r/ Ap, which is 
obviously the motion of point B' in Fig. 58. The same argument can 
be made for any other point on the curve in Fig. 57 and the correspond- 
ing point on the ellipse of Lissajous’ cylinder. 

Similar cyclic variations of the curves in Fig. 56 occur when the 
frequency in the y-direction is very close to, but not quite, two or. three 
times the frequency in the x-direction. If, for example, the rectangular 
cross section of the wire to which the particle is attached is of such 
proportions that pi '= 2p + Ap, Eqs. (h) take the form 


x = a cos pt, 
y = 6 sin(2p< + Apt) 


) 


© 


Eliminating pt again, we obtain, for the equation of the path of the 
particle, 

y 2x f x 5 . . . /, 2x ! \ . 

b = TV 1 “ e? ° 0S Apt ~ V “ cV sm Apt ■ O) 


(X) f\j 



When Apt — 0 or Apt == 7r, this equation 
reduces to 



, 26 C 

± 7*V I 



vy 

MW 

(X)V/\ 



which is the same as Eq. (i) above. 
When Apt - */2 or Apt = 3t/ 2, Eq. (m) 
reduces to 

2 x sN 


y = ±6 


(-s> 



which represents two parabolas symmet- 
rical with respect to the y-axis. The 
r a j (bj (c) changes through which the path 

Fig. 59. passes during the half period w/A p are 

represented in Fig. 59a. Two other 
cases, pi = Zp + Ap and 2pi = 3 p + Ap, are shown in Fig. 596 and 59c, 
respectively. The arrows show the direction of motion of the particle 
along the path. All these figures can be demonstrated by inscribing 
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the proper curve on the surface of a transparent cylinder and then 
rotating it slowly about its axis. 

Another simple method for demonstrating the cyclic variations of 
the curves in Fig. 59 may be had by attaching a heavy steel ball painted 
with luminous paint to the end of a thin 
fiat steel strip twisted through 90 deg. in 
the middle as shown in Fig. 60a and then 
fixing the lower end in a vise. In this 
way, the frequency of vibration of the 
ball in the direction normal to the plane 
of the figure will depend practically only 
on the length k, while the frequency of 
vibration in the plane of the figure will 
depend practically only on the length l 3 . 

Thus by adjusting the length k, the fre- 
quencies corresponding to the two prin- 
cipal planes of bending of the strip can be made very nearly equal or one 
very nearly equal to twice the other, etc. When vibrations of the lumi- 
nous ball are observed in a dark room, the outline of the path can be 
clearly seen. 

Figure 606 represents another device for tracing Lissajous’ figures. 
Here we have a small cup filled with fine sand and suspended by strings 
as shown. When the cup is swinging in the plane of the paper, the 
period corresponds to the length l 3 , while normal to the plane of the paper, 
the period corresponds to the length k + l 3 . If this pendulum is given 

both motions simultaneously, it will describe 
some such path as those we have been discuss- 
ing. If the sand can trickle out slowly 
through a small hole in the bottom of the cup, 
a trace of the path can be obtained. 1 

11. Planetary Motion. — In discussing the 
motion of a planet P around the sun 0 (Fig. 
61), we shall neglect, in comparison with the 
attraction of the sun, the attraction of other planets and shall assume 
further that the sun represents a fixed point in space. Thus we have 
motion of a particle under the action of a so-called central force F that is 
always directed toward the sun, which we choose as the origin of our 
coordinate system. 

Since the law of gravitation states that the attraction between two 
bodies is proportional to the product of their masses and inversely pro- 

1 For some pictures of various Lissajous’ figures, see “The Scientist as Artist” by 
Bobert T. Lagemann, American Scientist, Vol. 36, No. 3, July, 1948. 
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portioned to the square of the distance between them, we may write 

F = («) 

where n = hM is a constant times the mass M of the sun, r is the distance 
between sun and planet, and m is the mass of the planet. The projec- 
tions of this resultant force on the coordinate axes x and y are 


x= _2»i and 

r % r r 2 r 7 

and since r = VV + y 2 ) the equations of motion (51) become 

fimx 

mx ” (x 2 + y*)«’ 

m ,, vm 

V ~ (x 2 + y 2 )»' 


(&) 


(c) 


These equations are more complicated to integrate than those of the 
preceding article because each of them contains both x and y and they 
cannot be handled separately. 

Multiplying the first equation by y and the second by x and sub- 
tracting the first from the second, we obtain 

m(fix — xy) = 0 (d) 

This expression is equivalent to 

j t (fix -xy) = 0, 


from which we deduce the important relationship 1 

yx — xy = const. = h. (e) 

With the aid of this expression, Eqs. (c) can be integrated without much 
difficulty. 

We begin by writing them in the following form: 


fJLX 

rV 



co 


Then denoting by 6 the angle that the radius vector OP makes with the 
ir-axis at any instant, we introduce the following change in variables: 

x = r cos 0; y = r sin 0. (g ) 

1 Expression (e) represents a particular case of the principle of angular momentum, 
which is discussed fully in Art. 15, p. 119. See also the authors* “Engineering 
Mechanics,” 2d ed., p. 366. 
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Using notations (g), Eq. (e) becomes 

r 2 0 = A, (A) 

where 4 = d0/df. Substituting 0/A for 1/r 4 in Eqs. (/), they become 

« = - £- 0 - - £ cos 6 0, ) 

Ar A- ’( (*) 

which, in turn, may be written as follows: 


£ ~ A dt sin 9 

v^+zit 003 9 


_ _±<L(v 


= 

^ A \r/’ 


Integrating Eqs. (j), we obtain 

*=-fr + C ’ *"+£+* <*> 

where c and d are constants of integration. 

If, for each position of the planet P along its path in Fig. 61, we lay 
out from a fixed origin 0 (Fig. 62) the corresponding velocity vector v, 
the locus of the ends of these vectors defines a curve AB, called the 
hodograph 1 of the planet. Since the rec- . 

tangular coordinates of any point on this 

curve are the components x and y of the ~T~y- A 

velocity, we see that Eqs. (A) define this /<T \ / 

hodograph. Replacing y and x in these equa- /f/V \ f/ v 

tions by the values (g) and then squaring and 4T~"~~r^p j L » 

adding together, we obtain / s'/ 


(x - c)* + ($ 


- sr 


From Eq. (1), we see that the hodograph is a \/ 

circle of radius /t/A and center coordinates c Fia 62 * 

and d in the xy-plane. 

The equation of the path of the planet can now be obtained from 
Eqs. (A) defining the hodograph. Multiplying the first by y — r sin 0 
and the second by * = r cos 0 and subtracting the first from the second, 
we obtain, with the help of Eq. (e), 


+ d cos 0 — c sin 0 , 


1 See ibid., p. 345. 
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This equation gives the relation between the radius vector r and the 
angle 0. Thus it represents, in polar coordinates, the desired equation of 
the path of the planet. To simplify the expression, we introduce for 
the coordinates c and d of the center of the circular hodograph the 
notations 

— c = b sin «, d = b cos a, («) 

where b and a are simply new constants. Then Eq. (m) becomes 


r Jjr + b cos(0 - a) J = h, 

■qrhich may be written in the form 

r _ m 

1 + (&h/ju)cos(0 — a) 
Finally, introducing the notations 


(o) 



, h 1 , bh 

l = - and e = -, (q) 

Eq. (p) takes the form 

T ~ 1 + e cos(0 — a) ^ 

This is the polar equation of a conic section having the latus rectum 21, 
eccentricity e, and its axis inclined to the x-axis by the angle a. 

For e < 1, the conic section represented by Eq. (r) is an ellipse, 
which is, of course, the case for all planets in the solar system. For 
6 > li curve is a hyperbola; and if there ever were any planets in our 
solar system for which the initial conditions of motion were such as to 
make e > 1, they have long since escaped the attraction of the sun. 
For the particular case where 6 = 1, the curve is a parabola. Thus w© 
conclude that each planet in our solar system moves around the sun in an 
elliptical orbit, the sun occupying one focus of the ellipse. This is the 
first of three laws of planetary motion announced by Kepler in 1609. 

For ^he particular case of an ellipse, it is convenient to make, in 
Eq. (r), the substitution 


*-«(!- « 2 ), (s) 

where a is the major semiaxis of the ellipse and e is the eccentricity. 
Then Eq. (r) becomes 

r - g(l - e 2 ) 

1 + e cos(0 — «)' 

In the case of the earths orbit, the determination of the eccentricity 
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e is a comparatively simple matter. We see from Eq. (52) that the 
distance r between the earth and the sun varies inversely as the factor 
1 + e cos (6 — a). Denoting then by Di and Z) 2 the greatest and least 
apparent diameters of the sun when the earth has, respectively, the 
positions A and B on its orbit (Fig. 63), for which 



The, apparent diameter of the sun can be most conveniently expressed 
in terms of the angle subtended by its disk and observations give 
Z>i = 32' 36" on Dec. 21 and Z> 2 = 31' 22" on June 21. Using these 
values in Eq. (t), we find, for the eccentricity of the earth’s orbit, e = -fa. 
This is a small eccentricity and indicates that the orbit is very nearly 

circular, much more so, in fact, than indi- 
cated in Fig. 63. 

We return now to expression (e), which 
was obtained by taking the difference 
between the two original equations of 
motion (c). It was already used in trans- 
forming the equations of the hodograph 
into the equation of the orbit of the planet, 
but we shall now see that it holds still 
further significance. Noting that the left-hand side of Eq. (e) is simply 
the algebraic sum of moments of the components of the velocity vector 
v of the planet with respect to the origin 0 and referring to Fig. 64, we 
write 

v • UB — const. = h . (53) 



Fig. 64. 


Then noting further that v dt is a small element of the orbit and that 
i - vdt - UE is the area of the shaded sector swept out by the radius vector 
OP in time dt, we conclude from Eq. (53) that the planet moves in such 
manner that its radius vector sweeps out equal areas in equal intervals of 
time. This statement is the second of Kepler’s three laws of planetary 
motion and is called the law of conservation of areas. 

From the above remarks, we see that the constant h in Eq. (53) 
represents the doubled rate of description of area by the radius vector. 
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•{This fact enables us to determine the period of the planet, i.e., the time 
required to make one complete trip around the sun. Since the whole 
area of the ellipse is swept out by the radius vector in the period r and 
since h/2isthe constant rate of description of area, we may write 


h 

T 2 


= iraa Vl — e\ 


(«) 


where a Vl — e s is the minor semiaxis of the elliptical orbit. From 
the first of notations (q) and notation (s), we have 

h = s/nl = V Md(l — e 2 ). (d) 

Substituting this value of h into Eq. (u) and then solving for the period 
r, we obtain 



Taking the constant n to be the same for all the different planets 
having orbits with major semiaxis a h a t , a 3 , . . . and periods n, r 2 , 
r*, . . . , it follows from formula (54) that 

Vl l - Z*l -1*1 - . _ 47T J 

oi* a 2 ‘ o»* n * 1®®' 

That is, the squares of the periods of the different planets are propor- 
tional to the cubes of their mean distances from the sun. This statement 
is Kepler’s third law of planetary motion. 

If we take the earth’s mean distance from the sun as unit distance 
and determine, by observation, the periods of the other planets, the third 
law enables us to calculate the mean distances of the other planets from 
me sun. Table IX below gives the periods of some of the planets in 
dayB and their mean distances from the sun in terms of the earth’s m- wo 
distance of about 92,600,000 miles as a unit. 


Tablb IX* 


Planet 

Period, 

days 

Moan 

distance 

Mercury 



Venus 

o# . 

0.38710 

0.72333 

Earth 

**4. Oi7t> 

QCe OKfler 

Mars 

OOO . nOOO 

1.00000 

1.52369 

5.20096 

9.54006 

Jupiter 

ooo , 9785 

A QQO K1 A 

Saturn 

4,OOZ. 014 
in 'TRO 


IU, toy . Ato 

torn waoo-a "Dynamic.," Cambridge. Bn*., 1826. 
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In all of the preceding discussion, we have assumed that the sun . was 
a fixed point. We know, however, that a planet attracts the sun with a 
force equal and opposite to that with which the sun attracts the planet. 
Thus the sun also must have some acceleration toward the planet. To 
take account of this acceleration, we can continue to use the sun as our. 
origin of coordinates but work with the relative acceleration between the 
two bodies instead of the absolute acceleration of the planet. Referring 
to Eq. (a), we see that the force of attraction between the sun of mass Af 
and any given planet of mass m is kMm/r 2 at the distance r. Thus 
the acceleration of the planet toward the sun must be kM/r 2 , while the 
acceleration of the sun toward the planet is km/r 2 . This makes’ the 
relative acceleration between the two bodies k{M + m)/r 2 ; and if we 
choose to use the sun as the origin of reference, we now have to take- 
H = k(M + m) instead of p = kM in all of our preceding equations. As' 
long as we are discussing the motion of any one planet relative to the 
sun, this change in the definition of n does not affect any of our previous 
conclusions and is of no consequence. However, when we compare the 
observed (and hence relative) motions of different planets, the quantity 
fi ia not quite the same for each planet, and Kepler’s third law, as repre- 
sented by Eq. (55), requires a small correction as follows: First, Eq. (54), 
for the period of a planet, becomes 


r 


2ir 


4 


k(M + m)’ 


(54 a) 


and then, since m = k(M + m) varies slightly for the different planets, 
we must write, instead of Eq. (55), 


^ (Af + m x ) = (ilf + mi) - jjjjj (M + m,) - • • (55a) 

In the case of the smaller planets, this correction is insignificant because 
m is so small compared with M ; but for the larger planets such as Jupiter 
(for which M/m - 1,047), it can affect slightly the computed value of 
the mean distance a in Table IX. Tor example, the corrected mean 
distance for Jupiter is 5.2028 instead of 5.20096 as given in the table. 

Formula (54a) above can be used also to calculate the mass m of a 
planet if it has a satellite whose period and mean distance from the planet 
are known. To show this, we denote by s the mass of the satellite 
and by rx and ai its period and mean distance, respectively. Then 
applying formula (54o) first to the planet and its satellite and then to 
the sun and the planet, we write 


Tl 


2t 


4 


Ox* 


k(m + s ) 


and ro - 2xr m) > 


(w) 
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where r 0 and a'o are the period and mean distance of the planet with 
respect to the sun. From these two expressions, we get 


n 2 __ Cj® M 4~ m 
to 2 ~ Co 8 m + s 

Neglecting $ in comparison with m, this gives 

m ~ nW — r 0 2 ai 8 

for the mass of the planet. 

PROBLEMS 


(*) 

(v) 


. . . 37 . Prove that Eq. (53) holds for any; plane motion of a particle under tho action 
of a central force, ue., a force that is always -directed toward a fixed point in space. 

38. Prove that if the earth were suddenly deprived of its orbital velocity, it would 
begin to fall into the sun, which it would reach in about 65 days. 

39. Compute the average velocity in miles per hour with which the earth travels 

around the sun. Assume a circular orbit. Ans . v — 67,200 m.p.h. 

40 . The moon makes 13.369 trips around the earth in one year. The ratio of the 
earth’s mean distance from the sun to the moon’s mean distance from the earth is 
388.86. Using formula (y), compute the ratio M/m of the mass of the sun to the mass 

• of the earth. Ans . M/m = 329,000. 

12. Motion of a Projectile. — The study of the motion of projectiles 
through the air is generally known as the science of exterior ballistics . 
In discussing this problem, we shall first develop the general ballistics 



equations considering the projectile as a particle and then illustrate their 
solution for several particular cases. Referring to Fig. 65a, which repre- 
sents the trajectory, or path, of a projectile shot from point 0 with initial 
velocity vq and angle of elevation a , we choose rectangular coordinate 
axes x and y directed as shown. Considering the projectile at any point 
along its path, we see that it will be acted upon by two forces: (1) tho 
Vertical gravity force mg (assumed constant) and (2) the air resistance R, 
which is always tangent to the path and opposes the motion. As already 
discussed in Art. 4j we take this resistance in the general form 

R = -Ckf(v), 


(a) 
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where fc is a physical constant depending on air density and size of the 
projectile and C is a factor called the coefficient of resistance. Projecting 
these forces onto the x- and y-axes, the equations of motion become 

mx = —Ckf(v) cos 8, 
mg — — Ckf (v)sm 8 — mg, 



where m is the mass of the projectile and 8 is the angle of inclination of 
the tangent to the path at any point. Introducing the notation 



(c) 


some ti mes called the ballistics coefficient, Eqs. (6) may be written 


it = —cf(v) cos 8, 
g = — c/(u)sin 8 — g. 


(56) 


These are the differential equations of motion of a projectile in rectangu- 
lar coor dina tes. Noting that x = v cos 8 and y = v sin 8, they can also 
be written in the form 


^ ( v cos 0) = — cf(v)cos 8, 

— (v sin 8) = —cf(v) sin 8 — g. 


(57) 


In a few particular cases, Eqs. (56) or (57) can be integrated directly. As an 
example, we take the case where the resistance is proportional to the v&Qcity; i.e., 
cf(p) *»• cv, and c is a constant. Then Eqs. (56) become 

£ m —cv cos 9, fl =' —cv sin 9 — g, 


which we write in the form 

£ + ci - 0 , and j) + cy - ~g. (<*) 

These are independent Unear differential equations with constant coefficients which 
oan bo integrated without difficulty by the method used in Arts. 5 and 6 . The 
eoncral solutions are 

x = Ci + C*r«, 
y - Di + - 7 - 

whore Ci, C%, D h D t are constants of integration. To evaluate these constants, we 
havo the initial conditions .. . . 

(*),_„ =■ 0 , (y)t-o - 0 , (x)i-o - io ■» »o oos at, ( 3 /)i-o - yo - »0 sin «. 

Using these conditions in Eqs. (e) and their first derivatives with respect to time, we 
find 
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and Eqs. (c), in final form, become 


. h±ils m - D x 

c 

e 

(i - «-■*), 


y = kl±£Z£ (1 _ e--) _ « \ 
c c / 

The general nature of the trajectory defined by these equations is shown in Fig. 66. 
From the first equation, we see that the trajectory approaches asymptotically to the 
vertical x « ±o/c; while from the second equation, we see that the projectile finally 
tends to fall vertically with the terminal velocity V = g/c. 

If we take c very small, we approach the case of motion of the projectile without 
air resistance. In such case, we may use, for e“*, only the first three terms of the 


1 - ct +■ 


and Eqs. (58) become 


Then taking c « 0 in these expressions, we obtain, for a projectile without resistance 


x - ±ot, y = jjot - (/) 

y ^ s. Finally, eliminating the parameter t, we ob- 

\ tain for the trajectory the known parabola 

\ 

~5 ^7^77^77777^777777777^3 77<* Jf the res ig tarice R „ ~Ckf(v) is 

U w taken proportional to some power of 

\ the velocity, we must proceed in a 
i somewhat less direct manner than 
" I<3 ‘ 66 ‘ that used above. In all such cases, it 

will be helpful to write, in addition to Eqs. (57) in rectangular coordinates, 
the equations of motion in natural coordinates, i.e., in the tangential and 
normal directions, respectively. Referring again to Fig. 65a and pro- 
jecting the acting forces onto the tangent and normal to the path at any 
.point, we write 

^ = -c/(«) - g sin 6, 

V 2 a 

- = fir cos 9, 


Fig. 66. 


( 60 ) 
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where dv/dt is the tangential acceleration and v 2 /r is the normal acceleration, 
r being the radius of curvature of the path at any point. 

The second of Eqs. (60) will be especially useful to us owing to the 
fact that it is independent of the resistance function — c/(v) and will apply 
equally well to all cases. This equation can be written in several dif- 
ferent forms, all of which will be helpful in our further discussion. Recal- 
ling that the curvature 1 

1 d*y/dx* 

r " ”[1 + (dy/dx)*]i’ 


wherein dy/dx = tan 0 and 1 + tan 2 0 = l/cos 2 0, we have 


1 

r 




In this way, the second of Eqs. (60) becomes 


d^y = g 
dx 2 t> 2 cos 2 0 


(61) 


Again, referring to Fig. 65&, we see that 1/r = —dd/ds, and the same 
equation takes the form 

v* ^ = —g cos 0. (62) 


Finally, since v = ds/dt, Eq. (62), in turn, can be written 

d9 g cos 0 
dt v 


(63) 


Equations (61), (62), and (63) are the three forms in which the second of 
Eqs. (60) will be useful. 

We return now to the first of Eqs. (57). Multiplying both sides of 
this equation by dd, we obtain 

dd 

d(v cos 0) = —cf(v ) cob 0 dd. 

Then replacing dO/dt by its value (63), we get 

gd(v cos 0) = vcf(v)d6. (64) 

This is a first-order differential equation defining the relation between 
the magnitude v of the velocity vector and its inclination 0. 

If, for each point along the trajectory in Fig. 65a, we lay out, from a 
fixed origin 0, the corresponding velocity vector v of the projectile, the 

1 The minus sign is taken to agree with our coordinate system in Tig. 65. 
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|ocus of the ends of these vectors defines the hodograph} as shown in 
fig. 67. We see that Eq. (64) is the differential equation of this hodo- 
graph in polar coordinates. 

It can be shown in a general way that once we have the solution of 
Eq. (64), i.e., once we know the relation between v and 0, the path of the 
projectile can be completely defined by quadratures. For this purpose, 
we have, from Eqs. (62) and (63), the following expressions: 


ds 


vjdd 

g cos d’ 



(65) 


dt = 


v dd 


g cos 0 


, , - « 2 d0 

dx = ds cos 0 > 

9 

U 2 

dy — dx tan 0 = tan 6 dd - 


( 66 ) 

(67) 

( 68 ) 


The solution of Eq. (64) gives us v = /(0), 
after which the quantities s, t, x, y defining the 
trajectory can all be expressed by integrals in- 
volving 0 as a parameter. Thus Eqs.. (64) 
and (66) to (68) represent a general approach 
to the ballistics problem. 

To illustrate, let us consider first the very 
simple case of a projectile without air resist- 
ance, for which Eq. (64) reduces to 


d(v cos 0) = 0. 

Integrating this, we get 


from which 


v cos 0 = const. = vocos a, 

»ocos a 

v = T~ 

cos 0 


(g) 


From this simple relation between v and 0, we see that the hodograph is a 
straight line AB as shown in Fig. 68. Using expression (g) in Eqs. (67) 
and (68) above and remembering that (*)»_„ = (y)e- a = 0, we obtain 


x = 

y = 


Po^cos^ot f s dd _ 
g J a COS*0 ~ 
Po 2 cos 8 a f e sin 0 dO 
g J a cos*0 


t>0 2 COS 2 « 

9 


(tan a — tan 0), 


t>o 2 COS 2 a 

20 


(sec 2 a — sec 2 0). 


\ 




(A) 


These equations define the trajectory in terms of 6 as a parameter. 
Eliminating 8 through the relationship 1 + ,tan 2 0 = sec 2 0, we obtain 
1 See the authors' “ Engineering Mechanics, M 2d ed., p. 345. 
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» = a:tanot - wSW <69) 

which, of course, agrees with Eq. (59) above. 

As a major example, we now assume that the resistance is proportional 
to the square of the velocity and take cf(v) = cv 2 , . 

where c is a constant. As already noted in Art. 4, y / 

this quadratic law of resistance holds with good ac- 
curacy for many shapes of projectiles, provided ^££^5 
the velocity v is less than the speed of sound (1,120 0 * 

f.p.s.). For such resistance, Eq. (64) becomes 

gd(v cos 6) — cv 2 dd. (0 

Instead of integrating this equation directly, we \ N 

^.n find it convenient first to make a simple trans- \ 

formation. Taking ± = v cos 0 as a new variable \|/j 

and nping Eq. (65), we can write Eq. (i) in the form I'm. 68. 

^ = = -cds. U) 

x g cos 6 

Then integrating Eq. (j) and using the initial condition (i)*-o = io, we 
obtain 

In x — In £o = ~cs 

° r x = ±oer“. (*) 

Finally, »aing this expression in Eq. (61), we obtain 

d*y £ = _ X «s«» (I) 

dx 2 x 2 

In the case of a flat trajectory (Fig. 69a) such as we might have for a 
rifle bullet or archer’s arrow, a good approximate solution of Eq. (i) can 
be made if we replace s by x. In this way, the equation becomes 

d-K = — i- e s “, ( m ) 

da : 8 so 8 

which can be integrated without further difficulty. A first integration 

gi ves 


Observing that (dy/dx)x-o = tan a, we find 

Cl = tana + W 
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Integrating again, 


JE 


4c 2 Xo 2 


ri + 


and from the initial condition (y)*-o = 0, 

ri __ 9 

2 4c 2 ^o 2 

Thus the equation of the path becomes 


» ■ fife? (1 - + (*“ “ + 


which can also be written in the form 


where a = 2c*. 


, /c* — a — 1\ 

» ~ * **“ “ ~ sfea; l ' v > 




Comparing Eq. (71) with Eq. (69), we see that for quadratic resist- 
ance, the approximate equation (71) of the trajectory has the form of a 
modified parabola, the deviation therefrom depending on the quantity 

™“ ! T = 1 + f + r$s + s><T>r s +---- <»> 

We also note, from Fig. 69a, that the last term in expression (71) repre- 
sents the drop d of the projectile away from its initial tangent. Thus, 
the formula 

<»> 

can be used to compute this important quantity. 
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Example: An arrow having initial horizontal velocity t? 0 8 235 f.p.s. weighs 
0.033 lb. and has a diameter D =® 0.02 ft. , Assuming a coefficient of resistance 
C = 1.00 and taking air density p * 0.00237 slug per cu. ft., we obtain, for the 
ballistics coefficient, 

r xn ZZ3 0.3723(10) 8 A OflQRfim-s ft" 1 

c ~ ~ ~ IMfioF 0.3635(10) ft. 

Then for a range of 30 yd. » 90 ft., we have z ** 2c® » 0.0654 and using the series (n) 
above, F(z) - 1.0222. Thus, by Eq. (72), the drop of the arrow in 30 yd. is 


d 


32.2(90)* 

2(235)* 


(1.0222) - ,2.41 ft. 


Although we assumed a flat trajectory in the development of Eqs. 
(71) and (72), they can also be used for the case shown in Fig. 696 by 
taking 

* - 20 <«> 


where 0 = 1/cos 6 m , 6 m being the inclination of the chord OT with the 
horizontal. With this more general definition of z, Eqs. (71) and (72) 
will apply with good accuracy to any portion of the trajectory that does 
not deviate too much from its own chord. 1 

In the case of large-range trajectories where the approximation 
involved in Bernoulli’s solution will no longer be permissible, we must 
proceed directly with the integration of Eq. (i) without making the 
transformation represented by Eq. ( j ). For this purpose, we write Eq. 
(i) in the form 

d(v cos 0) _ c dO , k 

(v cos 0)* g cos 8 0 ^ 

Then integrating, we have 


where 


; I 

t) 2 COS 2 0 t/o 2 COS 


1 _ 2c f 

sos 2 a g J a 


dd 
a cos 8 a 


f* de 1 /sin 0.1, 

^ Jo cos 8 0 2 \cos s 0 2 n 


- j [*(*> - £(«)], 

1 + sin 0 \ 

1 — sin 0/ 


(?) 

(73) 


With a little algebraic manipulation, Eq. (q) can be put in the more 
convenient form 


u 2 cos 2 0 




sec 2 * + W) - $(«)] 


(74) 


1 This approximate solution of the ballistics problem with quadratic resistance 

was first made by John Bernoulli (1719). 
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This is the polar equation of the hodograph, which can now be con- 
structed for any particular case, i.e., for given values of v 0 , a, and c. 
The general form of this hodograph has already been shown in Fig. 67. 

The quantity 2 vfc/g in Eq. (74) has a simple physical significance. 
Recalling that for our assumption of quadratic resistance, 

R = Ckv* = mcv i 

is the magnitude of the resisting force and setting this equal to the gravity 
force mg, we obtain, for the so-called terminal velocity, 



as already discussed in Art. 4, page 28. Thus 



is a dimensionless quantity depending only on the ratio va/V of initial 
velocity to terminal velocity of the projectile. 

After the hodograph has been constructed so that we have a series of 
values of a* for chosen values of 0 between a and —t/ 2, the trajectory 
itself may be constructed by using Eqs. (67) and (68), from which 

TV /’%* 

x = — J —do and y = — J — tan 6 dO. (76) 

These quadratures must be made by graphical or numerical integration 
as discussed in Arts. 2 and 3. 

The foregoing solution based on the assumption of true quadratic 
resistance applies with good accuracy to projectiles moving with velocities 
less than the velocity of sound, e.g., bombs dropped from aircraft. In 
the case of projectiles having high initial speeds, we can continue to use 
the quadratic law only if we represent the coefficient of resistance C as 
a function of velocity as shown by the curve in Fig. 19, page 26, for a 
small-bore rifle bullet. In this case, Eq. (64) must be integrated by some 
approximate procedure. A graphical method well suited to the purpose 
will now be described. 

Taking x = v cos 9 as our dependent variable and letting 

m “ "■ - (sirs)’’ 

we write Eq. (64) in the form 



in which c = Ck/m is no longer a constant. To integrate Eq. (76) 
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graphically, we first draw, in the 20-plane, a family of curves 

2 = v cos 0 

for a series of constant values of v chosen within the probable range of 
variation of the velocity of the pro- 
jectile. In our case, these curves, 
called isoclines, are simple cosine 
curves with various amplitudes v as 
shown in Pig. 70. We see from Eq. (76) 
that each, isocline represents the locus 
of points in the 20-plane for which the 
family of integral curves defined by Eq. 

(76) all have the same slope ( c/g)v *. 

Our problem is to draw the particular 
integral curve that passes through the 
initial point A (2 = vocos a when 0 = a) with the known slope (co/ffjwo* 
and crosses each isocline with the corresponding slope {c/g)v z associated 
therewith. 

Example: To illustrate the graphical integration of Eq. (76) by the isocline method, 
we take the case of a 150-grain 30-caliber rifle bullet fired with muzzle velocity 
«o ■* 2,380 f.p.s. and angle of elevation a = 45 deg. Then assuming constant air 
density p = 0.00237 slug per cu. ft., we have 

c _ Cfoa) _ 27(10)-»C sec. s /ft.* (t) 

g mg 

whore the coefficient of resistance C, which now varies with the velocity, is to be taken 
from the curve in Fig' 19, page 26. 

Wo begin with a suitable series of arbitrary values of v as shown in column (1) 
of Table X and construct the corresponding isoclines A » v cos 6 as shown in Fig. 71. 
For each value of v, the corresponding value of C, taken from Fig. 19, is shown in 
column (3), and the value of c/g , computed from expression (t), is recorded in column 
(4). Finally, the slopes (c/g)v* associated with the various isoclines are shown in 
column (5). Using these computed slopes, the series of rays shown at the left of 
Fig, 71 axe constructed. 

These preliminaries finished, we are ready to begin the construction of the required 
integral curve A *=* /(0). Since Ao *** »ooos a =* 1,680 f.p.s. and 0o *■ *“ 45 deg., 

Wo start at point A with the slope (dA/dO) o » 127, £00 f.p.s. per rad. as represented 
by tho steepest ray in Fig, 71 and draw the line Al. At point 6 on this line, midway 
between the isoclines v « 2,380 and v - 2,000, we start the next segment 62 parallel 
to the second ray and continue in this way until we intersect the isocline v = 800 
at point B. The smooth curve inscribed in the polygon AbcdefgMB and tangent 
thoroto at the points where it crosses the isoclines represents the required integral 
cprve A — /(0) ; but to avoid confusion of lines in the drawing, we have omitted the. 

smooth curve and shown only the polygon. . . 

At point B, we sec that the projectile has a velocity of 800 f.p.s. inclined to the 
horizontal by the angle 9 - 41° 30'. From this point on, we may take t>i - 800f.p.s. 
and ai 41° 30' as new initial values and continue the solution numerically on the 
basis of Eq. (74) for true quadratic resistance. 


x 

h— 
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Table X 


(1) 

(2) 

(3) 

(4) 

(5) 

V 

(lO)-V 

C 

(10)*^ 


ft. /sec. 

ft.’/sec.® 

(see Fig. 19) 

9 

sec.Vft. 2 

9 

ft. /sec. /rad. 

2,380 

13,481 

0.350 

9.45 

127,200 

2,000 


0.395 

10.66 

85,400 

1,600 

4,096 

0.445 

12.00 


1,400 

2,744 

0.468 

12.64 

34,700 

1,200 

1,728 

0.450 

12.14 

21,000 

1,100 

1,331 

0.370 

10.00 

13,300 

1,000 

1,000 

0.220 

5.94 

5,940 

900 

729 

0.185 

5.00 

3,640 

800 

512 

0.180 

4.86 

2,490 


x (flfcec.) 



Fig. 71. 

To find the coordinates rci and yi of the trajectory corresponding to point B in 
Fig. 71, we must integrate Eqs. (75) by graphical or numerical quadrature. Using 
Simpson's rule, a numerical integration for x together with the final results for y are 
shown in Table XI. We see that the projectile has already reached a height of almost 
}mile. 

In the foregoing discussion, we have tried to illustrate a few of the 
many methods of approach that have been developed for treating the 
problem of exterior ballistics . 1 Naturally the problem is a highly special- 

1 For a resumd of the most important methods of approach to this problem, see 
article by Otto von Eberhardt, u Handbuch der physikalischen und technischen 
Mechanik,” Leipzig, vol. II, p. 182, 1930. 
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ized one, and we have not considered several important factors such as 
the .variation of c with altitude, drift due to gyroscopic effect, etc. When 
all these factors are taken into account, the equations of motion are 
extremely complex and some kind of mechanical analyzer will be used 
in their solution. 

Table XI 


e 

deg. 

X 

ft. /sec. 

cos 6 

45-00 

1,680 

0.707 

44-45 

1,310 

0.710 

44-30 

1,080 

0.713 

44-00 

840 

0.719 

43-30 

740 

0.725 

43-00 

690 

0.731 

42-30 

655 

0.737 

42-00 

625 

0.743 

41-30 

600 

0.749 




Vi + Am + vt 


46-00 1,680 0.707 2,380 6.66 176,000 0 

44-45 1,310 0.710 1,846 3.40 105,600 

44-30 1,080 0.713 1,515 2.29 71,100 669,500 974 97 

44-00 840 0.719 1,168 1.36 42,200 

43-30 740 0.725 1,020 1.04 32,300 272,200 7921,7661,733 

43-00 690 0.731 944 0.891 27,700 

42-30 655 0.737 889 0.790 24,500 167,600 4882,2542,187 

42-00 625 0.743 842 0.709 22,000 

41-30 600 0.749 800 0.640 19,900 132,400 3852,639 2,534 

From a practical point of view, most problems of fire control in the 
field will be solved with the aid of ballistics tables . 1 For a desired range 
and a given muzzle velocity, such tables usually give directly the required 
angle of elevation, the maximum height, the distance and time of travel, 
the angle of fall at the target, etc. In addition, formulas and tables for 
correcting for wind deflection, drift due to gyroscopic effect, variation in 
air density with temperature and altitude, etc., are also given. 


PROBLEMS 

41. Using Eqs. ( h ), page 98, show that the maximum height h attained by a 
projectile without air resistance is 

X »»* • , 

Sm “ 

while the range l is 

l « ~ s in 2a. 

Q 

42. Using Eq. (72) and assuming a constant coefficient of resistance C — 0.4, 
compute the drop d of a 150-grain 30-caliber rifle bullet with horizontal muzzle velocity 
vo «* 2,380 f.p.s. at a range of 300 yd. 

43. Construct, in polar coordinates, the hodograph for a projectile with true 
viscous resistance, i.e., proportional to the first power of the velocity. 

44 . Using the data in Tables X and XI and Eq. (66), compute the time t required 
for the projectile to reach the point Xi — 2,639 ft., y\ « 2,534 ft. in its trajectory. 

45 . Using the data in Tables X and XI and Eq. (74) for the hodograph, continue 
the trajectory calculations for the 30-caliber rifle bullet discussed in the example 
above and determine (a) the maximum height h and (6) the range Z. 

1 See, for example, Ingalls, “Ballistic Tables,” Government Printing Office, 
Washington, D.C., 1918. 








CHAPTER II 

DYNAMICS OF A SYSTEM OF PARTICLES 


13. Principle of Linear Momentum. — In Chap. I, we have already 
discussed the dynamics of a particle and considered the application 
thereof to various engineering problems. We proceed now to the case 
of a system of particles where, in addition to external forces, we must 
consider also the effect of internal forces, representing the actions and 
reactions between particles. Our solar system is a good example. As 
internal forces, we have the attractions between planets and between the 
planets and the sun; as external forces, we have the action of fixed stars 
not included in our solar system. In this case, there is nothing to inter* 
fere with free motion of the planets, and we have a system of particles 
without constraints. In engineering applications, we shall often encounter 
systems of particles that are not free in their relative motions but are 
subjected to various physical constraints such as bearings, guides, cams, 
etc., so that we have a system of particles with constraints. Sometimes 
the constraints are such that they bring the particles into a rigid system. 
In writing equations of dynamics for a physical body, we can usually 
neglect its elasticity and treat it as a rigid body; the distances between 
particles are assumed invariable. Most machines and structures, in 
turn, can be treated as systems of rigid bodies connected between them- 
selves and the foundation by such constraints as hinges, bearings, guides, 
etc. 

Let us consider now any system of particles with masses mi, m%, 
m«, . . . having velocities v h v 2 , v h ... , respectively. The quantity 
mv for any one of these particles is its linear momentum, which can be 
represented by a vector having the direction of the velocity. Making 
the geometrical sum of the linear momenta of all particles, we obtain the 
linear momentum of the system. In. our further discussion, we shall usu- 
ally resolve the velocity of each particle into orthogonal components 
x, y, z; then the corresponding components of the linear momentum of 
the system will be 

2 mij . 'Zrrvy, 2 mi, 

where the summations are understood to include all particles of the 
system. 
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For each particle of a system, we can write three equations of motion 
as follows: 

j t (mi) = X e + Xi, \ 

j t (my) - Y. + Yi, [• (a) 

j t (mi) = Z, + Zi, I 

■where X„ Y„ Z , denote the projections of the resultant external force 
acting on any one particle and Xi,Yi,Zi the projections of the resultant 
internal force for that particle. Making a summation of such equations 
of motion for all particles of a system, we obtain 

= X x ") 

a X <mi) - X r -[ (77) 

aX (mi) "X z - ) 


The summation of internal forces vanishes in each case, since, from the 
law of action and reaction, these forces always appear as pairs of balanced 
colinear forces which cancel each other in the summation process. Equa- 
tions (77) state that the rate of change of the projection of the linear 
momentum of a system of particles on any axis is equal to the sum of 
projections on the same axis of all external forces acting on the system. 
These three equations represent the principle of linear momentum. 

If the linear momentum of a system is represented by a vector, the 
rate of change of this vector during motion of the system will be repre- 
sented by the velocity of its end point. Thus, on the basis of Eqs. (77), 
we conclude that the velocity of the end of the linear momentum vector 
is identical with the geometric sum of all external forces acting on the 
system. If the system is free from external forces or if their geometric 
sum vanishes, the linear momentum vector remains constant in magni- 
tude and direction regardless of the relative motions between the various 
particles. 

Equations (77) can be written in another form by introducing the 
familiar notion of mass-center. The coordinates of this point are given 
by the equations 1 


Zc 


2(mx) 

2m 80 2m 
1 See the authors’ “Engineering Mechanics,” 2d ed., p. 95. 




2! (mg) 
2m ’ 


( 6 ) 
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in which m denotes the mass of each infinitesimal element into which 
the body is subdivided and x, y, z its coordinates. Differentiating Eqs. 
(f>) with respect to time and introducing the notation M = 'Em for the 
total mass of the system, we obtain 

Mx c = E(mx), Min — 2 (my), Mi c = 2 (mi). (78) 

From these expressions, we conclude that the linear momentum of a 
system of particles is the same as if the total mass were concentrated at 
the mass-center and endowed with the velocity of that point. 

Using Eqs. (78), the previous Eqs. (77) representing the principle of 
linAHr momentum for a system of particles can now be written in the 
form 

|(J >*■*) = £x„ (79) 

From these equations, we see that the mass-center moves like a particle 
having the total mass M of the system and acted upon by a force equal 
to the geometric sum of all external forces acting on the individual 
particles. Since the orthogonal directions x, y, z are arbitrary, we can 
summarize the principle of linear momentum by the following statement: 
The rate of change of linear momentum in any fixed direction is equal to 
the resolved external force in that direction. 

Using the principle of linear momentum, we can sometimes make 
important conclusions regarding the motion of a system without going 
into a detailed consideration of the motions of its individual particles. 
Thus, if the system is free from external forces, we conclude that the 
mass-center can move only rectilinearly with a constant velocity. For 
example, if we neglect the actions of fixed stars on our solar system, we 
conclude that the mass-center of the system must move rectilinearly 
through space with uniform speed. Again, in the case of a shell that 
explodes in mid-air, we conclude, in the absence of air resistance, that the 
mass-center of the flying fragments continues along the same trajectory 
that the shell was describing before it burst. In the case of a reciprocat- 
ing engine, we can likewise make the over-all observation that to avoid 
unbalanced disturbing forces on the foundation, the moving parts must 
he so proportioned and arranged that their mass-center remains station- 
ary while the engine is running. 

By the same principle, we conclude that without the help of some 
external force, a live system, by the creation of internal forces alone, 
can never bring its mass-center into motion from a state of rest. Thus, 
for example, walking on a smooth horizontal surface without friction 
will be quite impossible. likewise, without friction which creates an 
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external force on its wheels, a locomotive initially at rest cannot bring 
itself into motion along a level track. Paradoxically, we see that fric- 
tion, which we usually regard as a hinderance to motion, is the external 
force by which many of our so-called self-pro- 
pelled vehicles are driven. 

Equations (79) are especially useful in those 
cases where the motion of the mass-center of a 
system is known and it is required to find the ex- 
ternal forces producing that motion. Consider, 
for example, an electric motor bolted to a rigid 
foundation as shown in Fig. 72, and assume that 
owing to inaccuracies in workmanship, the 
center of gravity C of the rotor does not coincide 
with the axis of rotation 0 but describes, during motion, a circle of radius 
e. Then measuring the angle of rotation as shown in the figure and 
denoting by « the constant angular velocity of the rotor, we find 

x„ = e cos oi t, y 0 = e sin oit. (c) 

Denoting the rotor mass by M jand substituting expressions (c) in Eqs. 
(79), we obtain 

— Meoi 2 coa cat = 2X«, — Mea> 2 sin oit = 2F«. (d) 

These expressions represent the projections of the resultant external force 
exerted on the motor frame by the foundation. With reversed signs, 



Fig. 73. 

they represent the more practical concept of the disturbing forces that 
the unbalanced motor exerts on its foundation. The same procedure 
can be used in discussing the forces that an. unbalanced reciprocating 
engine exerts on its foundation. 1 

As a second example, let us consider forced vibrations of the system 
in Fig. 73, representing a motor supported by an elastic beam AB. In 
discussing this problem, we assume.that the center of gravity of the rotor 
has some eccentricity e as in Fig. 72 and that it runs with constant angular 
velocity «. To take account of the mass of the beam during vibrations, 

1 This problem is discussed in Art. 17, p. 136. 
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we assume that one-half of its mass is added to the mass of the stator 
and denote this joint mass by Wi/g. Thereafter, we treat the beam as a 
spring without mass. Denoting the mass of the rotor by W%/g and 
measuring vertical displacements y\ of the stator from the position of 
static equilibrium, the coordinate yz of the center of gravity of the rotor 
at any instant will be 

yz-yi + e sin ut. (e) 

Thus the momentum of the system in the ^-direction is 


Wi . , Wz . W i + Wz . , Wz . 

i/i H — ~ hi ~ — g — hi H — ~ ea 008 


(/) 


Considering the vertical forces acting on the system, we observe that the 
gravity force is balanced by the beam reactions corresponding to the 
static deflection, and we have to consider only the additional reactions 
due to displacement y\ away from the equilibrium position. This 
resultant vertical external force can be taken as —kyi, where k is the 
spring characteristic for the elastic beam. Then the principle of linear 
momentum gives 


from which 


d_ (W\ + TFj 
dt\ g 


. ,W t \ 

hi H — — eu cos ut J 


-kyi, 


Wi + Wz , W2 „ . 

hi t ky\ = — e« 2 sin ut. 

9 9 


(80) 


This is the same equation as that obtained for a single mass particle sus- 
pended by an elastic spring and subjected to a simple harmonic disturbing 
force. It is worthy of note that during forced vibration of the system in 
Fig. 73, the actual path of the rotor center of gravity is not circular but 
elliptical. Nevertheless, we conclude from Eq. (80) that the disturbing 
force is a true simple harmonic function of time. 


a\ 


c 


in 

n 
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Fig. 74 . 


The principle of linear momentum can be used to advantage in dis- 
cussing wave propagation in an elastic medium. Consider, for example, 
a horizontal metallic bar of uniform cross-sectional area A supported in 
fflich a way that it can move without external resistance in the horizontal 
direction (Fig. 74). If a compressive force P, representing a blow, is 
suddenly applied at one end of this bar, it produces compressive stress 
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P/A and corresponding compressive strain P/AE where E is the elastic 
modulus of the material. This state of compression will be propagated 
along the bar with velocity v. To find this velocity of wave propagation, 
we consider any instant of time t for which the wave front has progressed 
to the section ob and the shaded portion of the bar is in a compressed 
condition. After an interval of time dt, the front of this compression 
zone will have reached the section cd at the distance v dt ahead of at. We 
see now that the center of gravity of the compressed zone is also moving 
along the bar but with a velocity i>i different from v. The velocity »i 
can be found by observing that the displacement of the compressed zone 
during the time dt equals the compression of the element abed. Thus 


Vl 


Pv dt 
AE dt 


Pv 

AE' 


(a) 


Since the compressed zone represents the total mass that is in motion, 
the increase in momentum of the system during the interval dt is the 
momentum gained by the element abed, which was at rest at the instant t 
and has the velocity Vi after the interval dt. This change in momentum 
is the mass of the element multiplied by the velocity Vi, i.e., 


Awv dt Pv 
0 AE ’ 


(A) 


where w is the specific weight of the material. Equating the rate of 
change of this momentum to the ex- 
ternal force P, we obtain 


PwP 

Eg 


P, 


from which 


(i) 



Fig. 75. 


We see that this velocity of wave 
propagation depends only on the 
modulus of elasticity E and specific weight w of the material. 

The principle of linear momentum finds a wide range of application 
in the field of hydrodynamics. As one example here, let us consider the 
case of steady flow of an incompressible fluid in a curved tube of variable 
cross section as shown in Fig. 75. As our system of mass particles, we 
consider arbitrarily that portion of the fluid contained between the cross 
sections aa and bb. After an infinitesimal interval of time dt, the same 
fluid will be contained between the cross sections didi and bxb\. We 
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observe that the change in momentum of the fluid under consideration is 
due to the fact that the volume of fluid bb\ appears in place of the volume 
aai. Denoting by Q the volume of fluid passing a given cross section in 
unit time and by w the specific weight, the mass rate of flow is 



0 


! 


0) 


Then if Vi and are the velocities 1 of fluid at the cross sections a and 6, 
respectively, the change in linear momentum of the fluid in time dt is 
represented by the vector difference 


m ■ dt - fa — m • dt*fa 


and the rate of change of linear momentum is 

m(v 2 - Si) = y (0a - 50- (A) 

The forces external to our system are: (1) the gravity force W, 
uniformly distributed over the volume ab, and (2) surface forces, repre- 
senting pressures exerted by the walls of the tube and by adjacent fluid 
at the cross sections a and b. The resultant of these pressure forces we 
denote by R. Then the principle of linear momentum in vector form 
gives 

y (5a ~ fc) = V + R, (81) 

which is known as Euler's equation. From this equation, we conclude 
that the four vectors shown in Fig. 756 must build a closed polygon. In 
addition to this equation, we have from the law of continuity of flow of an 
incompressible fluid that 

Q = AiVi = Aw*, (Z) 

where A and v are the cross-sectional area and velocity, respectively, 
at any cross section of the tube. Thus if the rate of flow of the fluid is 
given and the dimensions of the tube are known, we can always find the 
resultant force R from Eq. (81). 

PROBLEMS 

46. Calculate the velocity of propagation of sound in a steel bar if E «■ 30(10)® 

p.s.i. and w =» 0.284 lb. per cu. in. Am. v « 16,840 f.p.s. 

47. Ten c.f.s. of water flows through a horizontal 12-in. pipe line under a pressure 

V “ 40 p.s.i. as shown in Fig. 76. Calculate the resultant force R exerted on the 
elbow by the moving fluid. Am. R « 349 lb. 

48. A tank filled with water (specific weight w) can roll without friction on a 
horizontal plane as shown in Fig. 77. If a horizontal jet of cross-sectional area a 

1 W e assume that the velocity distribution is uniform over any cross section. 
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issues from an orifice at A with velocity v = y/2 gh, what external force R must act 
on the tank at B? Ans . R =* 2aioA 



49 . A tank of water has in one side a short reentrant tube of cross-sectional area 


A (Fig. 78). Using the principle of linear momentum, show that the cross-sectional 


area a of the jet at q-q must be one-half of A. Assume 
pressure distribution on the wall CD to be identical with 
that on the wall AB except for the deficit of pressure at 
the opening as shown in the figure. 

60. A water pipe of cross-sectional area A\ empties 
into a larger one of cross-sectional area A a as shown in 
Fig. 79. Using the principle of linear momentum, calcu- 
late the rise in pressure between the cross sections 1 and 
2 if to is the specific weight of water and t>i and vt are the 



velocities at sections 1 and 2, respectively. 


Fig. 78. 


Ans. p s — pi » (w/g) v 2 (vi - t> 2 ). 



Fig. 79, 


14 . Rectilinear Motion of a Variable Mass : Rockets. — Occasionally 
we must deal with a material system the mass of which changes during 

motion. An engine taking water on 
the run or a balloon throwing away 
ballast as well as all jet-propelled ve- 
hicles are examples of such systems. 
Using the principle of linear momentum, the differential equations of 
motion of such systems can be derived. Referring to Fig. 80, let us 
assume that the body under consideration moves rectilinearily under the 
action of an external force X and that during motion it continuously 
accumulates mass at the rate of w/g units per second. 1 For generality, 
we assume that the velocity of this added mass before it joins the system 
may be different from the velocity of the body itself. Let W/g be the 
1 If the system loses mass, we simply take w/g with negative sign. 
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total mass of the system at any instant of time t, and let v be its velocity. 
During the interval of time dt, the momentum of this mass changes by 
the amount (W/g)dv due to change in velocity v. During the same 
interval of time, the additional mass ( w/g)dt is acquired. Denoting by 
Vi the initial velocity of this additional mass in the x-direction, we see 
that its momentum at the instant of contact with the system changes 
by the amount (v — i>i) (w/g)dt. Thus the total change in momentum of 
the system in time dt is 

— do + — (v — vi)dt, 

and the principle of linear momentum gives 


Wdv 
g dt + 


w 


( v — t>i) = X. 


(82) 


This is the differential equation of rectilinear motion of a body of variable 

mass. As already stated, the quan- 
tity w is considered positive when 
the system acquires mass, otherwise 
negative. Likewise the velocity 
V\ is considered positive when it has 
the same direction as v. 

As a first application of Bq. (82), 
let us consider the motion along a 
smooth inclined plane of a weight W 0 to which the end of a chain, coiled 
at A, is attached (Fig. 81). Let q be the weight per unit length of this 
chain. Then for any displacement x of the weight Wo, the total mass in 
motion is 

j = i(PF 0 + 2J: ). (o) 



By definition, we have also 


w 


dW 

it= qv - 


a) 


The coiled portion of the chain being at rest, we take Vi = 0 in t.bia case. 
Finally, the force X is obtained as the component (TFo + (jx)sin a of the 
gravity force, and Eq. (82) becomes 



+ 



W sin a 


or 


d(TFv) => Wg sin a dt 


(c) 
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To integrate Eq. (c), we multiply both sides by Wv and substitute, on 
the right-hand side, Wo -f qx for W and dx/dt for v. In this way, we 
obtain 

Wv d(Wv) — (Wq + qx) 3 g sin a dx. (d) 

Integrating Eq. (d), we find 


i (Wt >) 2 = ^ (W 0 + ga:) 8 sin a + C. 


(83) 


Let us assume now that when t = 0, the body is at rest at the top of the 
incline. For these initial conditions, the constant of integration C in 
Eq. (83) becomes 


and we obtain 


C = — S- TFo'sin «, 

3 q 


v 3 


_ 2g (Wo + qxY - Wp 3 . 
“ 3 q (Wo + qx) 3 


a. 


(84) 


From this equation, we can find the velocity v for any position, provided 
Wo and q are known. Taking qx as small compared with Wo, we find 
that expression (84) reduces to 


v 3 * 2gx sin a 


as for a body of constant mass. 

If a body of weight Wo with a chain attached to it is projected verti- 
cally upward with initial velocity vo, Eq. (83) can be used to calculate the 
maximum height h to which the body will ascend. In this case, we take 
a = — ir/2. Then substituting the initial conditions v = Vo when x = 0 
in Eq. (83), we find 

C = | (JFot>o) 2 + ^ Wo 3 . 

With this value of C, Eq. (83) becomes 

\ (W») 3 = f q [Wo 3 - (Wo + qx) 3 ] + \ (WoVo) 3 '. (85) 

The mn.-yimii-m height h to which the body ascends is that value of x 
which makes v — 0 in Eq. (85). In this way, we obtain 

(Wo + qh ) 3 = || (Wo»o ) 2 + Wo*. (e) 

Introducing the notations 

Wo «o* 
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(c + hy = 3c 2 /i 0 + c\ 


- 4 


1 + _ c . 

c 


(/> 


If ho is small compared with c, the effect of the chain is negligible and, 
as we see from expression (/), h approaches the value ho in this case. 

Equation (e) is valid only as long as the calculated maximum height 
h is less than the length of the attached chain. Otherwise we have to 
divide the problem into two steps. Substituting for x in Eq. (85) the 
length l of the chain, we calculate the velocity vi of the projected body for 
this height. Starting from this height with the initial velocity vi, the 
mass of the system remains constant, and it moves with constant decel- 
eration g. 

As a second application of Eq. (82), we shall discuss briefly the motion 
of a rocket projected vertically away from the earth. In this case the 
quantity w, representing the rate of discharge of gas particles, is to be 
considered as negative. The velocity V\ of the gas after it leaveB the 
rocket is also negative, and we see that the quantity^ — »i represents 
the velocity of efflux of gas relative to the rocket. Denoting the con- 
stant value of this relative velocity by u, Eq. (82) can be written in the 
form 


W du_ 
g dt 


v- , w 
I H — u. 

g 


( 86 ) 


Considering the case where the rocket is projected vertically away from 
the earth and neglecting air resistance, we have 


Y _ Wr 2 

X ~ (FW 

where x is the distance from the surface of the earth of radius r. With 
these notations, Eq. (86) becomes 

dv gr 2 , vni 

dt (r + xy + W' W 

Let us assume now that by some device controlling the rate of 
of gas w, the acceleration of the rocket is kept constant and take 


dv 

Tt = ag ’ 


where a is a numerical factor. Observing also tha t 


w 


dW 

dt 
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and that for uniformly accelerated motion x - agt % /2, we obtain, from 

Kq. (A)» 

dW u _ _ , ffr 1 ,. N 

7/f IK " ^ [r + {agt 3 / 2)] 4 ' w 

Integrating Kq. (i) and noting that initially W = Wo, -we obtain 


u In 



agt + gr 3 



From this expmwion, the ratio W/ l-Ko for any value of t can be calculated. 
Wt* know iiIho the corresponding height x = agt 3 / 2 above the surface of 
tho earth and the velocity v ■» agt. From these last two expressions, the 
rclat ions between x and v for various values of a can be represented by 
curves as shown in Fig. 82. 



The discussed theory can now tin used to examine the possibility of a rocket’s 
reaching the moon.* We have to consider three stages in such motion: In tho first 
stage, the rocket developH a high velocity and n'aches a eonsiderablo height above tho 
surface of the earth. In the second stage, it moves as a body of constant moss with 
deceleration ; but owing to velocity acquired during tho first stago, it finally roachos tho 
neut ml point when* the nttraetions of the earth and moon balance each other. Start- 
ing from this js»int, the third stage of motion begins, in which tho body moves with 
acceleration to the moon. We see that it will bo poHsiblo to roach tho moon if, during 
the first stage of motion, the rocket acquires enough velocity so that the accumulated 
kinetic energy will lie able to carry it to the neutral point. Since during tho second 
Htnge, the mass remains constant, wo have to investigate tho motion of a body under 
the action of attractive forces from both the earth and tho moon. From such an 
analysis, we can find, for each height of t he rocket above the surface of tho earth, the 
eorrosjKtnding velocity required to reach the neutral point. Tim results of such an 
nnalvsis are represented in Fig. 82 by the curve ub. Wo seo that as tho hoight of 
the rocket increase#, less and less velocity is required to bring it tho rest of tho way to 
* This problem is discussed by Otto von Kberhardt, “Handbuoh dcr physikalischan 
und technisehen Mcchanik,” vol. 2, p. 268, 1-eipsig, 1930. See also H. Lorenz, Dio 
Mhglichkcit dcr Woltraumfahrt, Z. Ver, devt. Ing., vol. 71, No. 19, 1927. 
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the neutral point. The points of intersection of the curve ab with the previously 
drawn a curves in Fig. 82 give, for the various values of a, the corresponding velocities 
v e that the rocket must acquire during the first stage of motion. Dividing such 
velocities by the accelerations ap, we obtain the times t e corresponding to the first 
stage. Substituting to for t in Eq. (87) and assuming a value for the velocity u of gas 
discharge, we can calculate the corresponding ratio W /Wo- This represents the 
fraction of the initial mass Wo/g that survives to reach the moon. In column (4) of 
Table XII, the values of W /Wo, assuming u -= 2,000 m. per sec., are given for the 


Table XII 


(1) 

a 

(2) 

Vo 

m./sec. 

(3) 

x , 

km. 

(4) 

W/Wo 

u = 2,000 m./sec. 

(5) 

W/Wn 

u “ 4,000 m./sec. 

i 

6,800 

9,440 

1/66,800 

1/258 

i 

7,600 

6,050 

1/7,685 

1/87.5 

1 

8,650 

3,800 

1/1,839 

1/42.7 

2 

9,500 

2,300 


1/28 

5 

10,200 

1,060 

■M 

1/20.8 


values of a shown in Fig. 82. We see that even with the greatest assumed acceleration 
equal to 5 g, only of the initial mass of the rocket can reach the moon. Existing 
experiments indicate that it is difficult to get a velocity of gas discharge u much 
above the assumed value of 2,000 m. per sec. However, if higher velocities are 
obtained and u = 0 • 2,000 m. per sec., where 0 is a numerical factor greater than 
unity, then the corresponding ratios W/W Q will be obtained by raising the figures in 
column (4) to the power 1/0. For 0 = 2, i.e., for u = 4,000 m. per sec., the values of 
W /Wo obtained in this way are shown in column (5). 

From the above calculations, it is seen that even using the most favorable data, 
we arrive at such values for the ratio W/Wo that a practical attainment of shooting a 
rocket to the moon looks doubtful under present conditions. 


PROBLEMS 

51. Referring to Fig. 81 and assuming that the weight ql of the entire chain is 
equal to the weight W Q of the body to which it is attached, find the velocity of the 
system when x = l. Assume t> 0 - 0 when x « 0. Ana. v - \/7^ sin a/6. 

52. Referring to Fig. 81 and ass umin g Wo » 0, find the general expression for the 
velocity v as a function of x . Assume » 0 « 0 when x = 0. 

Ana. v ** Vorsin a/3. 



58 . Repeat the solution of the preceding problem for the 
always straight as shown in Fig. 83. Assume t> 0 when x = 0. 


case where the chain is 
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54 . Referring to Fig. 81, assume that a ** 0 and that the body TT 0 is projected with 

initial horizontal velocity t; 0 . In such case, find the velocity v els a function of dis- 
placement x . Ans. v » WqVq/(Wq + qx). 

55. Two weights W o and W i are connected by a flexible but 
inextensible string of length l as shown in Fig. 84. If Wo is 
initially projected from the plane AB with upward velocity 
Vo, what maximum height h will it attain? Assume that the 
string does not break and that its mass is negligible. 

*“■ *- 1 [ 1 -(tt3V.) , ] + (f3V,) , w 

66. Denoting the mass of the earth by m and its radius by 
r and taking the mass of the moon as m/75 and the distance 
between centers of the two bodies as 60r, determine the distance 
x from the center of the earth to the neutral point where the 
attractions of the earth and moon on a given body will just 
balance each other. 



15. Principle of Angular Momentum. — Referring to Fig. 85a, let us 
consider a particle A of mass m moving with velocity v. Its momentum is 
represented by a vector mv having the direction of the velocity. Multi- 




plying this momentum vector by its distance OD from an arbitrarily 
chosen fixed point 0, we obtain the moment of momentum of the particle 
with respect to that point. This moment of momentum, equal to the 
doubled area of the A OAB, can be represented by a vector H' perpendicu- 
lar to the plane OAB and directed in accordance with the right-hand 
screw rule as shown. In the case of a system of particles, the geometric 
sum of such individual moments of momentum is called the angular 
momentum of the system and wil l be denoted by H. 

Resolv ing the momentum mv of the particle A in Fig. 85a into ortho- 
gonal components mx, my, and mi (Fig. 85b), we can represent the 
moment of momentum H' by three components. Since the moment of 
the resultant momentum is equal to the algebraic sum of the corre- 
sponding moments of its components, we conclude that the projection of 
the vector H' on, say, the x-axis is 
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HJ = m(zy - ye), | 

, (a) 


Similar expressions for HJ and HJ, as indicated by dots, can be written. 
Summing expressions (a) for all particles of the system, we obtain, for 
the projections of the angular momentum of the system, 

Hx = S [m(iy - yz)], ) 

C 6) 


To illustrate the calculation of the angular momentum of a system of 
particles in a given case, let us consider a rigid body rotating about a 
fixed axis OA with angular velocity 6 (Fig. 86). Taking coordinate 
axes x, y, z through point 0 and letting z coincide with the axis of rota- 
tion, we see that a particle of mass m at the distance r from this axis 
describes a circular path parallel to the «y-plane and the components of 
its velocity r6 are 

x = —y&, y = + xd, z = 0. 

Substituting these expressions into Eqs. (&) and observing that 6 is the 
same for all particles, we obtain 


H x — —d Hmxz — -Ixxd, ) 

H u = —d 2 myz = —I v% d, > (c) 

H t — d 2mr J = I t d, J 

where I x * and I y , are the products of inertia of the body with respect to 

the axes xz and yz, respectively, 
and I t is its moment of inertia with, 
respect to the axis of rotation. In 
the particular case where the axis of 
rotation is one of three principal 
axes through point O, the products 
of inertia I x , and I v , vanish and the 
resultant angular momentum of the 
rotating body coincides with the z- 
axis and has the magnitude I,d. 

We proceed now to establish the relation between the angular momen- 
tum of a system of particles and the forces acting thereon. For 
purpose, we begin with the equations of motion for a single particle as 
represented by Eqs. (a) on page 107. Multiplying the second of these 
equations by z and the third by y and subtracting one from the other we 
obtain ’ 
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i [m(zy - Hz)] - (Z. + Z t )y - (Y t + Y t )z, ) 
dt (<*) 


As can be seen by comparison with the first of expressions (a) above, the 
left-hand side of this equation represents the rate of change of the moment 
of momentum of the particle with respect to the z-axis. Likewise, the 
right-hand side of the equation represents the moment of all forces acting 
on the particle with respect to the same axis. Thus the equation states 
that the rate of change of moment of momentum of the particle with 
respect to the fixed 2 -axis is equal to the corresponding moment of all 
forces acting on the particle. Similar equations, as indicated by dots, 
can be obtained for the y- and z-axes. Writing Eqs. (d) for each particle 
of a system, summing them up, and observing that the internal forces, 
represented by Xi, 7<, Z», always occur in balanced pairs and cancel each 
other during summation, we obtain 

j t ^ - P) - ^ ( Z ‘V ~ Y^), 


Using notations (Z>) and introducing similar notations 

M. = L(Z,y - y», ) 

( « ) 


for the moments of external forces with respect to the coordinate axes, 
Eqs. (88) can be written in the following more compact form: 

I (fly = M m | (II V ) = M v , | (IQ = My. (89) 

Since the coordinate axes x, y, z wore chosen arbitrarily, Eqs. (89) may 
be said to state that the rate of change of angular momentum of a system 
of particles with respect to any fixed axis in space is equal to the resolved 
moment of external forces with respect to the same axis. This statement 
represents the principle of angular momentum. 

If the angular momentum II of a system of particles is represented 
vectorially, the rate of change of this vector with respect to time will be 
represented by the velocity of its end point. On the basis of Eqs. (89), 
we can state that the velocity of the end of the angular momentum vector 
with respect to a fixed point 0 represents the resultant moment, with 
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respect to the same point, of all external forces acting on the system. In 
the particular case where the moment of external forces with respect to a 
fixed point vanishes, we conclude that the angular momentum vector H 
remains constant in magnitude and direction. 

Sometimes, in calculating the angular momentum of a system of 
particles, it is advantageous to use the notion of mass-center having 
coordinates x„ y e , z 0 referred to fixed axes x, y, z. Taking through this 
point a system of coordinate axes £, y, f parallel, respectively, to x, y, s 
and moving with the mass-center, the coordinates of any particle with 
respect to the fixed axes will be 


*=■*« + $, y = y, + v, z - * + r, (/) 

from which, by differentiation with respect to time, 

* - *o + £, il - il, + v, z = z c + f. ( g ) 

Substituting expressions (/) and (g) into Eqs. (6) above, we obtain 


H x = (i e y e — y# e ) 2m + — ij£) ' 

+ z c Emij + y e 2 mf — y 0 2mf — z e 2mij, 

9 




(h) 


Since the origin of the £, 17, £ coordinates always coincides with the mass- 
center of the system, we have, by virtue of Eqs. (6) page 107, 

2 mil = 2mf = 2mf = 2 mi) = 0 

and expressions (h) reduce to 


S x — (z c y e — ycZ c )2m + 


:} 


(0 


From these expressions, we see that the calculation of the 
momentum of a system of particles can be made in two steps: First, we 
assume that the entire mass M of the system is concentrated at the maaB- 
center and moving with the velocity of that point. This gives us that 
part of the angular momentum represented by the first term in each of 
expressions (t). The second term is obtained by considering only the 
relative motions of the particles with respect to the moving axes {, «, t 

and then calculating the angular momentum with respect to these axes 
as if they were immovable. 


m in TPna rzQ\ " . . momenium together with expressions 
cfotek (8 PreS6 g tte principle of momentum, we 
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it X ~ #) 

-2—2 


Y* e + 


2—2 
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F.r , } O') 


These equations can be greatly simplified by using Eqs. (79) of Art. 13 
(see page 108). For example, multiplying the second equation there by 
z c and the third by y 0 and subtracting one from the other, we obtain 

M(z e y c 2?c2o) = Z,y e Y eZc, ^ 


Similar expressions, as indicated by dots, can be obtained in the same way 
from the first and third and the first and second of Eqs. (79). In virtue 
of Eqs. ( k ), Eqs. (j) reduce to 


I X m ^ v - m = X z,v ~ X F * f ’ 


(90) 


These equations have the same form as Eqs. (88), which indicates that 
the principle of angular momentum, previously formulated for fixed 
axes, holds also for axes moving with the mass-center of the system. At 
any instant and for any axis passing through the instantaneous position 
of the mass-center, the rate of change of angular momentum is equal to 
the moment of all external forces with respect to that axis. In calculat- 
ing the angular momentum of the system with respect to such an axis, 
it makes no difference whether we use the actual momenta of the various 
particles or consider only the momenta of relative motion. This follows 
from the identity of expressions ( h ) and (i) above. 

We have already noted from Eqs. (89) that if the resultant moment of 
external forces with respect to a fixed point 0 vanishes during motion of 
the system, then the projections of the angular momentum on fixed 
coordinate axes through 0 remain constant. Now in the same manner, 
we conclude from Eqs. (90) that if the moment of external forces with 
respect to the mass-center of the system vanishes, then the angular 
momentum of the system with respect to its own mass-center remains 
constant. Taking, for example, the solar system and neglecting the 
action thereon of fixed stars, we conclude that the angular momentum 
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of the system with respect to its mass-center is invariable. Since the 
orbits of the planets are known, the magnitude and direction of this 
angular momentum can be calculated. The plane normal to the angular 
momentum vector always retains the same orientation in space and is 
called the invariable “plane. Laplace 1 suggested that it be used as a 
reference plane in astronomy. 

By way of application of the principle of angular momentum, let 
us consider the device shown in Fig. 87 . A horizontal bar, carrying two 
identical and symmetrically placed masses m, is pivoted inside a heavy 
frame AA and connected thereto by a helical spring so that it can per- 
form torsional oscillations about the vertical axis 00 . The frame AA, 
in turn, is suspended by a fine thread and can 
also turn freely about the axis 00. Suppose now 
that the bar mm is rotated by an angle 9 , j with 
respect to the frame AA and then the system 
is released from rest; torsional oscillations of both 
the bar and the frame will ensue. However, 
since the moment of external forces with respect 
to the vertical axis 00 is zero, the angular mo- 
mentum of the system cannot change; and since 
it was zero at the instant of release, it must re- 
main zero. From this wo conclude that if 1 1 and 
7a denote, respectively, the moments of inertia of the frame and bar about 
the axis 00 and $i and 62 their angular velocities, then wo must have 



7 A + Itdi = 0, 

from which 

61 _ 7a 

Ti h’ 


C l ) 


We see that the angular velocities are always in opposite directions and 
inversely proportional to the moments of inertia. Since the ratio of 
angular velocities is constant, it follows that the amplitudes of oscilla- 
tion of the two parts of the system are in the same ratio as the angular 
velocities. Neglecting friction, we conclude also that when the two 
parts of the system occupy extreme positions, the angle of twist in the 
spring is 0 O . Hence the amplitudes of oscillation are 


fa \ 7j0o 

(Vi,)®.* = j — t— 


h + 1 »’ 


( 0 1). 


_ 7iflp 

7i + 7 S 


(m) 


, . Lapl . ac .® the .planets as particles and neglected the angular momentum 

due to rotation about their own axes. The neoessary corrections were mode later by 
343“ append “ famous ho6k > “Elements do statiquo,” 8th od., Paris, 
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The two extreme- positions of the system are shown in Fig. 88. Taking 
Fig. 88a as the initial position, we see that the middle plane, denoted by 
the line aa, is displaced with respect to the initial position of the 
frame by the positive angle (0i)m«*, the magnitude of which increases with 
an increase of the moment of inertia It of the bar mm. If, during 
motion of the system, we move the 
masses m away from the axis of rota- 
tion at the instant when the bar 
is in the extreme position mm (Fig. 

88a), the angle (0i)au increases and 
the middle plane aa will be rotated 
slightly in the positive direction as 
indicated by an arrow. Likewise by 
decreasing I 2 in this position, the mid- 
dle plane aa will be shifted slightly in 
the negative direction. On the other 
hand, if the moment of inertia I 2 is 
increased when the bar is in the other 
extreme position mimi (Fig. 88b), 
the middle plane aa will be shifted slightly in the negative direction and 
vice versa. From these observations, it follows that if, during motion of 

the system, we always move the masses 
m outward in the one extreme position 
(Fig. 88a) and inward in the other ex- 
treme position (Fig. 88b), the middle 
plane aa will rotate consistently in the 
positive direction. Thus, without the 
aid of external forces, the system as a 
whole can change its orientation in 
space. 1 

To prove rotation of the earth 
around its polar axis, the device shown 
in Fig. 89 can be used. 8 A long beam 
AB with bifilar suspension carries two symmetrically placed masses m as 
shown. Initially the system is at rest with respect to the earth, and the 
masses m are at the extremities of the beam. In such condition, the sys- 

1 This explains how a oat dropped feet up from a window can land on its feet. 
Seo paper by M. Marey, Compt rend., vol. 119, 1894. Reproduced also in Nature, 
Nov 22 1894 

s This was first suggested by L. Poinsot, Compt. rend., vol. 32, p. 206, 1851. The 
experiments were actually made by J. G. Hagen, Z. Instrumentenk., vol. 40, p. 65, 
1920 . 
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tem has, with respect to the vertical axis 00, the angular momentum 
H t — (Jo + 2m6 l )«osin <j>, 


where Jo is the moment of inertia of the beam AS about the axis 00, 
«o is the angular velocity of the earth about its polar axis, and <f> is the 

latitude of the site of the experiment. 



Fig. 90 . 


Since the moment of external forces 
(gravity) about the axis 00 vanishes, it 
follows from the principle of angular mo- 
mentum that if the masses m are moved 
inward to m'm', the new angular mo- 
mentum of the system must be equal to 
the old and we write 

(Jo + 2m& 4 )«osin <j> = 

(Jo + 2ma*)(wosin <t> -J- «'), 

where «' denotes the acquired angular 
velocity of the system relative to the 
earth. From this expression, we obtain- 

, 2m(b t — a 2 )wosin <f> , s 

7T + 2ma* < n > 

We see that if the earth has an gular 
velocity about its polar axis, the system 


will be brought into relative rotation 
with respect to the earth simply as a result of changing the radial dis- 
tances of the masses m. Needless to say, the experiment will require great 
finesse. 


As with the principle of linear momentum, the principle of angular 
momentum finds a wide application in the field of hydrodynamics. As 
an example, let us consider the wheel of a reaction turbine with vertical 
axis as shown in Fig. 90. Water under pressure flows from the outside 
to the inside of this wheel through such channels as the one shown. We 
denote by Vi the absolute velocity of the water entering the channel and 
by ai the angle that it makes with the tangent to the outer circumference 
of the wheel. Likewise, v» denotes the absolute velocity of water leaving 
the channel, and a 2 the angle that it makes with the tangent to the iT»w» r 
circumference of the wheel. As our system of mass particles, we take 
the water that at any instant t is contained between the cross sections ab 
and cd of one channel (Fig. 906). After an infinitesimal interval of 
dt, the same water will occupy the volume aAci<h. Assuming a steady 
flow, we may now calculate the change in angular momentum of t.Kiq 
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•water with respect to the vertical axis 00 of the wheel. With this 
assumption, the velocities of the particles of water in the space aibicd 
remain unchanged during the interval dt and we have only to observe 
that the particles which at the beginning of the interval were in the space 
dbaibi are replaced at the end of the interval by particles in the space 
cdcidi. The required change in angular momentum therefore is obtained 
by subtracting the angular momentum of the mass abaj)i from that of 
the mass cdcidi. Let q denote the rate of flow (cubic feet per second) 
through one channel, w the specific weight of water, and n and r 2 the 
outer and inner radii, respectively, of the wheel. Then the discussed 
change in angular momentum is 


2^ (j/ 2 cos a 2 r 2 — Vicos air^dt. 


Considering now the entire wheel and denoting the total rate of flow by 
Q, we find that the rate of change of angular momentum is 


~ (v 2 cos a 2 r 2 — t>iCOS «irx). 


(o) 


From the principle of angular momentum, we conclude now that this is 
equal to the moment, with respect to the axis of rotation, of all external 
forces exerted on the water as it passes through the channels. The 
moment of gravity forces vanishes in virtue of the vertically of the axis 
00. The moments of pressure forces over the surfaces db and cd also 
vanish, since these forces are in the radial direction. Hence, we conclude 
that expression (o) represents the moment of reactions of the wheel on 
the flowing water. Changing the sign of expression (o), we obtain the 
pressure moment of the water on the wheel. This quantity represents 
the torque developed by the turbine, and we write 1 


Mt = — (aicos cti n — « 2 cos at r 2 ). 

Q 


(91) 


Multiplying Mt by the angular velocity « of the wheel, we obtain the 
power developed by the turbine. Thus when M t u is in foot-pound-second 
units 


hp.= 


M t <i) 
550 ' 


(p) 


PROBLEMS 

57. Assuming that icecaps of total mass m molt from the polar regions of the earth 
of mass M, radius r, and radius of gyration i c and that the water spreads evenly over 

1 This equation is commonly known as Euler's turbine formula. 
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the entire surface of the globe, calculate the change 5o> in the angular velocity w of the 
earth about its axis. Am. 8o> = — 2mwr 2 /32lfi 6 a . 

58 . Calculate the numerical value of in the preceding problem if the mass of 
ice m is sufficient to form a layer of water of depth d = 0.066 ft. over the earth. 

Assume the earth to be a homogeneous sphere of radius 
t » 20.9(10) 6 ft. and specific gravity s 6.25. 

Am. — Sea » 0° 00' 01." per year, 

59 . A frame A A having moment of inertia Ii about the 
vertical axis OO is suspended by a fine thread and contains 
a rotor of moment of inertia as shown in Fig. 91. Ini- 
tially, the rotor has an angular velocity wo, and the frame is 
at rest. Due to friction, the frame is brought into rotation 
also (the thread is assumed to offer no resistance to twist). 
Compute the friction torque (assumed constant) if t sec. 
of time are required for the rotor to come to rest with re- 

/i/awo 



spect to the frame. 


A ns. Mf 


(Ji + h)t 

60. A circular turntable can rotate freely about its vertical geometric axis OO 
and has moment of inertia 7 0 with respect thereto. On this turntable, a toy locomo- 
tive of mass m runs on a circular track of radius r and with O as a center. Initially, 
turntable and engine are both at rest. What angular velocity <a will the turntable 
acquire if the engine begins to move and acquires a velocity v relative to its track? 

Ans. oj ® mrv/(Io + mr 2 ). 

61. A uniform circular wire of radius r and mass m rests on a perfectly smooth 
horizontal plane and is constrained to rotate about a point O on its circumference. 
A particle of mass m, initially at a point A diametrically opposite the fixed point O, 
begins to move with constant velocity v along the wire. Prove that after a lapse of 
time t, the diameter OA will have rotated through the angle 

62. A particle of mass m moves along a straight slender bar of 
length 2a and mass m. The extremities of this bar are constrained 
to remain on a fixed horizontal circle of radius r = 2a/V3- Ini- 
tially, the particle occupies the mid-point of the bar, and both are 
at rest. If from this condition, the particle begins to move with 
velocity v along the bar, show that after a lapse of time t, the bar will 
have rotated through the angle 


e 


— = tan -1 
V3 





68. Figure 92 represents a so-called Segner’s turbine. Water 
flows into the vertical tube at A and out through the orifices at B 
and C. If the system rotates with angular velocity <a about the vertical axis OO, find 
the torque M 0 resisting rotation. The rate of flow in cubic feet per second is Q, and 
the velocity of efflux relative to the arm BC is a. Ans . M 0 = ( Qw/g)(v — r«)r. 

64 . The horizontal wheel of a reaction turbine has outer radius n *= 3 ft., inner 
radius r 2 =» 2 ft., and height h «= 1 ft. as shown in Fig. 93. The angles of entrance and 
exit (see Fig. 90) are, respectively, cn - 30 deg. and ce 2 = 60 deg. The total rate of 
flow Q = 100 c.f.s. Compute the torque Hf* from Eq. (91). • 

Ans . Mt « 1,127 ft.-lb. 
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16 . Impact. Let us suppose that a system of particles moving in 
some prescribed manner collides suddenly with an obstruction; such col- 
lision is called an impact. During this impact, which is of very short 
duration, extremely large forces act momentarily on the system at the 
points of impact and produce definite changes in the velocities of various 
particles of the system. These changes in velocity take place alm ost 
instantaneously, so that the system fnds itself, at the end of the impact, 
in essentially the same configuration that it had at the beginning but 
with a completely new motion. It is desired to find the new motion 
of the system after impact. In dealing with this problem, we shall be 
justified to neglect, during impact, all ordinary forces such as gravity, 
etc., in comparison with the very 
large forces of impact and also to 
neglect any change in configuration 
of the system during the impact. 

Thus the problem is reduced to find- 
ing the instantaneous changes in 
the velocities of the particles as a re- 
sult of the impact alone. 

The principles of linear and angular momentum discussed in Arts. 13 
and 15 can be used to advantage in dealing with the above problem of 
impact. We begin with Eqs. (77), page 107, representing the principle 
of linear momentum. Multiplying each of these equations by dt and 
integrating from <o, the beginning of impact, to ti, the end of impact, we 
obtain 


where x, y, z are the components of the velocity of a particle just before 
impact and a/, i' are the corresponding components just after impact. 
Treating Eqs. (88), page 121, representing the principle of angular 
momentum, in the same way, we obtain 

X - *> - - 0)i - X ( y C z4t ~ z f Y4t )' j (6) 

where the coordinates x } y, z of any particle are treated as constants during 
the interval of impact. 

Equations (a) state that during impact the change in linear momen- 
tum of the system in any direction is equal to the total impulse of external 
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impact forces in the same direction. Likewise, Eqs. (6) state that the 
change in angular momentum of the system about any fixed axis is equal 
to the summation of moments of external impulses with respect to that 
axis. Equations (jb), of course, hold also for coordinate axes moving with 
the mass-center of the system. Using the symbol A to denote the varia- 
tion, during impact, of linear and angular momenta and introducing for 
impulses the notations 


x: = £xm, y: - jr* Y4t, z: = jT“ zdt, 

Eqs. (a) and (b) can be presented more compactly as follows: 


(«) 


A(2 mx) = 2X.'; 
A{1my) = 2 Y,') 
A(2mz) = 2 Z. r ) 


A[ 2 m(zy - yz)] = 2 (Z/y - Y/z); 
A[2 m(xz - is)] = 2 (X/z - Z/x); 
A[2m(^s - xy)] = 2 (T/x - X.'y). 


(92) 

(93) 

(94) 

In the following paragraphs, we shall consider the application of these 
equations to several particular cases of impact and see how they may be 
used to determine the motion of a system after an impact if the motion 
before the impact was known. 

As a first example, we consider a thin plate, with center of gravity at 
C, which initially has a prescribed motion in its own plane (Fig. 94). 

Assume now that a certain point 0 of the 
plate, at the distance r from C, is suddenly 
fixed so that subsequent motion must consist 
yS I of a rotation about an axis through 0 and nor- 

J mal to the plane of the plate. What will be 

^ y the angular velocity «' of this rotation about 

0? To answer this question, we choose fixed 
coordinate axes x, y, z through point 0 as 
shown, the *-axis coinciding with the position of the fine OC at the instant 
of impact and the a-axis normal to the plane of the plate. Due to the 
sudden firing of point 0, there will be an impact at this point, but the 
moment of the corresponding impulse with respect to the z-axis vanishes. 
Urns the second of Eqs. (94) states that during impact, the angular 
mom^tum of the system with respect to the a-axis remains constant. 

. “ otaon ° f ^e plate before impact can be defined by the components 
^ and y. of the velocity of its center of gravity C and by the angular 
velocity « with respect to that center. Then, just before impactfthe 
angular momentum of the system with respect to the fixed a-axis was 

H t = M(yj- + i 0 2 w), (<$) 

where M is the total mass of the plate and i c is its radius of gyration with 
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respect to the axis through C and parallel to z. Likewise, after impact, 
the angular momentum with respect to the z-axis is 

HI = MW + rV. («) 

Equating expressions (d) and (e), we obtain 


,j _ V£ + ifu 
W + r s ' 


(/) 


Having the angular velocity «' of the plate after impact, we can easily 
calculate the impulse that occurred at 0. From the first each of Eqs. 
(92) and (93), we have, for the components of this impulse, 

X' = —M Ax„ T = M Ay,. (g) 

The changes Ax, and Ay, in the velocity of the center of gravity are 


i 1 

A±, = 0 — x, and Aj/ 0 = ru' — y, = -rg -j— g (ru — y e ). 

%q “T“ T 

Using these values in Eqs. (g), we find 

X' = -Mx„ Y' = (ru - y,). (h) 

As a second example, we consider a plate that initially rotates with 
angular velocity co about an instantaneous axis Ox in its own plane (Fig. 
95) . At a certain instant to, another axis Ox i, 
also in the plane of the plate but inclined to 
Ox by an angle a, is suddenly fixed so that 
subsequent rotation of the system must be 
around this axis. It is required to find the 
new angular velocity around Oxi. We see 
that corresponding to the initial motion, any 
mass particle of the system has the velocity 
yu normal to the xy-plane. The corresponding initial angular momentum 
of the system with respect to Oxi is 

Hi = — dAuy(y cos a — x sin a), (i) . 

JA. g 

where to is the weight per unit area of the plate and the integration is 
extended over the total area A. After the impact, when the plate is 
rotating about the fixed axis 0x\ with angular velocity a', its angular 
momentum with respect to this axis is 



Hi' = / — dAu'(y cos a — x sin a). s 
j a. g 


U) 
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Since the impulsive forces acting on the plate during impact are dis- 
tributed along Ox i, their moments with respect to this axis vanish and we 
conclude accordingly that expressions (t) and (f) are equal. From this 
condition, we obtain 

, _ lx cos ce — fxysin a ... 

w ~ u Y x cos a a — J^sin 2a + l^sin 2 ^ ^ ' 


where I x , and I xv are the moments of inertia and product of inertia of 
the plate with respect to the x- and y-axes. We see that if the axis Ox i is 
at right angles to Ox, expression (k) for co' reduces to 



c*o 


Also in the particular case where x and y are principal axes of the plate, 
we have 


, _ Ix cos a 

u u I, cos 2 a + / v sin s Q: 


(n 


In this case, if a = 90 deg., the plate is brought to rest by the impact. 

As a third example, let us consider the impact of a ball of radius a 
falling onto a rough horizontal plane (Fig. 96). 1 The motion of the ball 

just before impact is defined by the velocity v 0 
of its center, directed as shown, and by its angu- 
lar velocity «. After impact, the motion will be 
defined by the velocity components id, yd and 
the angular velocity To find these quanti- 
ties defining the new motion, we use the first 
of Eqs. (92) and (93) and the last of Eqs. (94). 
Denoting by X' and Y' the components of the 
impulse at the point of contact 0 and by M the mass of the ball, these 
equations become 
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M{±o — DjSin a) = X', 1 

M(y/ + vjsoa a ) = 7', [ (Q 

■fUfaV - ») = X'a. j 

The last of these equations has been written with respect to a moving 
2 -axis coinciding with the center of gravity of the ball. 

We now make the assumption that the impact is completely inelastic 
and that there is sufficient friction to prevent slipping at the point of 
contact 0. On the basis of these assumptions, we have 

yd = 0, u'a + ±d = 0. (m) 

1 This discussion -will apply to the motion of a ball projected onto a bowling alley. 
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Using these conditions in Eqs. (Z) and solving for X', Y', we find 


X' = — %M(o)a + v«sin 
Y' = Mv e cos a 


in a), 
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(n) 


(o) 


defining the components of the impulse and 

, 2 5v c . 

a — ^ « — y — sin a, 

— —o>a = -fvosin a — %aw 

defining motion of the ball after impact. 

The results (n) and (o) depend on the assumption that there is no 
sliding at the point of contact 0. This requires that the coefficient of 
friction ju satisfy the condition 

. X' 

M > y7* 

Substituting the obtained values (n) for X' and 7', this becomes 

/x > = f — — H tan a\ 

7 V„cos a ) 


For 


003 


y fl cos a 


+ tan 


«), 


there will be slipping at the point of contact 0 and we have 
X' = —y.Y' = -nMv c cos a. 

Using this value of X' in the first and last of Eqs. (Z), we find 

±o = t> 0 (sin a - n cos a), ' 

, 5 v e 

w = a — s ll — cos a. 

2 a 

If, instead of a completely inelastic impact, we have a coefficient of 
restitution e,* we must take, instead of y 0 r = 0, 


(P) 

(ff) 

(r) 

(«) 


y e = ea„cos a., ’ 

Then the second of Eqs. (Z) gives 

Y' = M(1 ■+- e)VcCOS a. 

If we assume again that there is no sliding during contact with the plane, 
Eqs. (o) are still valid in this case and we obtain 




! 1 (h 

1 = ~e\7 


. 2 
tan a — = • 


ac i) 


7 v c cos 

* See the authors’ “Engineering Mechanics,” 2d ed., p. 338. 


,> 


(*) 
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We see from this expression that it is possible to have such a relation 
between the initial velocities w and v 0 that x 0 '/y 0 ' = — tan a, in which 
case the ball, after striking the plane, will rebound in the direction 
opposite to its initial motion. Again, the assumption of no slipping 
requires, for the coefficient of friction, 


For 


M > 

M < 


X'\ \ ( a<* , A \ 

Y 9 | 1 + e y; c cos a / 

% ( m , \ 

*-7 — I h tan a )• 

1 + e \VoCOB ol ) 


(«) 

00 


there 'will be sliding at the point of contact 0 and, as before, we obtain 


X’ = —pY' = — /*(1 + e)Mv 0 coa «. (to) 

The first and last of Eqs. (0 then give 


Xc — v<,[sin a — p(l + e)cos aj, ' 

a- = u — jj ju(l + e) — cos a. ^ 

£t CL ^ 

As a last example, let us consider a thin plate bounded by the arc OB 
of a parabola, the axis Ox, and an ordinate BA (Fig. 97). The vertex 0 
of the parabola is a fixed point, and initially the plate is at rest in a 

horizontal position. It is desired to 
find the motion of the plate immedi- 
ately following a vertical impulse Z' 
representing a sharp blow applied at 
B. Such a blow produces rotation of 
the plate about some horizontal axis 
passing through the fixed point 0. 
Let o x and o v denote the components 
of the angular velocity about this unknown axis. Then the velocity of any 
point of the plate after impact is parallel to the ss-axis and has the 
magnitude 

v' — u x y — oyX. 

Thus, the last each of Eqs. (93) and (94) become 



L 

L 


V) , 

— dA(o x y — u v x)y — Z' • Z5, 
a. y 


w 


— dA{o x y — oyx)x = —Z' • TJX, 

A. y 


(v) 


where to is the weight per unit area of the plate. Taking OA - c, as 
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shown in the figure, and defining the parabola OB by the equation 

y 2 = 4a*, 

we find 

16 to . . 

15 ff a,cS - 

4 w 

7~g ac ’ 
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and Eqs. (y) become 

w / 16 
9 \15 

w/: 
~9 V 


w 

( y 2 dA = 

9 . 

1 A 

V) 

/ x 2 dA = 

9. 

J A 

W i 

9 J 

f xy d A = 


» — | — Z's / 4 ac, 

= -Z'c. 


2 4 

g ac 8 co* — ^ a c J w 5 


w 


Eliminating Z' from these equations, we can find the ratio w a /«„ defining 
the direction of the axis of rotation of the plate immediately after the 
blow. 

PROBLEMS 

65. A homogeneous circular disk of radius a and mass M rotates with angular 

velocity to about its geometric axis. If a point 0 in the circumference of the dialr is 
suddenly fixed, find the new angular velocity «' around this point and the tangential 
impulse Y' produced by fixing point 0. Ans. «' — $&>, Y' - \Mato. 

66. A homogeneous circular disk rotates in its own plane with angular velocity to 
about a point A in its circumference. Suddenly, 

point A is released, and another point B in the 
circumference is fixed. Find the new angular veloc- 
ity to' if the arc AB subtends a central angle a. 

Ans. «' - 1 + 2 cos a), 

67. A homogeneous right circular cylinder of 
radius a and mass M rolls without slipping along a 
rough horizontal piano with velocity v c . At a certain 
instant, it strikes an obstruction of height A, as shown 
in Fig. 98. Assuming that no slipping occurs at the 

point of impact 0, find the components X f and Y* of the impulse. Assume inelastic 
impact. 

Ana. X f - Mv c sin «, Y f - ijj Mv 0 {l — cos a), a = cos- 1 ^1 — 

68. What is the condition governing the coefficient of friction n in the preceding 
problem if there is to bo no slipping at 0? Ans. ju > (1 — cos a)/(3 sin a). 

69. A homogeneous right triangular plate ACB initially spins about its hypo- 
tenuse AC. Suddenly AC becomes free, and the edge BC is fixed. Prove that the 
angular velocity of the plate diminishes in the ratio *SC/2ZC. 

70. A homogeneous rectangular plate ABCD stands in a vertical plane with its 
horizontal lower edge AB, of length a, fixed in space. Owing to a slight disturbance, 
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the plate begins to fall under the influence of gravity, rotating about AB. When it 
reaches the horizontal, having acquired the angular velocity a, AB becomes free aru3 
the edge AD, of length i>, is suddenly fixed. Find the angular velocity a' of the platt* 
about AD just after impact. Ans. «' = — (3a/46) V3 g/a = — (3o/46) w . 

71. A solid homogeneous cube spins about a vertical diagonal with angular velocity 
a. Find the new angular velocity a' if one of its edges that does not meet the diagonal 
suddenly becomes fixed so that the cube starts to rotate with respect to this edge. 

Am. a' «= «i>/4 v5. 

17. Balancing of a Single-cylinder Reciprocating Engine. — In dis- 
cussing the balancing of reciprocating engines, we begin with a single- 
cylinder engine consisting of a crank OA, a connecting rod AB, and a 
piston B as shown in Fig. 99. We assume that this system is symmetrical 



with respect to the plane of the figure; and through point 0, we take the 
coordinate axes x and y as shown. In such a symmetrical case, the 
resultant of all external forces acting on the system will be completely 
defined by its components 2X, and 27, and the moment 2(7,* — X,y) 
with respect to the z-axis. We usually shall be more interested in the 
equal but opposite forces that the running engine exerts on its foundation; 
and for these quantities, we introduce the simplified notations 

X - -2X„, 7= -27., M. = —2(7.* - X,y). (a) 

To find these forces when the motion of the system is known, the prin- 
ciples of linear and angular momentum will be useful. In 'our further 
discussion, we shall adopt the following notations (see Fig. 99) : 
r = length of crank, 

2 = length of connecting rod, 

8 = OC = distance to center of gravity of crank, 
c — ACi — distance to center of gravity of connecting rod, 
m = mass of crank and crankpin, 
m? = mass of connecting rod, 
m" = mass of piston, 

4> — angle of rotation of crank, positive counterclockwise, 
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^ = angle of rotation of connecting rod, positive clockwise, 

* = distance OB. 

Other notations will be introduced as the need for them arises. 

As a preliminary step in this investigation, we shall find it convenient 
to replace the connecting rod by two equivalent masses nti and ms' at 
its ends A and B, respectively. The sum of these two masses must equal 
the known mass m' of the rod; i.e., 

mi + m4 = m!. 


and their mass-center must coincide with that of the rod; i.e., 


m\c = (l — c ). 

From these two conditions, we find 

mi = m'(l — and m 2 ' = m' ^ (6) 

To the mass m% at B, we now add the mass m" of the piston and denote 
the total joint mass by m 2 = m 2 ' -f m". Finally, we assume the mass m 
of the crank and crankpin to be concentrated at its center of gravity C. 
With these changes in the distribution of mass, we reduce the system of 
rigid bodies to a system of three mass particles m, mi, and m 2 , concen- 
trated at C, A, and B, respectively. As far as the forces X and Y that 
the running engine transmits to its foundation are concerned, this 
fictitious system is dynamically equivalent to the actual system, Bince 
the mass-center is the same point in each case. 

We proceed now to determine the forces X and Y. Noting that the 
velocities of points C, A, and B. are s<j>, r<£>, and x, respectively, and using 
the principle of linear momentum as represented by Eqs. (77) page 107, 
we may write, with due regard to signs, 


^ (— ms4> sin <£ — mir$ sin <f> + m t ±) = ^ X c — —X, 

d 
dt 

from which 

X = (ms + mir)(<£ s cos + <j> sin <#») — ma®, 

Y = (ms + mir)(^ s sin 4> — $ cos <£). 


(ms<l> cos $ + mir^ cos <j>) = ^ Y, — —Y, 


(95) 


To represent Eqs. (95) in final form, we must express x in terms of the 
coordinate 4>. Referring to Fig. 99, we see that 

x = r cos <t> + l cos ^ and r sin <t> = l sin 


x = r cos <t> + l Vl — sinV = r cos <f> + l 



r* 

ji sin a 0. 


Hence 
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Introducing the notation 



the expression for x becomes 


(c) 


a • = r ycos <£ + i \/l — X 2 sin 2 </>J- (&) 

In practical applications, X 2 is usually a small quantity (£ < X < 1/2.5); 
and with the use of the binomial theorem, the second term in the paren- 
theses of expression (d) can be expanded into a rapidly converging series 
and we obtain 

X = r (x + cos * ~ 5 sin ^ ~ J sin4 ^ ~ Xg sin# 0 -•••)• ( e ) 
Observing that 


sinV = £(1 — cos 2 <j>), 
sin V = £(3 - 4 cos 2 <t> + cos 4<j>), 
sinV = A(10 - 15 cos 2<t> + 6 cos 4 <t> - cos 6$), 
we finally obtain 


x — r(Ao + cos 4> + i^cos 2<j> — 4<£ 


where 


+ A^ccos 6<£ 


), (96) 


A 0 = 1/X -£X - *X 2 - ^X* - • • • . \ 
-4* = X + £X* + -rs^-X 5 + ■ • • . 

Ai = £X» + AX* + ■ ■ • . 

■4« = tIxX 5 + • • • . 


(/) 


Substituting expression (96) for * into Eqs. (95), we obtain the follow- 

ZSSST for the forces that the engine transmits to its 


X = (ms -f- roir)(4>*cos </> + $ sin <f>) 

+ mf McoB </> + Atfos 2<t> -i. 4 cos 4:j> + A e cos 6 d> — 

t * + **■■“ ~ i^sin H + Utsin 6 <t> - 

Y - (ms + mir)(4>hm <f> — $ cos <j>). 


), 


(97) 


A 2 

As 

A. 


2.5 

3 

3.5 

4 

4.5 

5 

5.5 

0.4173 

0.0182 

0.0009 

ifole has be 

0.3431 

0.0101 

0.0008 

en taken f 

0.2918 

-0.0062 

0.0001 

rom Biezen 

0.2540 

0.0041 

0.0001 

O An A ~ 

0.2250 

0.0028 

0.2020 

0.0021 

0.1888 

0.0016 


0.1678 

0.0012 



Art. 17] 


DYNAMICS OF A SYSTEM OF PARTICLES 


139 


For various values of the ratio X, the values of the coefficients At as 
given by expressions (J) are shown in Table XIII. We see that the terms 
in the series of Eqs. (97) are decreasing rapidly, especially for s mall values 
of X. Thus a satisfactory accuracy can be obtained by keeping only a 
few terms of these series. 

In discussing engine balance, we usually are most interested in the 
case where the engine runs with uniform angular velocity «. For this 
condition, the terms in Eqs. (97) that contain $ vanish; and putting 
= w, we obtain 


X 

Y 


w*[(ms + wir + m 2 r)cos <*> + m 2 r(A 2 cos2<j> — A 4 eos4<£ 

+ .Agcos 6 <t> — •••)]. 

co*(m« + mir)sin <j>. 


(98) 


We observe now that an engine which does not transmit forces X and Y 
to its foundation must satisfy two conditions, namely: 


ms + mp - 0 and m 2 = 0. 


(ff) 


The first of these conditions is readily satisfied by introducing counter- 


weights on the crankshaft as shown 
in Fig. 100. The size of the counter- 
weight must be such that the center 
of gravity of the total mass m of 
crank and counterweight together 
will be opposite the crankpin and 
at such a distance s from the axis of 
rotation that 



8 


mi - 
— r. 
m 


(h) 


When this condition is satisfied, the mass-center of m and mi remains 

stationary at 0 ; and from the second 
of Eqs. (98), we see that the trans- 
verse component Y of the disturbing 
force vanishes. 

To satisfy the second of condi- 
tions (g), the mass m 2 must vanish. 
This will be possible only if the por- 
tion mi contributed by the connect- 
ing rod is negative and equal to the 
mass m" of the piston. This can be 
accomplished by extending the connecting rod beyond the crankpin A 
so that the distance c will be negative as shown in Fig. 101. Using the 
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second of expressions (6) above, we see that the required distance c will be 


c 


m" 7 




When conditions ( h ) and (i) are satisfied simultaneously, the mass-center 
of mi , m', and m" remains stationary at 0 and the forces X and Y both 
vanish. Needless to say, the method of balancing indicated in Fig. 101 
is entirely impracticable, since it requires too great an extension of the 
connecting rod beyond the crankpin. More practicable methods of 
balancing will be considered at the end of this article. 

To complete our investigation of the unbalance in a one cylinder 
engine, we have to consider now the moment of the forces X and Y with 
respect to the z-axis. For this purpose, we need the general expression 
for the corresponding angular momentum of the system in Fig. 99. The 
piston mass m" moves along the z-axis; the moment of its momentum with 
respect to point 0 vanishes; and we do not need to consider it further. 
The angular momentum of the crank with respect to its axis of rotation is 

mio% O') 

where to is the radius of gyration with respect to the z-axis. In consider- 
ing the connecting rod, we recall that it was replaced by two mass particles 
at its ends A and B [see Eqs. (6)]. As far as translation of the connecting 
rod was concerned, these two mass particles were dynamically equivalent 
to the actual rod. To be dynamically equivalent in rotation, the two 
particles at the ends of the line AB must have the same moment of 
inertia as the actual rod about any axis normal to the plane of the figure. 
In general, the masses and as defined by Eqs. ( b ) will not satisfy 
this requirement, and we have to assign to one of them, say the mass Mil 
at A, a fictitious moment of inertia I such that, for total moment of 
inertia with respect to point B, 

+ I = V + m' Q - c) s , 

where I' is the moment of inertia of the actual connecting rod about its 
centroidal axis normal to the zy-plane. From this condition and the 
first of Eqs. (6), defining the magnitude of mi, we find, for the required 
fictitious moment of inertia of the particle at A,* 

T - F - m'c(l - c ). (k) 

Finally, since positive ^ in Fig. 99 is measured clockwise while positive <j> 
is measured counterclockwise, the angular velocity of the connecting 
rod and, hence, also of the particle mi at A is — Thus the angular 

* This fictitious moment of inertia may be either positive or negative. 
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momentum of this particle 'with respect to the z-axis is 

mir'i - Lp. (I) 

The particle ma' at B has no moment of inertia and moves along the 
3 -axis; thus its moment of momentum with respect to the z-axis vanishes 
along with that of the piston m". We conclude then that the total 
angular momentum of the system with respect to the z-axis will he 
obtained as the sum of expressions (j) and ( l ). Equating the rate of 
change of this angular momentum to the corresponding moment of all 
external forces acting on the system, we obtain 

— (mio 2 <f> + wur 2 # — lip) = ^ {Yjc — Xjj) = —M,, 
from which 

Mr = — (min 2 + mi?- 2 )# + Up. (99) 

To represent Eq. (99) in final form, we must express P in terms of # 
and its derivatives. For this purpose, we use the relationship 

r sin # = l sin ip, 

from which 

I r 2 . 

cos # = .Jl — p sin 2 #. 

Expanding this by the binomial theorem and using notation (c), we get 

cos ip = 1 — Tj- sin 2 # — sin 4 # — sin 6 # — • • ■ . 

Differentiating with respect to time and dividing by 

sin ip = X sin #, 

we find 

ip = <£(X cos # + -JX s sin 2 # cos # + fX'sin 4 # cos # + • • • )• 
Substituting for sin 2 #, sin 4 #, . . . their values from page 138 and using 
the formula 

cos 2/c# cos # — -&cos(2fc + 1)# 4" 4cos(2Jb 1)#? 

we obtain 

ip = X<KC icos # - cos 3# + iC 6 cos 5 #-+•*•), ( m ) 



where 


Ci - 1 + iX 2 4 - &X 4 4 - 
Ci = |X 2 + t¥?X 4 + • • 
C 9 = ^X 4 + • • • . 


9 
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The numerical values of these coefficients for various values of X are 
given in Table XIV below. 


Table XIV* 


1 I 

X r ™ 

2.5 

3 

1 

3.5 

4 

4.5 

5 


■| 

Cl 



1.010 




1.004 

mm 

c, 



0.032 

0.024 



0.013 

1 

c, 


0.002 

0.001 







* Taken from Biezeno and Gramme! "Techniaohe Dynamik,” Springer, 1939. 


Differentiating expression (m) with respect to time, we obtain 

if = — X0 J (Cisin 0 — Cssin 30 + Cssin 50 — f • • • ) 

+ X0(C icos 0 — $CtCos 3 <t> 4" iCiCOB 5 0 — 4“ 
Substituting this expression for if in Eq. (99), we get finally 

M t = — 7X0 I (C'isin 0 — Casin 30 + <7ssin 50 — (-•••) 

-h I\4>(C icon $ — ■JC'acos 30 4" $Cicob 50 — 4- • • • ) 

— (wn'o 1 4* «-ir J )0. (100) 

We see that this moment vanishes for any configuration of the system in 
Fig. 99 only if 

1 = 0 and mio* 4- mir 1 = 0. (o) 

These two conditions cannot be satisfied simultaneously. As may be 
seen from expression (k), the first requires that c < l, while the second 
can be satisfied only if mi < 0 which, as can be seen from the first of 
expressions (6), requires that c > 1 Thus we can never entirely elimi- 
nate M m by any hind of balancing. Practically, however, fluctuations 
in the angular velocity 0 of the engine are usually very small, so that the 
terms multiplied by 0 in Eq. (100) are only of secondary importance as 
compared, with the terms multiplied by 0 s . This is especially true for 
' mod f™ high-speed engines in which 0 s is always a large number, and we 
obtain a quiet-running engine by satisfying only the first of conditions 
(ft). This, as we see from expression (k), requires 

I' = m'c(l — c) = 0. 

Denoting by ii the radius of gyration of the connecting rod correspond- 
mg to the moment of inertia I', this reduces to 

»V = c(l - c ), 

which can be expressed in either of the following two forms: 

iJ + G-c)* , 

r^~ c ssl 


c 


(?) 
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These equations indicate that the connecting rod must be so propor- 
tioned that when suspended either from A or B, we obtain a physical 
pendulum of effective length l* This requirement can easily be satis- 
fied by slight extensions beyond the crank and crosshead bearings as 
shown in Fig. 102. With this form of connecting rod, the 
principal part of the disturbing moment M, will be 
eliminated. 

From all of the foregoing discussion, we conclude that 
a single-cylinder reciprocating engine cannot be perfectly 
balanced and that it always produces some action on its 
foundation. Assuming a uniform angular velocity and 
giving to the connecting rod a form satisfying Eqs. (p), 
we eliminate the worst part of the unbalanced moment 
Ilf,. By proper counterweights on the crankshaft, we can 
also eliminate completely the transverse force Y [see last 
of Eqs. (98)]. The elimination of the longitudinal force 
X by extension of the connecting rod beyond the crankpin as discussed 
on page 139 is impracticable, but this force can be eliminated in other 
ways. Assume that the first of conditions (fir) is satisfied so that the trans- 
verse force Y vanishes. Then from the first of Eqs. (98), we obtain 

X = miwMcos 4> + (A 2 cos 2<j> — A 4 cos 4<£ + A 6 cos 6 <t> — !-•••)]• (?) 

From Table XIII, we see that the coefficients A t in this expression are 
rapidly decreasing with increasing subscripts and only the first few terms 

need be considered. If, by some ar- 
rangement, we eliminate the term cos 4>, 
we obtain balancing of the first order; 
if we eliminate also the term cos 2 <j>, we 
obtain balancing of the second order, 
etc. 

Balancing of the first order can be 
accomplished by introducing additional 
rotating masses wio as shown in Fig. 
103. By a proper system of gears, these 
masses are connected with the crank- 
shaft 0 and have the same angular ve- 
locity a that it has. The eccentricities 
of these masses make the angle t with the crank so that when the crank 
ma Vna any angle <£ with the x-axis, they make therewith the angles w — <f> 
and ■* + <!>, respectively. Thus the centrifugal forces mou^e of the masses 
wto have, in the direction of the a;-axis, the resultant 
* See the authors’ “Engineering Mechanics," 2d ed., p. 401. 


X 







Fig. 102. 
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OTo«*e[cos(7r — <t>) + cos(x + <£)] = — 2m 0 « 2 e cos <t>. (?) 

From Eq. (q), it can now be seen that balancing of the first order will be 
attained if 

muh cos <t> — 2mow i e cos <t> = 0, 

where m* = 'mf + m". The value of is given by the second of Eqs. 
(V), and we obtain 

^ = W| + »", (.) 

which defines the proper countermasses for first-order balancing. We 
note that these countermasses are so arranged that their transverse 
inertia forces are self-balancing. 

An arrangement similar to that in Fig. 103 can be used for balancing 
the forces of second order. In this case, we introduce such a system of 
gears that the angular velocities of the countermasses mo are equal to 
2 «. Then the resultant centrifugal force of these masses in the re-direc- 
tion is 

4m 0 w 2 e[cos(x — 2<£) + cos(x + 2 <£)] = — 8m 0 w s e cos 2 <f>. 

Thus, from Eq. ( q ), we conclude that second-order balancing will be 
realized if 

mswVAaCOS 2<f> — 8mow 4 e cos 2<j> = 0, 
and the required countermasses are defined by the relation 

*2* -A. (»'«+„")■ «) 

Since, from Eqs. (/), A 2 ~ \ = r/l, second-order balancing will require 
comparatively small countermasses. 

Such arrangements as that illustrated in Fig. 103 are complicated, 
especially if we try to attain balancing of higher order than the first. 
A more satisfactory and efficient method of balancing is shown in Fig. 
104. Briefly, it consists of introducing, in the crankcase of the engine, 
two identical dummy cranks, rods, and pistons so arranged that they 
always set up disturbing forces equal and opposite to those sot up by the 
master crank, rod, and piston. When the dummy cranks make the angle 
t with the master crank, it is evident that the forces set up by the two 
dummy systems are always opposite to those set up by the master system. 
Regarding their magnitudes, we refer to Eqs. (98) together with expres- 
sions (b) and (/), from which we conclude that if the linear dimensions 
of the reciprocating system in Fig. 99 are all decreased in a constant 
ratio a while the masses m, m', and m" are decreased in a constant ratio 
0, then the forces X and Y as defined by Eqs. (98) are decreased in the 
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ratio otf}. Returning now to Fig. 104, let quantities with the zero sub- 
script refer to the dummy systems and those without subscript to the 
master system. Then if r 0 = ocr, s 0 = as, 
lo — ol, and Co = ac while m 0 = /3m, 
rtiQ = 1 3m', and mo" = /3m", we conclude 
that the forces set up by the two dummy 
systems together will be 

Xq = —2aPX and F 0 = — 2a/S7, 

where X and Y are the forces set up by 
the master system. Making a/3 = -J, we 
obtain perfect balance with regard to 
forces. Thus, for example, if each dummy 
system has masses equal to the corre- 
sponding masses of the master system but 
lengths only half as great, we have the 
desired result. 

It is left as an exercise for the student 
to show that in the case of the engine in 
Fig. 104, the above conditions do not re- 
sult in a vanishing moment M t . However, by using connecting rods like 
the one shown in Fig. 102 and heavy flywheels to ensure nearly constant 
angular velocity «, we obtain an almost perfectly balanced engine. 

PROBLEMS 



72 . For the single-cylinder engine shown in Fig. 99, the following numerical data 
aro given: ml ™ 3.69 lb., m" 3.84 lb., r — 2.50 in., I = 11.00 in., c ■» 3.25 in. The 

crankshaft alone has already been balanced; i.e., 

8 = 0. Calculate the maximum values of the 
periodic forces X and Y that the engine trans- 
mits to its foundation when running uniformly at 
500 r.p.m. 

Ans. X buu ” 153.8 lb.; Y mu ™ 46.3 lb. 

73. Referring to Fig. 105, what additional 
counterweights too with eccentricity e = 2 in. 
, must be added to the crankshaft of the engine 

Fio. 105. described in the preceding problem in order to 

eliminate the transverse force 7? Ana. Wo “ 1,625 

74 . Assuming that we also desire to attain first-order balancing with regard to 
X of the engine described in Prob. 72 by using the scheme shown in Fig. 103, what 

additional rotating countermasses m 0 with eccentricity e - 2 in. will be required? 

An* nm. n = 9.201b. 




75. When suspended as a physical pendulum from the circumference of the wrist- 
pin bearing of diameter d « 0.875 in., the connecting rod of the engine described m 
Prob. 72 is observed to have a period r «* 1.023 sec. Calculate the maximum value 

of the unbalanced moment M» when the engine runs at 500 r.p.m. 

An$. (Mf)max « 54.25 in.-lD. 
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18. Ttfllanring of Multicylinder Reciprocating Engines. — The equa- 
tions developed in the preceding article for a single cylinder can be used 
in dtHoiiBBing the balance of various multicylinder reciprocating engines. 
Very often, such engines consist of several identical parallel cylinders 

arranged in series in one plane and 
working on a common crankshaft. 
By a proper arrangement of these 
cylinders as to spacing and crank 
angles, it is often possible to attain a 
partial or even complete balancing of 
the engine at constant speed. 

Consider, first, the case of a two- 
cylinder engine with cranks 180 deg. 
apart as shown in Fig. 106. Assum- 
ing uniform angular velocity « and 
taking coordinate axes as shown, the 
forces X and Y and the moment M, for cylinder 1 are obtained by using 
Eqs. (98) and (100). The corresponding forces for cylinder 2 are obtained 
by substituting in the same equations 0 + ?r for 0. Thus, for both cyl- 
inders together, we obtain 



X - 2u s m 2 r(Ascos 20 — A 4 cos 40 + A«cos 60 V • « • ), 

Y - 0, M, = 0. (101) 


We see that with such an arrangement, the transverse force Y and the 
moment M, are automatically eliminated. Also the longitu dinal force 
X of the first order is balanced and only those of higher order remain. 

As long as we had a single-cylinder engine, all forces were in one plane 
and were completely defined by the components X, Y, and M„ Now, 
with two cylinders, the forces are no longer in one plane, and we must 
consider also their moments M. and M v with respect to the x- and y-axes. 
Denoting the cylinder spacing by a and using Eqs. (98), we 


Af* — i« 4 a[— (ms + mir)sin 0 + (ms + mj.r)sin(0 -f- *■)) \ 

= — <o 2 o(ms + mxr)sin 0, J 

M » = iw’al (ms + m x r + m 2 r)cos 0 + m 8 r(AsCOs 20 - A 4 cos 40 / 

+ A»cos60 [-•••) — ( ms + mir + m 8 r) cos(0 + t) > (102) 

— m 2 r[A 2 cos 2(0 + *■) — A 4 cos 4(0 + ir) f 

+ A«cos 6(0 + jt) — + • • • ]} \ 

— + u 2 a(ms + mir 4- m 8 r)cos 0. I 

We note that all terms of higher order in these expressions vanish, leaving 

onLr?? aaC f ° f the order - These mom ®nts disappear 

completely only if conditions (g), page 139, are fulfilled. The first of 
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X 


these conditions is usually satisfied without much difficulty by over- 
balancing the crankshaft as already discussed, but the second condition is 
hard to fulfill, and the moments M x and M y usually will remain incom- 
pletely balanced. 

A complete balancing of the moments M x and M y can be accomplished 
by introducing additional rotating 
masses m 0 arranged as shown in Fig. 

107. Two pairs of such masses lo- 
cated symmetrically with respect to 
the zz-plane and rotating with the 
angular velocity to of the engine 
produce a couple the moment of 
which with respect to the y-axis is 


— 2m 0 e26a) 2 cos <f>. 



Assuming that the moment M x has 
already been balanced by satisfying the first of conditions (fir), page 139, 
we see now that the remainder of M v will be balanced by selecting the 
masses m 0 so that 

— 2m 0 e2bto 2 cos 4> + « s amjr cos <f> = 0, . 
from which 



Too 


or 


mt, 


(«) 


where m% = mt + in" (see page 137). 

We consider next the case of a three- 
cylinder engine with the crank arrange- 
ment shown in Kg. 108. Selecting 
coordinate axes as shown, we use, for the 
middle crank 1, Bqs. (98) and (100) as 
For the cranks 2 and 3, we substitute for 0 in these same equa- 
tions the values </> + 120 deg. and 0 + 240 deg., respectively. Then 
superimposing the forces for all three cylinders and co nfinin g our attention 
to a uniform engine speed, we obtain 


before. 


X 

Y 

M, 

My 

Mu 


3m 1 w 1 r(A«cos 6 0 - Aiseos 12 0 +• • • • )> 

°. _ 

— \/3 + mir)cos 0, 

— y/Z « a a[(ms + mir + msr)sin <f> — msr(Aasin 20 

+ A«sin 40 — Assin 80 - Aiosin 100 +***)]> 
: 3u 3 JX(CjSin 30 — C«sin 90 + Cusin 150 (-**’)• 


( 103 ) 
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It will be Been that for this arrangement, the transverse force Y vanishes 
completely while the longitudinal force up to the sixth order is also 
b alan ced. The moment M, can always be balanced by making 1 = 0 

(see page 142). Thus only the mo- 
ments M x and M v will give any 
trouble, and a partial balancing of 
these can always be arranged as in the 
case of the two-cylinder engine dis- 
cussed above (see Fig. 107). 

In discussing the balance of a four- 
cylinder engine with uniform cylinder 
spacing a and constant angular veloc- 
ity w, we consider three possible crank 
arrangements as shown in Fig. 109. 
In each case, the cranks are numbered 
in the order in which they follow 
each other 90 deg. apart. Using 
Eqs. (98) and (100) and substituting 
for 4: <j>, <f> 90 deg., <f> + 180 deg., 

and <i> + 270 deg., for cranks 1, 2, 3, 
and 4, respectively, we obtain, after summation, 

X = — 4m2w 2 r(A*cos 4<£ + A 8 cos 8$ +•••)> 1 
Y = 0, } (104) 

M, = 0. J 

We see that in each case, the transverse force Y and the moment M, are 
completely balanced while the longitudinal force X is balanced up to 
the fourth order. 

The expressions for the moments M x and M v will be different for each 
of the arrangements in Fig. 109 and can be presented as fallows: For 
case (a), 

Mx = — V8 a > 2 a(ms + mir)sin(<£ + 45°), 

M v = + y/8 aj 2 a(ms + mir + m 2 r)cos(</> -f- 45°) 

+ 2wisco 2 ro(il2cos 2<j> + ,4«cos 6^ + ■ • • ). 

For case (6), with /3 = tan _1 (i) = 18.4 deg. 

M x = — V'lO u 2 a(ms + mir)sin(<£ -f- 0), 

M v = + a/IO ci) s o(ms + mx + m 2 r)cos(0 + (9). 

For case (c), 

M x = — -\/2 u*a(ms ~h mx) sin (0 -(- 45°), 

My = + V2 w ! a(ms + mx + m 2 r)cos(<£ + 45°) 

+ 4m 2 co s ra(.4 2 <3os 2<t> + .4, cos 6<f> + * • • ) 


| (104a) 

} (1046) 

J (104c) 
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We see that regarding moments M x and M v of the first order, the arrange- 
ment in Fig. 109c is the most favorable. Sometimes, however, the arrange- 
ment in Fig. 109i> is preferred, since it contains only first-order moments 
which can he completely balanced by making ms + mir = 0 and then 
introducing rotating masses m 0 as shown in Fig. 107. 

In dealing with multicylinder engines, a graphical method of repre- 
sentation of the forces and moments for individual cylinders is sometimes 



used- For this purpose we introduce unit vectors si, si, . . . with 
angles of rotation <h, K . . . to represent forces of the first order; 
likewise, unit vectors ci', si', . . . with angles of rotation 2<h, 2<fc, . - • 
to represent forces of the second order; etc. Then the geometric sums 
of these vectors, multiplied by proper factors, give the combined effect 
of all cylinders. Consider, for example, the longitudinal force X of a 
four-cylinder engine (Fig. 109a). The force produced by the first cylinder 
is given by the first of Eqs. (5)8). Using the above vector notations, the 
result of summation of the actions of all four cylinders will be 

X «■ w 1 [(ws + mir + m a r)2 W + m 2 r(Ai%rfi" — AiZ^F* 

+ AtZzfii * 1 -+*•■)]> 


whore the summation signs are understood to indicate the ^-projections 
of the geometric sums of the unit vectors. The vectors e< of the first 
order arc shown in Fig. 110a, and we see, as already noted in Eqs. (104), 
that the forces of the first order are balanced. The same conclusion 
can be made regarding forces of the second and third orders so shown in 
Fig 1 106 and 110c. But the forces of the fourth order are unbalanced 
as can be soon from Fig. 110d. The sum of their projections on the 



150 


ADVANCED DYNAMICS 


[Chap. II 


2 -axis is given by the first term of the series (104). A similar method of 
construction can be developed for the graphical summation of moments 
M x , and M„, it being necessary only to multiply each unit vector by its 

distance from the origin of coordinates. 

We shall now discuss briefly the case 
of a V-type engine in which the axes 
of the cylinders are not parallel. We 
begin with two identical coplaner cyl- 
inders having between their axes the 
angle y and operating from a common 
crank OA as shown in Fig. 111. Con- 
fining our attention to uniform angular 
velocity u of the crank, we can find the 
longitudinal and transverse forces for 
each cylinder by using Eqs. (98). It 
is only necessary to use in these expres- 
sions m/2 instead of m, since the crank 
mass must be equally divided between the two cylinders. To represent 
the combined action of the two cylinders, we choose, in their common 
plane, the coordinate axes x and y as shown, the 2 -axis' bisecting the angle 
y. Then the components of the resultant force are 



Fig. 111 . 


X = (Xi + Z,)cos | - (7x - TV) sin 
Y = (Xi - X a )sin | + (7x + r*)cos 


The values of X h Yi and Z 2 , Y% are found from Eqs. (98) by substituting 
fa = <t> — (y/2) and fa = <f> -(- (y/2), and we obtain 


X — | [ms + 2mir + m 2 r(l + cos 7 )]cos <t> 

+ 2mar cos ^ (Ajcos y cos 20 — A«cos 2y cos 40 + • • • ) j, 
Y = |[ma + 2mir + m s r(l — cos y)]sin 0 
+ 2m 1 r sin g (Assin y sin 20 — Aisin 2y sin 40 -1- • • • )|. 


( 105 ) 


Using Eq. (100) in the same way and neglecting terms containing 0, w© 
have for the combined moment about the 2-axis, 


M. 


—2 « ! IX ^Cicos ^ sin 0 


Cjcos sin 30 + 



( 108 ) 
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As ■would be expected, the moment M t can be made .to vanish if the con- 
necting rods are of the form shown in Fig. 102 so that 1 = 0. 

Regarding the longitudinal and transverse forces X and Y, as defined 
by expressions (105), we see that in general, they are unbalanced. The 
terms representing the most important forces of the first order can be 
made to vanish if we have 

ms + 2mir 4-*msr(l + cos y) = 0, 
ms + 2mir + m 2 r(l — cos 7) = 0, 

which requires that 

ms + 2mir + m 2 r = 0, 1 ,is 

cos 7 “0,1 K) 

The first of these requirements can be satisfied by counterbalancing the 
crankshaft, and the second by making 7 = 90 deg. It will be seen that 



when these conditions are satisfied, some of the forces of higher order in 
expressions (105) will also vanish. 

For the two-cylinder engine in Fig. 112 where 7 = 180 deg., Eqs. (105) 
and (106) above reduce to 

X = « s (ms -]■ 2mir)cos </>, 

Y = « a (ms + 2mj.r + 2m 2 r)sin <j>, 1 (107) 

M, = 0. 


The moments M, and all forces of higher order than the first are balanced, 
only forces of the first order remaining. By counterbalancing the crank- 
shaft, either the force X or the force Y can be balanced, but not both. 
If X is eliminated by making ms + 2wiir = 0, the remaining part of Y 
can be b alan ced by using additional rotating masses mo as shown in 
Fig. 103, and the system is completely balanced. 

If several identical cylinders with equal angles 7 between their axes 
are arranged radially around a single crankshaft like the two in Fig. Ill, 
it can be shown that to balance the forces of the first order in such case, 
we have, instead of Eqs. (5), the following conditions to fulfill. 
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where u is the n umb er of cylinders. The first of these conditions can 
always be satisfied by a proper counterbalancing of the crank so that a is 
negative, which may, of course, require rather heavy counterweights. 
The second condition is always easy to fulfill. It may be noted, for 
example, t hat the system in Fig. 112 satisfies this condition for the 
particular case where n = 2. 

If conditions ( c ) are satisfied and the number of cylinders ft is even, 
the forces of higher order will also be balanced. If ft is an odd number, 
the forces are balanced up to the order n — 1. The moments M* can 

always be balanced by making 7=0 
(see page 142). Assuming that forces 
of the sixth and higher order are neg- 
ligible, it can be stated that for such 
radial engines with six or more cylin- 
ders, we can always attain good 
balance. 

In practical applications, it is usu- 
ally impossible to attach all the con- 
necting rods to the same crankpin, and 
the arrangement shown in Fig. 113 is 
used. One connecting rod, called the 
master rod, is attached to the crankpin, 
and the others are attached to it. Our preceding discussion applies to 
this case as a good first approximation. An accurate calculation of the 
unbalanced forces requires a more complicated analysis. 1 

PROBLEMS 

76. Show that at constant speed, a four-cylinder engine with the crankshaft 
arrangement shown in Fig. 114 will be balanced as regards both first-order forces ■ 
X and Y and first-order moments M x and M v . 


Fig. 114. 

77. Using such vector diagrams as those shown in Fig. 110, show that a six- 
cylinder engine with cranks arranged in the successive angular positions 0, 120, 240 
240, 120, 0 deg. is completely balanced at constant speed up to the sixth order as 
regards both the forces X and Y and their moments M a and M v . See Fig. 108 for 
one-half of the crankshaft. 

^vestigate state of balance, at constant speed, of a straight-eight engine 
with cranks arranged in the successive angular positions 0, 180, 00, 270, 270 90 180 
0 deg. See Fig. 109c for one-half of the crankshaft. * * 1 

1 See paper by P. Riekert, Ing. Arch ., vol. I, pp. 16, 245, 1930. 




Fig. 113. 
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79 . Show that at uniform speed, any straight engine with n identical parallel - 
cylinders in the sz-plane and u ni form angular spacing 360/n deg of the cranks is 
balanced at least up to the nth order as regards forces X and Y and their moments M m . 

80 . Assuming that conditions (b), p. 151, are satisfied for each pair of cylinders 
of a V-8 engine having the crankshaft shown in Fig. 1095, investigate its state of 
balance, at constant speed, as regards moments M x and M v . 

19. Kinetic Energy and Work. — The notions of momentum and 
impulse used throughout the preceding articles have been found very 
helpful in discussing the dynamics of various systems of particles. We 
turn our attention now to the equally 
important notions of kinetic energy 
and work. In discussing these con- 
cepts, we begin with a single particle of 
mass m moving with velocity v under, 
the action of a resultant force F (Fig. 

115). The scalar quantity 

fynv 2 = ^m(i 2 + y 2 + z 2 ), (a) 

where x, y, i are the projections of the 
velocity vector v, is called the kinetic 
energy of the particle. 1 Now let the particle move a small distance ds 
along its path. Then the work done by the resultant force F is 

F cos (F,v)ds = X dx + Y dy + Z dz, (5) 

where dx, dy, dz are the projections of the displacement ds and (F, v) is 
the angle that F makes with the direction of motion. Using the equations 
of motion 

mi = X, my = Y, mi = Z, 
we can readily establish the relationship 2 

d(£mt> 2 ) = F cos (F,v)da. (c) 

This equation states that during motion of the particle, the change in 
kinetic energy from one position to an adjacent position is equal to the 
work of the resultant force on that displacement. 

In the case of a system of particles, we distinguish between external 
forces F, and internal forces acting on any particle. Thus for one 
particle of a system, we write 

d(£mw 2 ) = F t cos ( F„v)ds + FiCos(F<,t>)ds. (d) 

1 Prior to 1829, the quantity mu’, called via viva, was used. Coriolis was the first 
to suggest that imv* had a greater physical significance and that it bo called vis-viva, 
but gradually the term kinetic energy has found greater favor. See O. Coriolis, 
“Calcul de l’effet de machines,” Paris, 1829. 

2 See the authors’ “Engineering Mechanics,” 2d ed., p. 371. 
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Such an equation can be written for each particle of the system. Sum- 
ming up these equations, we obtain 

2 ^ d = d ^ ^ F,coa(F„v)ds + ^ FiCoa(F t ,v)ds. (e) 

This equation states that the change in kinetic energy of the entire 
system, during a slight change in configuration, is equal to the corre- 
sponding work of all external and internal forces together. It must be 
noted that in general, the work of internal forces does not vanish, since 
the work of two equal and opposite forces is not zero unless the mutual 
distance of their points of application remains unchanged. 

In our further discussion, we introduce the symbol T for the total 
kinetic energy of the system. Equation (e) then becomes 


dT = 2Ffioa(F.,v)ds + 2FiCoa(Fi,v)d8. 


( 108 ) 


If the particles are all rigidly connected between themselves, as in the 
case of a rigid body, the work of internal forces vanishes and we ha ve 


dT = 2F.coB(F„v)d8. 


( 109 ) 


This equation holds also if the system consists of several rigid bodies 
connected between themselves and their foundation by frictionless hingAn 
guides, or other ideal constraints; for in such case, the reactions of such 
constraints do not produce work during motion of the system. 1 As an 
example of this type of system, we mention here the case of a rigid body 
that slides along a smooth surface. The reactive force is normal to the 
direction of motion and does not produce work. Another example arises 
in the case of a cylinder that rolls, without sliding, along a rough plane. 
In this case, there is a friction force at the point of contact; but since 
there is no slipping, it does not produce work and Eq. (109) can be used. 

Consider now the case of finite displacement of a system of particles 
from a configuration A to any other configuration B. Subdividing such 
displacement into infinitesimal steps and applying Eq. (108) to each step, 
we obtain, after summation, 

Tb ~ Tx " 2 SI F ^s(F„v)d8 + 2 f* F < cos(n»)d«. ( 110 ) 

This is the general energy equation for any system of particles. The left- 

J* total <*ange in the kinetic energy of the system 
between the two configurations A and 5; the right-hand side represents 
the corresponding work of all acting forces, both ertjjffij 

1 Such ideal systems will be discussed in more detail in Cha p. III. 
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If the system is such that the work of internal forces vanishes, the energy 
equation reduces to 

T b — Ta *= Yi Ja F* C01i (,F*> v )d$. (Ill) 

As a first application of the energy equation, let us consider the motion 
of a perfectly flexible but inextensible uniform chain along a given smooth 
curve under the influence of gravity (Fig. 116). The length of chain we 
denote by 21, the weight per unit length by w, and the displacement of its 
mid-point C by s. All particles evidently have the same velocity v, 
and hence the total kinetic energy of the system 
is wlv^/g. In calculating the work of forces act- 
ing on each link, we do not need to consider 
internal forces, since we assumed an inextensible 
chain. Likewise, the reactive forces exerted by 
the smooth surface are normal to the direction of 
motion at each point, and their work is zero. 

There remains to be considered, then, only the 
work of the gravity forces. Corresponding to an 
infinitesimal positive displacement ds as shown in 
the figure, this work is evidently equal to the work done in moving the 
element aa i, of weight w ds, up to the position bb i. Assuming that 

2 = m a) 

is the equation of the curve, the required work is 

—to ds\J{s + 1) — /(a — 1)], 

and Eq. (109) gives 

d - -w ds[f{s + Q- Ks - l )]. (g ) 

For a finite displacement of the chain from any position A bn the smooth 
curve to another position B, the total change in kinetic energy is obtained 
by integration of Eq. (g), which gives 

^ (o/ - Va*) = -w (* \f(s + 1) - /(s - Z)]ds. (A) 

if J A, 

From this equation, the velocity of the chain in any position B can be 
found if its initial velocity in position A is given and the equation of the 
smooth curve is known. 

Assume, for example, that the curve is a helice defined by the equation 



z — as. 
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Then Eq. (g) becomes 


<(f)- 


2t via ds 


or 


vdv = — agds . 

Dividing this by dt and observing that ds/dt = v, we obtain 

dv 


dt 


= —a*7* 


This equation is independent of Z, and the chain moves like a particle 
sliding along a smooth inclined plane. 

If the smooth curve in Fig. 116 is a cycloid defined by the equation 


Eq. (jg) becomes 


from which 


Fig. 117. 


2 “ 8 R’ 


(f) — 


w 
8 R 


41s ds, 


dv 

dt 


dt * 


ii 

4B 


We see that in this case, the chain will perform 
simple harmonic motion having the period 

t = 2ir * / — • 

v g 

As another example, let us consider the 
motion of two identical particles of mass m 
joined by a rigid but weightless bar AB of 
length 21 (Fig. 117). The particle A is con- 
strained to move along the horizontal sc-axis, 
while the particle B moves along the vertical y-axis. The configura- 
tion of the system is defined by the angle 6 as shown. In such case, the 
displacements of A and B, respectively, are 

x a = 21 sin 9, yi — 21 cos 8. 

The kinetic energy of the system is 



f (*.* + W) = 2 Pm*. (i) 

Since the bar AB is assumed to be absolutely rigid, the work of internal 
forces is zero. Assuming that the x- and y - axes act as frictionless guides, 
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ihe work of reactive forces also vanishes. Hence, we have to consider" 
mly the work of the vertical gravity force mg acting on the partical B, 
md Eq. (109) becomes 

d(2l t m6 i ) = mg dyi = —mg2l sin d dd. (j) 


Alter differentiation, this becomes 


d?6 

dt 2 



6, 


which has the form of the equation of motion of a mathematical pendulum 
of length l. 

In calculating the kinetic energy of a system of particles, it is some- 
times advantageous to resolve the velocity of each particle into two 
components: (1) the velocity of translation with the mass-center of the 
system and (2) the velocity of relative motion with respect to the mass- 
center. With reference to fixed orthogonal axes x,y,z, we define the 
coordinates of the mass-center C of a given system of particles by the 
equations (see page 107) 


X c — 


hmx 

2m’ 


V« 


hmy 

2m' 


2mz 

Zc “ 


(*) 


Taking the mass-center C as the origin of moving coordinate axes £, v, ? 
parallel, respectively, to x,y,z, the absolute coordinates of any particle 
of the system will be 

x - x e + y = Vo + v, z = z c + 


and the projections of its velocity will be 


x ** ±, + t y = Vo + v, 2 = 2« + f- 

Substituting these velocity components into expression (a) for kinetic 
energy and summing up for all particles of the system, we obtain 


T = *2 m(i c 2 + #„ a + z« s ) + £ 2 m(| 2 + 1 ? 2 + H 


i (a. k _L_ 


From the definition of mass-contcr, it follows that 

2m£ = 2mij = 2 mf = 0, 

2 m| = 2mij = 2 mf = 0. 

Hence the last term in expression (l) vanishes; and with the notations 
v, 2 - &e* + yc 2 + Zo 2 , M = 2m, 

T = Wv 2 + i2m(£ s + r, 2 + f a ). 


we obtain 


( 112 ) 
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From this expression, we see that the total kinetic energy of a system of 
particles can be considered as consisting of two parts: (1) the kinetic 
energy of translation, calculated as if the total mass M were concentrated 
at the mass-center and moving with the velocity of that point, and (2) 
the kinetic energy of relative motion, calculated as if the axes £, v, ? were 
fixed. 

In the particular case of plane motion of a rigid body (Fig. 118), the 
only possibility of relative motion with respect to the moving rj 

f-axes through the center of gravity 
C of the body is rotation around 
the f-axis. In such case, the mo- 
tion of the system is completely de- 
fined by the velocity v e of the center 
of gravity C, and the angular veloc- 
ity a and expression (112) for the 
total kinetic energy can be written 
in a simpler form. The two com- 
x ponents of velocity for any particle 
of mass m at the distance p from the 
f-axis are v, and pa as shown, and the expression for total kinetic energy 
becomes 





= ^ Mvo* + ~ lea*, (m) 


where I e = Ephn is the moment of inertia of the body with respect to 
the f-axis. Denoting by i„, the radius of gyration of the body with 
respect to the centroidal f-axis, expression (m) can be put in the more 
convenient form 

T = iM(v* s + ioV). (113) 

In the general case of motion of a rigid body, we consider the motion 
at any instant as a combination of translation with velocity v c and rota- 
tion with angular velocity a about an instantaneous axis through the 
center of gravity C. Then the total kinetic energy is 

T = iMv e 2 + (n) 

where I is the moment of inertia with respect to the instantaneous axis of 
rotation through C. During motion, the orientation of this axis is 
changing, and the angular velocity w must be resolved into components 
wi, as, and «», corresponding to the three principal central axes of the 
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body. In such case, «i/«, us/u, u t /u represent the cosines of the angles 
that the instantaneous axis makes 'with the principal axes of the body, 
and we have 1 


r W 1 | r “3 • T wa 

* 1 ~7J «■ *2 —2 + * s 


032 


6>3 


CO 


CO 


Substituting this into expression (n), we have 

T = Wvc 2 + KM* + W + hat*). 


(114) 


To show the application of this expression, let us consider the kinetic 
energy of a circular disk of radius a that 
rolls, without slipping, along a horizontal 
circular track of radius b (Fig. 119). 

The velocity of the center of gravity C we 
denote by v e . Then, without slip, the 
components of the angular velocity of the 
disk with respect to its principal axes 
are 

Vo 


V, 

Ml = — , 

a 


CO 2 


V 


a 3 = 0, 



as shown in the figure. Assuming a thin 
disk, the corresponding moments of inertia are 

Ii = \Ma\ h = i Ma\ I 3 = Wa\ 


and Eq. (114) gives 

r-i */..•(! + $• 

Having the kinetic energy of a system of particles as represented by 
Eq. (112), we proceed now to derive the energy equation for relative 
motion of a system of particles with respect to their mass-center. Using 
previous notations and considering a small change in configuration of the 
system, the displacement of any particle will be 


dx = dx e + d|, dy = dy„ + di;, dz = ds c +• df. 

Substituting these expressions into Eq. (108) and using expression ( b ) 
for work, we obtain 


dT - Z(X4xo + Ydy, + Zjzo) 4- 2(X«d{ + Y,d v + Z4t) 

+ L(X<dx e + Yidy e + Zidzo) + 2(. X& + Ydv + ZdS). (o) 

To simplify this equation, we observe that the quantities dx e , dy e , dz, are 
'Ibid., p. 513. 
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2X< = 2 Y t = 2 Zt = 0, 

since the internal forces appear as pairs of equal and opposite forces. 
Thus the third term on the right-hand side of Eq. (o) vanishes. Observ- 
ing further that the mass-center of the system moves as a particle of mass 
M = 2m to which a force equal to the geometric sum of all external 
forces acting on the system is applied, we conclude that 


('Sr) -2 


(XJxc -1- Y.dy c + Zdz c ). 


Using this result in place of the first term on the right-hand side of Eq. 
(o) and substituting for T its expression (112), we obtain 

d&Smtf* + tf + f»)] = 2(Z4£ + Y4v + Z4S) 

+ 2 (Xdt + Y4v + Z4t). (115) 

This shows that the energy equation applies also to the relative motion of 
a system of particles with respect to coordinate axes £, y , £ of invariable 
direction and origin C moving with the mass-center of the system. That 
is, the change in kinetic energy of relative motion alone is equal to the 
work of all acting forces on the corresponding relative displacements 
only. Applying Eq. (115) to our solar system, we conclude that changes 
in the relative motions of sun and planets which we are able to observe 
are entirely independent of how the mass-center of the system as a whole 
may be moving through space. 

Like the momentum principles, the energy equation also finds a 
wkfe application in the field of hydrodynamics. As an example, let us 
consider the steady motion of an incompressible frictionless fluid. In 
such case, we do not try to retain the identity of individual fluid particles 
but visualize the motion in terms of a system of streamlines, tangents to 
which give the directions of velocity at all points in the field. Drawing 
such streamlines through all points of any small closed curve in the fluid 
field, we obtain a stream tube. In the case of steady flow, the str ea mlines 
are invariable with time and the fluid that moves through the chosen 
stream tube, behaves exactly as if the tube were real. Referring to Fig. 
120, let AB represent an arbitrary portion of such a tube. In our 
further discussion, we confine our attention to the system of fluid par- 
hcles initially contained between the cross sections A and B of this tube. 
After a lapse of time dt, the same fluid mass will occupy the volume A Bu 
The external forces acting on this system of particles are its own weight 
and the pressure forces distributed over its surface. In calculating the 
work of these forces on the indicated infinitesimal displacement, wo begin 
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with, the work of gravity forces and observe that this will be represented 
by the work done in moving the fluid AAi at the elevation zi down to BBi 
at the elevation z 2 . Denoting by Q the volume of fluid passing any 
given cross section in unit time, by ai and Vi the cross-sectional area and 



velocity at A, and by a 2 and i> 2 the same quantities at B, we have, for 
the shaded volumes, 

aiVidt = atfjidt = Q dt. 

Multiplying by w, the specific weight of the fluid, we obtain the weight of 
fluid AAi or BB\. When the fluid moves from configuration AB to 
configuration A1B1, the total work of gravity forces is then 

Qw dt(zi — Zi). 

In calculating the work of pressure forces during motion from AB to 
A1B1, we denote by pi and p 2 the pressures at cross sections A and B, 
respectively. Then the works of these pressure forces are, respectively, 

pidiVidt = piQ dt and —piaiVidt = —piQdt. 

The pressures on the lateral surface of the tube are all normal to the direc- 
tion of motion, and their work is zero. Thus the total work of external 
forces acting on the considered system of particles is 

Qwfa - z 2 )dt + Q(pi - Pi)dt. (jo) 

Since we are dealing with an incompressible fluid, the distances between 
particles of which do not change, the work of internal forces vanishes. 

In calculating the change in kinetic energy of our system of particles, 
we observe that during the assumed displacement, the velocities of 
particles within the region A \B do not change. Hence we will obtain 
the total change in kinetic energy simply as the difference between the 
energies of the two shaded elements in the figure. Thus 

Qw Vj*,. Qw / a) 
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Equating expressions (p) and (j), we obtain the energy equation 
9” v 4dt _ 9E Ogdt - Qw(zi - Zi)dt + Qpidt - Qpad«, 

p 2 0 2 


which is readily reduced to 1 


«i 


2g + w + 9l 


v£ 

2g 


+ g + 


(116) 


In using this equation, we must remember that it applies only to the 
special case of steady flow of an ideal incompressible fluid. 

Since the cross sections A and B of the stream tube in Fig. 120 were 
chosen arbitrarily, we conclude, in general, that for any cross section, 
the velocity v, the pressure p, and the elevation z must be so related as to 
satisfy the equation 


— + — + 2 = const. 
2 g w 


(117) 


This is a statement of the law of conservation of energy as it applies to 
the steady flow of an ideal incompressible fluid, for the sum of the three 

tenns can be shown to represent the total 
energy per unit weight of the flowing 
fluid.* To show this, we start with 1 lb. 
of fluid at rest on the datum plane and 
therefore having zero energy. First, we 
raise it up to the elevation z, which evi- 
dently requires the work 1 • z. Next, we 
must force it into the stream tube against 
the pressure p, and the work required to 
do this is the product of the pressure p 
and the volume (l/w) of the 1 lb. of fluid, i.e., p( 1/to). Finally, to bring 
it from rest up to the velocity v requires the work (1 /g) (v 2 /2), and we have 
total energy acquired equal to total work done equal to 



7777^77777777777777777777777777777 


Fig. 121. 


, p , V 3 , 

« + — + =- =? const. 

V) 2g 

As an application of Bernoulli’s equation (116), let us consider 
efflux of water from a vessel in the side of which is a small opening B 
(Fig. 121). If we trace back the streamlines from B, we find that they 
lead to the free surface A. Assuming that the water surface at A is large 
compared with the opening at B, we can neglect tu 2 at A in comparison 

1 This is the celebrated Bernoulli theorem, after Daniel Bernoulli, 1738. 

*If we multiply each term in Eq. (116) by the gravitational constant g, we 
obtain total energy per unit mass of fluid. 
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with v* at B. Also, p* and p B are both atmospheric pressures, arid Eq. 
(116) becomes 

from which 1 


v = \/2 gh. 


(r) 


We see that the velocity of a particle of water in the free jet at B is the 
same as if the particle had fallen freely 
through the height h. 

As another example, consider the pres- v 
sure that a uniformly flowing stream exerts 
on the nose of an obstruction (Fig. 122). 

The fluid will be dammed up immediately 
in front of the obstacle, and at point A, 
called the stagnation point, it comes completely to rest. Denoting the 
pressure hero by p, and that at the same depth in the undisturbed stream 
by p a , Eq. (116) gives 

*!+£!!«£*, 

2 g w -w’ 

from which 

p.-po+2^ « 



Flo. 122. 


Wo sec that the total pressure p» at A consists of two parts: (1) the static 
proHHurc po and (2) the dynamic pressure wv 2 /2g. These concepts are 
widely used in aerodynamical studies. 


PROBLEMS 

81. A uniform flexible chain of length l and weight wl rests on a smooth horizontal 
table with an initial overhang Xo (Fig. 123). Using the energy eq uation., derive the 
general expression for its velocity after release. Ans . v ■* v (0/0 (** — 3 q 2 )- 




82. A perfectly smooth tube in the form of a quarter circlo of radius r contains a 
chain of length l » ttt/2 and weight tw/2 and stands in a vertical plane as shown in 
Fig. 124. If the chain is released from rest inside the tube and slides out along a 
smooth horizontal plane, find its velocity t; for any position as defined by the angle 0. 

An*. v *■ 2 V(ir/ir)(0 + cos 6 — 1). 

1 Equation (r) represents the so-called Torricelli theorem . 
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83. A perfectly smooth semicircular tube of radius r standing in a vertical plane 
contains a chain of length rr and weight wttt as shown in Fig. 125. Duo to a slight 
disturbance, the chain begins to slide out of the open end 
of the tube as shown. Find the velocity v of the chain for 
any value of 0. • 

VW/iW 



Ans. v 




2 cos 0 + 0 s ). 

B 




Fig. 120. 


84 . Calculate the kinetic energy of the vibrating beam in Fig. 126 if the vertical 
velocity at any cross section is v 0 sin fac/l) and the weight of the beam is wl. 

Ans . T (wl/±g)vj. 

85 . A right circular cylindrical roller of radius r and weight W rolls, without slip- 
ping, in a cylindrical seat of radius R (Fig. 127). The axes of the two cylinders are 
parallel and horizontal, and the motion is completely defined by the angular velocity <fr 
of the line OC . Find the total kinetic energy of the roller. 

Ans . T « i (W/g)(R - 




86. A hollow right circular shell of radius R and weight W rotates about its hori- 
zontal geometric axis 00 with angular velocity 0. Inside this shell is a solid right 
circular cylinder of radius r and weight w as shown in Fig. 128. Tho position of the 
cylinder inside the shell is defined by the angle <j> as shown. Write the general expres- 
sion for the kinetic energy of the system if there is no slip. 


Ans. T 


W + jw 
2 g 


R + | - g ( R ~ r?* a -g*(R- rHd. 


Z 



87. A homogeneous right circular cone 
of weight W, slant height l, and vertex 
angle 2a rolls, without slipping, on a rough 
horizontal plane as shown in Fig. 120. 
Its motion is completely dofmod by tho 
angular velocity 0 around tho vertical z-axis 
through the vertex 0. Develop tho general 
expression for the total kinetic energy of 
the cone. 


Ans. T « & (' W/g ) Z a cos a a(3 cos a a 
+ i sin*a)0 s . 

88. The governor shown in Fig. 130 consists of two flyballs each of mass mi and a 
sliding weight of mass m%. The system rotates about the fixed vertical axis with 
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angular velocity u. The inomont of inertia of the T-shaft is I. Neglecting masses 
of tho arms of length I, find the total kinetic energy of the system. 

Ans. T =» llu 1 + mi[(a 1 sin 



C 



89. Water is siphoned out of an open tank through the bent tube ACB shown in 

Fig. 131. Neglecting friction, find the velocity v of the flow. What gauge pressure 
p c exists inside tho tube at C? Ans. v ■= y/2 gh; p e = —wh„ 

90. A fire hose (inside diameter 3 in.) has a nozzle at its end and delivers 260 g.p.m. ' 

of water in a l-in.-diamcter jet. What gauge pressure p exists in the hose at the base 
of the nozzle? Ans. p = 69.2 p.s.i. 

20. The Law of Conservation of Energy. — The energy equation (110) 
developed in tho preceding article can be applied to a system of particles 
acted upon by any kind of forces. Frequently, however, we have to deal 
with systems involving only such forces the work of which, during dis- 
placement from one position A to another position B, depends only on 
the initial and final configurations of the system, and is independent of 
the actual paths that the various particles describe during the displace- 
ment. Such forces are said to have a potential. 

Tho simplest case of force having a potential is the force of gravity. 
Consider, for example, a particle of weight w initially at A with elevation 

above an arbitrary horizontal reference plane. During displacement 
of the particle to any other position B with elevation z«, the gravity force 
w, opposing this displacement, produces tho work — to(zs — Zi). This 
work is independent of the actual path of tho particle between A and B 
and depends only on the initial and final positions. If the particle moves 
from B back to A, the gravity force produces the work +w(z s — z x ). 
In general, the work m that the gravity force can produce when the 
particle comes from any elevation z back to tho reference plane is called 
tho potential energy of the particle at tho elevation z and will be denoted 
by V. With this notation, we sec that the work done by the gravity force 
when the particle is displaced from A to B is 

-«(«,- fO - -(Vs- Fi); 

i.e., it is equal to the change in potential energy with reversed sign. 
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If we have a system of particles of weights ici, Wt, . . . w n , at the 
elevations Z\, g*, . . . z„ above the reference plane, the corresponding 
potential energy of the system is 

F = WlZi + Wsfit + • * • + WtiZn = 2(t02). 

Using expression (k), page 157, for the coordinates of the mass-center of a 
system, we can represent this potential energy in the simpler form 

F = 2(io«) - Wz e) (a) 

where W is the total weight of all particles and z„ is the elevation of their 
mass-center. 

As an example of internal forces having a potential, let us consider 
the case of two particles connected by a spring with the characteristic 
k.* Let any configuration of the system in this case be defined by an 
extension x of the spring; then the force acting on each particle is kx. 
These forces produce work only if the distance between the particles 
changes. Giving a small increase dx to the extension x in the spring, we 
see that the forces kx oppose this increase and produce work of the amount 
—kxdx. S umming up such increments from any ini tial extension Xi 
to a final extension x%, we obtain for the total work 



Again, we see that this work is independent of the actual paths of the 
two particles during the displacement and depends only on the initial 
and final configurations. The work done by the internal forces kx when 
the spring is allowed to shorten from any extension x to the unstrained 
configuration ( x = 0) represents the potential energy of the system in 
the strained configuration. Thus, in this case, 



Using this notation in the above expression for work during any change in 
configuration from initial extension xi to final extension * 2 , we have 

- f x ' kxdx => — (F 2 — Fi), 

JX\ 

and, again, the work is represented by the change in potential energy 
with reversed sign. 

Let us consider next the case of two particles of masses mi and ma 
that are separated by the distance r and mutually attract each other with 

* The force required to produce unit extension of the spring. 
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the force imims/r*. If the distance r between these two particles is 
given a slight increase dr, the forces of attraction oppose this separation 
and produce the work — drOimim 2 /r 2 ). Summing up such increments of 
work during a change in configuration of the system from initial mutual 
distance rito final mutual distance r 2 , we obtain for the total work 


— ftmiTOa 


f r, dr (\ l\ 

in F " ~ n) 


Again, this work is seen to depend only on the initial and fuml configura- 
tions of the system, and we have forces with a potential. Taking 
r<> ss oo as the reference configuration in this case and proceeding as in 
previous cases, we find, for the potential energy in any other configura- 
tion, defined by the mutual distance r, 


V = — - mim 2 , 

T 


(c) 


and the above expression for work becomes 


—umiint 


[ T, dr 

Jr , r 2 


(V, - 7i). 


If to a system of two particles mi and m 2 at the mutual distance r« 
we bring a third particle m 8 from infinity, the increase in potential energy 
of the system is evidently 


. /mi , m 2 \ 


Thus we conclude that the total potential energy of a system of n particles 
at the mutual distances r<j will be 


»-n— 1 i-n 

X f) • v) 

i-1 J-i+ 1 



We consider, now, two bodies joined 
together by an inextensible bar of length 
l and flexural rigidity El (Kg. 132) . Let 
any configuration of the system be de- 
fined by the relative angle of rotation <t> of 
the two bodies. Then the moments M exerted on the two bodies by the 
ends of the bent bar will be of magnitude H, where k = El /l is the flex- 
ural spring characteristic for the bar. During an increase d<f> in the angle 
these moments produce the work —k4> d<j>. Summing such increments 
for any change in configuration from <t>i to <j>z, the total work done is 
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Proceeding as in previous cases and allowing the system to return from 
any strained configuration, defined by the relative angle of rotation <f>, 
to the unst raine d configuration (<£ = 0), we find that its potential energy 
is 


v - M 

V ~ 2 2 r 2 2r s ’ 


(d) 


where r is the radius of curvature of the bent bar. 

In the more general case of bending of a beam in one of its principal 
planes, the radius of curvature may vary along the length of the beam. 
In such case, we can use the above formula (d) only for one element of 
infinit.flsi'mn.l length dx. Then the total potential energy of the distorted 
beam is 



Sometimes we have to calculate the potential energy of pressure p 
uniformly distributed over the surface of a body of variable volume. Let 
dS be an element of surface of the body and dn its displacement in the 
outward normal direction during a small change dv in the volume. Then 
the work done by the pressure force p dS acting on that element is 
—p dS dn, and the corresponding work over the entire surface S is 

— I pdSdn = —pdv. 

J s 

If the pressure p is a function of the volume and we consider a change in 
configuration from volume vi t6 volume v 2 , the total work is 

- j: pdv. 

Allowing the body to return from any volume v to an arbitrarily chosen 
reference volume Vo, the work done is 

-fj’pdv; 

and hence for potential energy at the volume v, we have 

V=f’pd». (e) 

In the particular case where the pressure p remains constant, this becomes 

V = p(v - ti 0 ). (e') 
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In all cases like those discussed above, where the acting forces (either 
external or internal) have a potential, we have seen that their work during 
any displacement of the system from one configuration A to another 
configuration B can be expressed as the corresponding change in potential 
energy with reversed sign. That is, 

is: F cos ( F,v)ds — is: F coa(F,v)ds — is: F C0B(F,v)da 

= -(V„- 7.). (/) 

Substituting this expression on the right-hand side of the energy equation 
(110), we obtain 

T a -T±= ~(V b - VS), 

from which 

T b + V b = Ta + Va. (118) 

Since the configurations A and B of the system are entirely arbitrary, we 
conclude that in the case of forces having a potential, the sum of the 
kinetic and potential energies of the system remains constant during its 
motion. This is the law of conservation of energy. Systems for which this 
law holds are called conservative systems. 

If during motion of a conservative system 
the kinetic energy T increases by some 
amount, then the potential energy 7 
must decrease by the same amount and 
vice versa. If after some motion the 
system passes again through its initial 
configuration A, the potential energy 7, depending only on configuration, 
acquires its initial value; henco the kinetic energy also must have its 
initial value. 

As an application of the law of conservation of energy, let us consider 
the free vibrations of a block of weight W attached to a spring of charac- 
teristic k and sliding on a smooth horizontal track as shown in Fig. 133. 
Measuring displacements from the position of the block corresponding 
to the unstressed configuration of the spring, we assume, as initial con- 
ditions, * = *o, £ = 0, when t — 0. For any other position, during 
vibration, the forces acting on the block are the spring force —kx, the 
gravity force 17, and the reaction exerted by the plane. Since the last 
two forces are always balanced, we have to consider only the spring 
force, the potential energy of which is kx i /2. For the initial configura- 
tion, the potential energy is kx^/i and the kinetic energy is zero. Hence 
Eq. (118) gives 


1 

y +C >j 

|A/WWW\i 

y\ 

0 - 

* TCq ► 

n_r~ 

l 

i 


T! ! 

/ 7 yy/////777^ 

77? 

7777777777777777/ 

Hr 


Fig. 133. 
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We take the solution of this equation in the form 

x — x 0 cos pt, W 

which satisfies the initial conditions and where p is an undetermined 
constant. To find the value of p, we substitute the assumed solution ( h ) 
into Eq. (g), which gives 


W kxo* , . kx 0 2 

sm*p< + cos *pt = ~ 2 ~- 


This equation is satisfied if Wp*/g = k, which yields p — "s/kg/W , and 
the period of vibration is 


T 


2tt 

V 





The above approach to the problem of free vibrations of a system has 
certain advantages over working directly with the differential equation 
of motion as we did in the preceding chapter, since it can be used with 
equal success in more complicated cases. Suppose, for example, that we 
wish to investigate the effect of the distributed mass of the spring on the 
period of free vibration of the system in Fig. 133. If the spring were 
truly without mass, as we tacitly assumed in the preceding discussion, its 
configuration during vibration would be the same as under purely static 
stretching. That is, if x is the displacement of the block at any instant, 
the displacement of any element of the spring at the natural distance c 
from the fixed end will be cx/l. If the mass of the spring is not neglected, 
the problem of free vibrations of the system becomes much more com- 
plicated, since various modes of vibration may occur. But if we are 
interested in the fundamental mode only, an approximate value for the 
period r can be obtained by using the law of conservation of energy. 
In making such an approximate calculation, we assume that during vibra- 
tion the configuration of the spring is the same as if it had no mass. Then 
the potential energy of the system for any displacement x of the block 
will be the same as before, and the kinetic energy, including that of the 
moving mass elements of the spring, can easily be calculated by observ- 
ing that the velocity of any such element is cx/l, where x is the velocity 
of the attached block. Denoting by to the weight per unit length of the 
spring and by l its unstrained length, we obtain, for its kinetic energy, the 
expression 



Adding this to the kinetic energy of the block and using Eq. (118), we 
obtain 
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instead of Eq. (g) above and, for the period of vibration, 

instead of Eq. (i). We see that an approximate correction for the effect 
of the mass of the spring on the natural period of vibration of the system 
■will be obtained by adding one-third of the spring mass to the attached 
mass and then proceeding as for a massless spring. 



\y 

Fio. 134. 

As a second application of the law of conservation of energy, let us 
consider free vertical vibrations of a block of weight W supported at the 
middle of a simply supported beam AB (Fig. 134). Neglecting, first, 
the weight of the beam and measuring vertical displacements of the block, 
during vibration, from its equilibrium position, we conclude that the 
kinetic energy of the system at any instant is 

In calculating the potential energy, we have to consider the gravity force 
W and the elastic reaction R that the beam exerts on the block. The 
potential energy of the gravity force for any displacement y of the block 
from its equilibrium position is — Wy. The elastic reaction R is pro- 
portional to the deflection of the beam from the unstrained configuration. 
Denoting the spring characteristic of the beam by k* and the static 
deflection W/k by 8,<, we have 

R = —k(d,t + y), 

and the potential energy of this force is 

- J k(S M , + y)dy = kS„y + ^ ky* = Wy + 

* For a simply supported beam of flexural rigidity El loaded at the middle, 
* - 48JBJ/P. 
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Adding to this the potential — Wy of the gravity force and using Eq. 
(118), we obtain 


Wy* , ky 2 _ kyo? • 
2g ^ 2 2 ’ 


0 ) 


where ya is the amplitude of vibration. This is the same equation as 
Eq. (g) above, and hence the period of vibration is 


r — 2ir 



(m) 


Now to make an approximate correction for the effect of the dis- 
tributed mass of the beam on this period of vibration, we assume, as 
before, that during vibration, the shape of the beam is always similar to a 
static deflection curve for a load P at the middle. Then for any dis- 
placement y of the block from its middle position, the corresponding dis- 
placement v of an element dc of the beam, distance c from the left end, 
will be 1 

3 cl 2 - 4c* 

V = y /a — 


The velocities ij and y will be in the same ratio, and we obtain, for the 
kinetic energy of the beam 


T b = 2 




17 wl .. 
35 2 g V ’ 


where w is the weight per unit length of the beam. Adding this to the 
kinetic energy of the block and using Eq. (1 18), we obtain 



instead of Eq. (Z) above. We see now that to correct for the effect of 
the mass of the beam on the period of free vibration, we need only to 
add to the weight W of the block $$ of the weight of the beam and then 
use formula (m) as for a weightless beam. 

As a last example, let us calculate the period of lateral vibrations of 
the beam in Fig. 134 without the block W, assuming that during motion, 
the configuration of the beam is defined by the equation 


n = y sin 

where y as before, is the displacement of the mid-point of the beam from 
1 See S. Timoshenko “Strength of Materials,” 2d ed., pt. I, p. 156. 
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the equilibrium configuration. Differentiating this expression with 
respect to time, we find that the velocity of any element of the beam is 
ij = y sin (vx/l), and the expression for the total kinetic energy of the 
system becomes 



where wl is the total weight of the beam. Using Eq. (d'), page 168, the 
potential energy of the beam is 


V = 



(?) 


with respect to the equilibrium configuration. Assuming 


y = j/ocos pt, 


we find that when the beam is in an extreme configuration, the potential 
energy is v*EIy<?/U* and, of course, the kinetic energy is zero. Similarly, 
when the beam passes through its equilibrium configuration, its kinetic 
energy is wlpPyf/fy and its potential energy is zero, since we measure 
displacements 1 ? from the equilibrium configuration. The law of con- 
servation of energy now gives 


from which 


4Z 3 Vo 2/0 ’ 


wl* 


and the period of vibration is 

— — 

r ~~V 


W l_w_ 
r \BIg 


(a) 


PROBLEMS 

91. What portion of the weight wl of the uniform cantilever beam in Fig. 135 
should bo added to the weight W at the end to correct formula (m) approximately for 
the period of free lateral vibration. Assume that during vibration, the beam main- 
tains a configuration similar to a static deflection curve for a load at the free end. 

Ans. ZZwl/140. 



■ 92. Referring to Fig. 136, prove that if Si, 5s, S 9 arc the static deflections of a 
simply supported beam AB under the loads W i, TP., Wz, then the approximate expres- 
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sion for the period of the fundamental mode of vibration of the system is 

Wtfx* + + Wtfa* 

g(Wifa + Wafa + Wafa 

Neglect the mass of the beam in this case. 

93 . Find the period of oscillation of the roller in Prob. 86, assuming that it rolls 
without slipping and that the angular displacement <f> is always small. 

Ana. t-2t 

94 . Assuming that the solid cone described in Prob. 87 is placed on a rough piano 
inclined to the horizontal by the angle 0 and that it per- 
forms small rolling oscillations about its equilibrium posi- 
tion without slipping, find its period r. 

96 . A slender prismatic bar A B of weight W \ is hinged 
at A and swings in its vertical plane as a physical pen- 
dulum (Fig. 137). At the free end B of this bar is a roller 
of weight and radius r that rolls without slipping along 
a circular track of radius R with center at A as shown. 
Find the natural period t of the system for [small oscil- 
lations in the plane of the figure. 

Ana 2 r 

AfUS - + W \ \ g ) 

21. The Energy Equation for Reciprocating Engines. — The energy 
equation developed in Art. 19 finds an important practical application in 
the design of reciprocating engines as discussed in Arts. 17 and 18. We 
begin with the formulation of the expression for the total kinetic energy 
T of one crank, connecting rod, and piston as shown in Fig. 99 (see page 
136). We recall that in previous discussions, the connecting rod of rnaaa 
m' was replaced by two particles at its ends: m x at the crankpin A and 
ma at B. The latter mass toj' was then combined with the mass m" of 
the piston, giving the total mass wij = m% -|- m" at B. We also assigned 
to the mass particle wii at A the fictitious moment of inertia 

/ = m'W ~ c(l - c)], 

where i x is the radius of gyration of the connecting rod with respect to 
its centroidal axis, distance c from the crankpin A. The moment of 
inertia of the crank with respect to its axis of rotation was denoted by 
mi 0 *. With these notations, the total kinetic energy of the system, dur- 
ing motion, will be 

T = 4- mi r s )£* + m ai* + m'[ii* - c(l - c)M s ), (a) 

where 4> is the angular velocity of the crank, z the linear velocity of the 
piston, and ^ the angular velocity of the connecting rod. 
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We have also seen previously that both x and ^ can be expressed in 
terms of 4>- Differentiating expression (96), page 138, once with respect 
to time and using expression (m), page 141, as it stands, we have 

x => — r<£(sin <j> + iA 2 sin 2<p — iA 4 sin 4 <t> 1 

+ -fcAjsin 6^ f- • • • )» | (f>) 

if/ = X^(Cicos <t> — $Cs cos 3<f> + i-C^cos 5 </> [-•*•)• j 

Substituting these expressions into 
Eq. (a) above, we obtain 

T = W*, (119) 

in which Sr is a rather cumbersome 
function of the angle <j> and repre- 
sents the so-called reduced moment of 
inertia of the system. 

In practical applications, we usu- 
ally define the function 'Sr graphically. 

Consider, for example, a particular 
configuration of the system as shown in Fig. 138. Since M is the instan- 
taneous center of rotation of the connecting rod, the absolute values of 
the velocities of points A and B are in the same ratio as the distances 
AM and BM,i.e., 

|i| Wt W _rt 
rj> ~KM TJI t 

and 

|i| = ri<f>. ( c ) 

To find tho angular velocity $ of the connecting rod, we divide the 
velocity of point A by the distance AM and obtain ^ = r^J AM, or since 

AAf = AO __ r 

AB ZZ5 rt 

we have 

$ ■» j (<0 

If we repeat the construction in Fig. 138 for a number of values of <t> 
and substitute each time in Eq. (a) the values of A and '/', computed from 
Eqs. (c) and (cl), we can determine a series of values of the function Sr 
for the chosen values of <t>. In this way, the function 'Sr can be represented 
graphically by a curve like the one shown in Fig. 139. 1 For an approxi- 

1 This ourvo was made for a Diesel engine having X - 0.41. 
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mate calculation of we can assume that the angle is always small, 
neglect $ entirely, and take as a first approximation for x [see Eqs. (6)] 

x ss —r<j> sin 4>. 


Then Eq. (a) for kinetic energy reduces to 

T ~ $(mto 2 + rriyr 2 + m 2 r 2 sin 2 «f>)<£ 2 , (e) 


and the corresponding approxima- 
tion for SE r is represented by the 
function within the parentheses of 
this expression. It is shown 
graphically by the dotted curve in 
Fig. 139. We see that the func- 
tion SP varies periodically with the 
angle of rotation <j> of the crank, 
and in using expression (119), we 
are dealing with a system having a variable moment of inertia with respect 
to the axis of rotation through 0. 

Using expression (119) for kinetic energy, Eq. (108) becomes 



d(W s ) = 2F.cos(F.,v)ds + 2F<cos(f»ds. (/) 

The right-hand side of this equation represents the work of all forces 
acting on the various parts of the system during a small change in its 
configuration. In calculating this work, we have to consider, as external 
forces, the gravity forces and the resisting torque, equal and opposite to 
the shaft torque M, transmitted through the shaft and capable of pro- 
ducing useful work, 1 and, as internal forces, the gas pressuro in the cylin- 
der and the friction between moving parts. Starting with the work of gas 
pressure in the cylinder, we denote by P the resultant force exerted on 
the head of the piston. This resultant can be calculated for each position 
of the crank by using an indicator card diagram. For a small c hang e in 
the configuration of the system as defined by d<j> = <j> dt, the correspond- 
ing displacement of the piston is dx = x dt. Using expression (c) above 
for x, this becomes dx = rid<p, and the work of the gas pressure is 


Pr,d<t>. fo) 

The moment Pri represents the torque due to gas pressure and will be 
denoted by M p . For each position of the crank, the length n is found 
graphically as shown in Fig. 138, and the gas torque M, can be repre- 
sented by a curve as shown in Fig. 140 for a two-cycle engine. We see 

‘As we shall see later, this may include work done on a flywheel, which we do not 
consider as a part of the system. 
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that this torque is a periodic function of the angle rotation <t>, repeating 
itself after each revolution of the crank. 1 The resisting torque 

Mr = -M, 

acting on the shaft produces, dur- 
ing rotation d<t>, the work 

-MM- (A) 

The work of friction forces dur- 
ing rotation d<f> can be approxi- 
mately calculated for each position 
of the crank if we know the pressures between the moving parts and the 
coefficients of friction. 5 This work can bo represented in the form 



— ( i ) 

where the friction torque M } can also be represented graphically as a 
function of <t>. Finally, the work of the gravity forces is obtained from 
the expression for t in* potential energy of the system and can be repre- 
sent ed in the form 

~Wdy c , O') 


where W is the tot al weight of the system and y„ is the elevation of its 

mass-center. Substituting expressions (g), 
(A), (*), (j) all into Eq. (/), we obtain 

d(W) - (M P -M.- M/)d<f> - Wdy c . 

( 120 ) 

In the case of a horizontal engine as in 
Fig. 90, we havo to consider only the gravity 
force mg of the crank concentrated at its 
center of gravity C and the gravity force m-ig 
of the portion of the connecting rod assigned 
to the crankpin A. The potential energy of 
|,i„, m, these forces is 



V » g(mn >(- »ijr)sin <f>, 

and their work, during rotation d</> of the crank, is 


— (1$ sa — 4- Wir)c«B <t> d<l>. (fr) 

In the case of a vertical engine (Fig. Ml), we havo to consider not 
only the gravity forces mg and wttg but also the gravity force mtg for the 
1 In the raw* of a four-cycle engine, the gas torque repents at intervals of 4ir; see 

Fi*. 148, p. 188. , „ . 

* For a <le tailed discussion of these forces, see Bicseno and Orammol, Teeh- 
nische Dynamik," p. 017, Bpringer, 1030. 



178 


ADVANCED DYNAMICS 


[Chap. II 


mass particle at B. Measuring vertical displacements from the con- 
figuration corresponding to $ = 0 , the potential energy of the gravity 
forces, in this case, is 

V =■ —g[(ms + mir)(l — cos 0 ) + m 2 (Z + r — *)], 


and their work, during rotation d<t> of the crank, is 



dec 

(ms + «ur)sin <j> d<j> — mz ^d 0 


Using expression (96), page 138, for x, this becomes 


dV 

— = g[(ms + + m 2 r)sin 0 

+ m 2 r(£A 2 sin 20 — i-A^sin 40 + &4«sin 60 f • • • )]d<t> (l) 

Comparing expressions (k) and (T) with Eqs. (98), page 139, we con- 
clude that for a horizontal engine, 


II 

M-e- 

Q 

«*. 

f*Yd</> 

(m) 

while, for a vertical engine, 


2 


II 

M-S 

•eh* 

_ JL 

co a % 

j* X dfa 

(«) 


where X and Y are the axial and transverse components, respectively, 
of the force transmitted to the foundation due to unbalance of the engine 
at uniform speed. Thus, if Y — 0 for the horizontal engine or if X = 0 
for the vertical engine, the term — W dy e in Eq. (120) vanishes. 

Integrating Eq. ( 120 ) for any initial angle of rotation <f>i to some other 
value 02 and giving the corresponding values of the function Sf' the same 
subscript, we obtain the energy equation of the engine in the following 
form: 


*(*»&*) - iCW) - f* (M p — M, — M,)d 0 + W(y c ' - y / '), ( 121 ) 

where y 0 f and y” are the elevations of the mass-center corresponding to 
and <t> 2 , respectively. If M P} M a , Mf , and ^ are all known for each 
value of <f > , the right-hand side of this equation can be evaluated; and we 
find the change in angular velocity <j> during rotation from fa to fa. If 
we consider a complete revolution of the crank (fa *= fa + 2 r), the final 
and initial configurations coincide, the work of gravity forces vanishes, 
and ^2 ^i. In such case, Eq. ( 121 ) becomes 

- <h>) = f* l+aT (m v -m,- M,)d<t>. 


( 122 ) 
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If the work done by the gas pressure during one revolution is just offset 
by the useful work together with that lost in friction, the integral on 
the right-hand side of Eq. (122) vanishes and we have fa = fa. That 
is, the angular velocity of the engine, though not necessarily uniform, has 
the same value for angles of rotation 0 that are multiples of 2x. This 
condition is referred to as the steady state of motion of the if 

the work of the gas pressure per revolution exceeds the useful work 
together with that lost in friction, the angular velocity of the pa ging. 
increases; under reversed conditions, the angular velocity decreases. 

Having the general energy equation (121) for a single-cylinder 
we can write a similar equation for an engine having several identical 
cylinders. For each cylinder, the values of Mp, M f , and 

W(y/ - y/>) 

ate obtained from diagrams made for the single-cylinder engine. It is 
only necessary to take for each cylinder the proper value of fa Then 
the energy equation for a multicylinder engine is obtained by summation 
as follows: 

•£ ^ ^tfa 1 — i ^ = J ^ (M P — Mf) — M, 

+ }V(y 4 ' -Vo"). (123) 

Returning now to Eq. (120) and introducing the notation 

M. - IT* (o) 

which we call the gravity torque , we may write 

= M dfa (124) 

where 

M = M p — M, — Mf — M g (p) 

is a torque that, during a change d<t> in the coordinate fa produces the 
same work as the actual forces acting on the system. We see that the 
engine is a system with one degree of freedom; its configuration is com- 
pletely defined by the angle of rotation <t> of the crank. This angle repre- 
sents the generalized coordinate of the system, and the quantities ¥ and 
M are expressible as functions of this coordinate. The torque M, which 
produces the same work as the actual forces during a small change d<t> in 
the generalized coordinate fa is called the corresponding generalized 
torque. Equation (124) has the same form as an equation of motion for a 
body of variable moment of inertia ¥ rotating about a fixed axis under 
the action of a torque M and represents the most condensed form in which 
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the equation of motion of the engine can be expressed. Integrating this 
equation from some initial configuration <£o to any other configuration 
<t> i, we obtain 

= [*' M d<t>. (125) 

From this equation, the angular velocity 4> of the crank can be found for 
any value of 4> provided both "S' and M are known as functions of <t> and 
the initial angular velocity <j>o is given. 

If we divide both sides of Eq. (124) by dt, we have 

(5) 

which states that the rate of change of kinetic energy of the system is 
equal to the rate at which the generalized force M produces work. Per- 
forming the indicated differentiation on the left-hand side of Eq. (q) 
and remembering that ^isa function of <f>, we obtain 

or, after canceling <j>, 


The left-hand side of this equation can be represented in another form by 
using the expression 

T = &<)>* (s) 

for the kinetic energy of the system. Making the partial differentiations 


= 1 £2 
H 2 34* 


and 


together with the total differentiation 



(0 


d 

dt 



♦’ + ** 


we see that Eq. (r) can be written in the form 



(«) 


(126) 


The left-hand side of this equation is obtained by differentiation of the 
general expression for the kinetic energy of the system. On the right- 
hand side, we have the generalized torque M corresponding to the 
selected generalized coordinate <t>. If the kinetic energy T of the system 
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and the generalized torque M are known functions of <t>, Eq. (126) can 
be written without difficulty. In this form, the equation of motion for 
the system is known as Lagrange’s equation. 1 

We can readily generalize Eq. (126) to apply to any system that has a 
single degree of freedom. If the chosen generalized coordinate defining 
the configuration of the system is a linear coordinate s, then, instead of a 
corresponding generalized torque M, we shall have a generalized force F, 
and Eq. (126) takes the form 


d (dT\ _ dT = p 
dt\dsj ds 


(126a) 



In any case, the generalized force is always so chosen that during a small 
change ds in the generalized coordinate, it produces the same work as 
the actual forces acting on the sys- c 

tem. 

PROBLEMS 

96. Two identical prismatic bars of 
weight W and length l are hinged together 
at C and supported by a smooth horizontal 
plane as shown in Pig. 142. Taking the 
angle 8 as generalized coordinate, formu- 
late the expressions for the corresponding 
generalized torque M and for the kinetic energy T of the system. Using these expres- 
sions in Eq. (126), show that the equation of motion of the system becomes 

fi- sin *. 

97. Using Eq. (126a), write the equation of motion for the system in Fig. 142 

when the vertical height x of point C is taken as the gener- 
alized coordinate. 

Ans. & + p X * ^ (1* - **) - 0. 

98. A simple pondulum of length l and weight Wi is 
supported at point 0 and swings in a vertical plane as 
shown in Fig. 143. A second weight W 2 , guided by a 
circular seat of radius r, can slide freely along the rod OA 
of the pendulum. Taking the angle <f> as generalized co- 
ordinate, formulate the expressions for the corresponding 
generalized torque M and for the kinetic energy T of the 
system. Treat the weights W i and as dimensionless 
particles, and assume that the rod OA is without mass 
but completely inflexible; neglect all friction. Using the 
expressions for M and T in Eq. (126), write tho equation of motion for the system. 



Wd* 4-jWV 2 z WJ, am <t> - 2W%r sin 2 <f>. 


1 Lagrangian equations for systems with several degrees of freedom are discussed 

fully in Chap. Ill, 
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99. Write the equation of motion for the pendulum shown in Fig. 143 if the sliding 
weight W% follows a smooth horizontal surface distance h below point 0. Make the 

same idealizing assumptions as in the preceding 
problem. 

100. The system shown in Fig. 144 consists of 
a flywheel of moment of inertia /, a piston of weight 
W working from a crank of radius r, and a weight 
Q suspended from a string that is wound around the 
flywheel. Using <f> as generalized coordinate, write 
the equation of motion for the system. 

Ana. (j + ^ r* + ~ r% in*^ & + 


I 


Fig. 144. 


i — r*<£ s sm 2<*> 
l Q 


22. Flywheel Calculations. — As noted in the preceding article, the 
angular velocity of the crankshaft of an engine is likely to suffer con- 
siderable n onunif ormity even in the steady state as a result of the vari- 
ability of torque due to gas pressure. To minimize this nonuniformity of 
rotation and realize conditions satisfactory for the performance of useful 
work, it is c omm on practice to use a flywheel that acts as an accumulator 
of energy. When the torque due to gas pressure exceeds the resisting 
torque, the speed increases and some of the work done is stored in the 
form of kinetic energy in the flywheel. This energy is then used in that 
portion of the cycle in which the resisting torque exceeds that due to 
gas pressure. The fluctuations in angular velocity will depend evidently 
on the size of the flywheel; and by increasing its moment of inertia, we can 
approach more and more closely to an absolutely uniform angular 
velocity. Usually, there are rather definite requirements regarding the 
uniformity of rotation for various kinds of machines. If and ^otn 
are the extreme values of the angular velocity of the shaft of an engine 
r unning in the steady state and <j>„ = + 4>min) is its average 

velocity, 1 we define the grade ef nonuniformity of rotation by the coef- 
ficient of nonuniformity 


c 



(a) 


For machine shops, the usual requirements are s «= to e *• for 
direct-current generators, e — rbr and, for alternating-current generators, 
« = sfar- For a given engine and a given requirement regarding e, 
the general problem before us is to select the proper flywheel. 

We begin with Eq. (120) of the preceding article, which we write in 
the more convenient form 


d( W*) = (M p -M.-Mf- M e )d<t>, 


1 We assume that this is also the mean angular velocity. 
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where M„ is the torque producing, during rotation d<f>, the same work as 
the gravity forces. In the case of a horizontal engine, as we see from 
Eq. (k) of the preceding article, 

M t — g(ms + OTir)cos 4>. 

For a vertical engine, the gravity torque M g is obtained in a similar man- 
ner from Eq. (1) of the preceding article. 

Performing the indicated differentiation on the left-hand side of Eq. 
(b) and remembering that 'Sr is a function of <#>, we have 

d (W‘) - 3 **;!£**■ <•> 

The first term of this differentiation represents the increase in kinetic 
energy of the engine due to change in the reduced moment of inertia 
The second term is due to fluctuation in the angular velocity and is 
usually very small in comparison with the first term, so that it can be 
neglected without serious error, especially for high-speed engines. With 
this simplification and using 4> a in place of 4>, we write Eq. (b) in the form 

\ *•' -M.-Mf- M a )d4>. {d) 

From this equation, we find that the shaft torque 

M. - M, — M, — M , — \ ~ (e) 

The calculations of the first three terms on the right-hand side of this 
expression and their representation as functions of 4> have already been 



discussed in the preceding article. To evaluate the last term, we have to 
differentiate the Sir-curve shown in Fig. 139. When all terms on the 
right-hand side of Eq. (e) have been evaluated, a curve for the shaft 
torque M, can be drawn. Such a curve of M, vs. <i> for a four-cycle 
engine is shown in Fig. 145. 1 It will now be shown how this curve can 

1 Tiie curves for this article have been taken from the book by Biezeno and 
Grammel, “Technische Dynamik,” Springer, 1939, 
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be used for calculating the proper dimensions of a flywheel to ensure a 
desired grade of uniformity. 

The torque M, represents the turning moment transmitted through 
the crankshaft and capable of producing useful work. The area between 
this curve and the ^-axis represents the amount of useful work produced 
during every two revolutions of the engine. Dividing this work by 
4jt, we obtain the average value of M„ which we denote by M a . This 
average value of the shaft torque is represented in Fig. 145 by the hori- 
zontal line. Assume now that a flywheel is put on the shaft. Then 
the torque M, transmitted through the shaft not only produces useful 
work but also accelerates and decelerates the flywheel. We assume that 
the useful work consumes a uniform torque. Then in the steady state, 
this torque is evidently equal to M a . When M, exceeds its average value 
M a , the flywheel is accelerated; when M, is less than M a , the flywheel 
decelerates. Denoting the moment of inertia of the flywheel by J„, we 
may write 

W - M. - Ma, (f) 

where 4> is the angular acceleration of the flywheel. Multiplying both 
sides of Eq. (/) by <j>dt = d<l>, we obtain 

= (M, - M tt )dfa (g) 

At the points of intersection of the Af,-curve with the 2lf 0 -line in Fig. 145, 
the acceleration <j> vanishes, as we see from Eq. (/), and the angular 
velocity of the flywheel acquires its maximum or minimum value depend- 
ing on the sign of M, — M a in the preceding portion of the diagram. The 
angular positions of the crank at which these maximums and minimums 
occur are denoted by fa, fa, . . . as shown. Considering, for example, 
the configuration fa, we see that in the preceding portion of the diagram 
shown by the shaded area Aw, the quantity M, — M a is negative; hence 
the flywheel decelerates, and fa is a position of minimum angular velocity. 
By the same reasoning, we find that fa is a position of maximum angular 
velocity, etc. The successive extreme values of 4> corresponding to 
fa, fa, fa, . . • will be obtained by integrating Eq. (g). Applying this 
equation to an interval from fa to fa+i and integrating, we obtain 

iUh+i 2 - tf) = /* + ‘ (M, - M a )d<t> = A <1<+1 . 

Since, in practice, the fluctuations in angular velocity are usually small, 
we can assume (&+i + = <j> a and write this equation in the simpler 

form 

/w<£a(<fo+l ““ 4>i) = (h) 

Now by using a planimeter, we determine the areas An, Au = An + A%t, 
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-A u = Aia + An, .... The last area An must vanish, since, by 
definition, 

r = AirM a . 

J<tn 

Having the areas An, An, An, , we select from among them Alan 
and .Amin* Then, on the basis of Eq. ( h ), we write 

<$min) ~ Am.. A. min 

or, using expression (a), 

A w.. A mt. . 

If the required coefficient of nonuniformity is specified, we find, for the 
necessary moment of inertia of the flywheel, 


= 



(127) 


It should be noted that Eq. (127) gives a somewhat exaggerated value 
for I w , since, in its derivation, we neglected the second term in expression 
(c). .This term 


*0* 



AW 

d<f> 


d<t > , 


depending on the angular acceleration of the engine, represents a certain 
inertia action similar to that of a flywheel. If we take it into considera- 
tion, Eq. (g) above must be rewritten as follows: 

= (M, - M a )d<t>. (i) 

Substituting for St its average value 



and proceeding as before, we obtain, instead of formula (127), the more 
accurate formula for the moment of inertia of the flywheel 

I. - - *«• (128) 

<pd e 

Using either Eq. (127) or (128), we can find the required size of fly- 
wheel to obtain any desired grade of uniformity of rotation of the engine. 
We see, however, that the engine can never run with perfect uniformity 
unless the flywheel is infinitely large. Increasing the size of the fly- 
wheel, we can have a smaller and smaller grade of nonuniformity, but 
we can never eliminate it completely. 

Theoretically, we can remove all nonuniformity by using a flywheel of 
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variable moment of inertia. To show this, we return to Eq. (6), which 
we write in the simplified form 


where 


d(iW = Md<j>, 

M = M, — M, — M f — M t . 


U) 


If, by some device, the angular velocity 4> is kept constant and equal to 
u, then, from Eq. (j), we obtain 


dtf = 2M 
d<t> w 2 


(*) 


We see that for absolute uniformity of rotation, the rate of change of the 
reduced moment of inertia ¥ must take place in proportion to the variable 



Fig. 140. 


torque M. One method of accomplishing this is 
shown in Fig. 146 in which the radial distances s 
of sliding masses m on two spokes of the flywheel 
are made to vary as a proper function of the angle of 
rotation <t>. In this way, the variation in the re- 
duced moment of inertia ^ can be made to satisfy 
Eq. (k). Naturally such a device works only as 
long as the torque M remains the same function of 


<t>. Any change in this torque will require a corresponding change in the 
kinematical arrangement governing the radial distances s of the sliding 
masses; and for this reason, the device is not of much practical value. 

The foregoing method of flywheel calculation, using Eq. (127) or 
(128), can readily be extended to the case of an engine with several identi- 
cal cylinders. In such case, to make a diagram like that shown in Fig. 
145, we have to combine the actions of individual cylinders by taking 
proper account of the angular positions of the corresponding cranks. 
Assume, for example, that Fig. 147a represents the M ,- curve for one 
cylinder of a two-cycle engine. To get the Af ,-curve for a two-cylinder 
engine, we observe that the two cranks are under the angle jt. Dividing 
the curve in Fig. 147a into two parts and placing them as shown in Fig. 
1476, we obtain, by superposition, the M ,-curve for a two-cylinder engine 
as shown by the heavy line. The complete period of the curve in this 
case is evidently tt; i.e., after every half revolution of the shaft, the ordi- 
nates of the Af,-curve repeat themselves. 

Dividing the curve in Fig. 147a into three equal parts and super- 
imposing as shown in Fig. 147c, we obtain the Af .-curve for a three- 
cylinder, two-cycle engine. The complete period in this case is 2r/3. 
Finally, in Fig. 147d, we have the Af, -curve for an eight-cylinder engine. 
This curve is obtained by dividing the curve in Fig. 147a into eight equal 
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parts and superimposing ordinates. We see that as the number of 
cylinders increases, the variation in M, becomes less pronounced and the 
engine requires a smaller and smaller flywheel to attain a desired grade 
of uniformity of rotation. 



We have already observed that formula (127) for calculating the 
proper moment of inertia of the flywheel of an engine is not exact because, 
in its derivation, we neglected the second term in expression (c), which 
depends on the variation in angular velocity of the engine. This term 
was taken into account in developing formula (128), but this is still only 
an approximation, since the reduced moment of inertia '* r was treated 
aB a constant equal to its average value ¥«. Nevertheless, formulas (127) 
and (128) are sufficiently accurate for practical calculations if the varia- 
tion in angular velocity is small (« < -$*) as it usually must be. 

In those cases where e is not small, a more accurate determination of 
the proper moment of inertia of a flywheel can be made by using Eq. (6) 
above. Solving this equation for M„ we obtain 

M. - M, - M, - M. - © 

instead of the approximate expression (e) previously obtained from Eq. 
(d) . Using this more exact value of M, in Eq. (g ) , we obtain 

\ W*) = [jf„ (W - M?\d4>. (m) 

Dividing both sides of this equation by the square of the average angular 
velocity <£„ and introducing the notation z = PJW, we obtain 

^ [(/. + m = (AT. - M a ), 


<») 
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M, = M, — Mf — M a (o) 

represents the so-called effective torque. Integrating Eq. (n), we obtain 

(I„ + *)z - (I* + *°) z ° = -^2 J 0 ~ M *) d 4>, (p) 

where ’J'o and z 0 denote the values of ¥ and z corresponding to <£ = 0. 
For further use, we write Eq. iff) in the form 

(J„ + *)z - (/« + *o)zo + (129) 

where 

$ = A f * (M. - M.)c4. (?) 

9« Jo 

We consider now a graphical method of solution of Eq. (129) for the required 
moment of inertia I w of a flywheel corresponding to a given permissible grade of non- 
uniformity of rotation. Assume, for example, that the fine-line curve in Pig. 148 



Fig. 148. 


represents the effective turning moment M e as a function of <t> for a given four-cycle 
engine. Such a curve is readily obtained by superposition of tho curves for M p , M/, 
and M 0} constructed as already explained in Art. 21. Since M/ and M c are usually 
small, it will be found that the curve for M e differs but little from that for M P . Let 
M a be the average value of M e , and assume that this constant torque is that con- 
verted into useful work. Then, in such case, ordinates measured from tho upper 
horizontal line in Pig. 148 represent the quantity M, — M a , and tho corresponding 
integral curve, constructed as explained in Art. 2 and shown by tho heavy line in Fig. 
148, represents the function $ as defined by Eq. (q). 

Taking values of $ from the curve in Fig. 148 for a series of uniformly spaced 
values of <t> together with corresponding values of W from tho curve in Fig. 1 39, we now 
construct the closed curve shown in Fig. 149, which is called tho mass-force diagram - l 
Any point on this curve represents simultaneous values of tho functions $ and ¥ 
appearing in Eq. (129), i.e., values corresponding to the same value of <f>. Lot us 
suppose now, for the sake of further discussion, that we know both and Zo as well 
as in Eq. (129), and let P be a point having the coordinates — / w and — (/« + ^o)«o 
in Fig. 149. Joining this point with any point Q on tho closed SSE'-curve, we see, by 
reference to Eq. (129), that the slope of the line PQ is 


a (In, + ¥q)3q + 

6 u + * 


1 See F. Wittbnbauhr, “Graphische Dynamik,” pp. 759, 775, Berlin, 1923. 


(r) 



189 


Art. 22] DYNAMICS OF A SYSTEM OF PARTICLES 


From this expression, we may write 

Vtan 6 « Vz = 4- (*) 

<P * 

We see that the slope of each such line as PQ in Fig. 149 is directly related to the 
angular velocity 4> for that value of 4> corresponding to the chosen point Q on the 
closed mass-force diagram. Drawing the enveloping tangents PA and PB as shown 
in the figure, we conclude accordingly that 


Vtan « - 

<Pa 

and 

Vtan 0 

Thus, we may write 



Vtan <* — Vtan p =■ 

— <£min 

Vtan a. + V 

'tan 0 

4>mtx + <f>roin 

2 


2^ a 

from which 



tan a — 

( i+ d 

r - 1 + «, ' 

tan jS = 

m: 



© 


GO 


We see now that knowing the specified grado of nonuniformity e, we can draw the 
tangents AP and BP with the slopes defined by Eqs. (u), and their intersection P 
determines, by its abscissa, the required moment of inertia I v of the flywheel. 



If the specified grade of nonuniformity < is small, the lines AP and BP in Fig. 149 
will bo very nearly parallel and their intersection is not well defined. In such cases, 
it is preferable to use formula (127) or (12$) to, determine the required size of flywheel. 
The method illustrated in Fig. 149 should be reserved for use with relatively large 
values of «. 


CHAPTER III 

DYNAMICS OF SYSTEMS WITH CONSTRAINTS 

23. Equations of Constraint. — In Chap. II, dealing with the dynamics 
of a system of particles, we distinguished between systems without con- 
straints, such as our solar system, and systems with constraints , such fs 
the reciprocating engine in Fig. 99. In the one case, the particles are 
completely free and the paths that they describe will depend on the forces 
that may act on and within the system. Any change in these forces will 
produce corresponding changes in the trajectories of the various particles. 



In the second case, the particles are not free but must follow prescribed 
paths depending on the nature of the constraints. Changes in the active 
forces of such a system may affect the velocities and accelerations of the 
particles but not their trajectories. Thus, the earth describes an ellipse 
around the sun only because it is the nature of the internal forces of 
gravitational attraction to produce such a motion. If some external force 
should be applied to the earth, its orbit would suffer a corresponding 
change. On the other hand, the piston of a reciprocating engine, guided 
by its cylinder wall, oscillates rectilinearly regardless of whether the gas 
pressure is a two- or a four-cycle affair. Systems with constraints are 
much more commonly encountered in engineering problems of dynamics 
than those without constraints. In this chapter, we shall develop some 
general dynamical principles especially suited to systems with constraints. 

In general, if we have a system of n-particles without constraints, we 
find that 3n coordinates will be necessary to specify completely the con- 
figuration of the system. Ordinarily, these will be the 3n rec tangular 
coordinates Xi, y { , for the n particles, and we say that the system has 
3 n degrees of freedom. Consider, for example, the case of two particles A 
and B as shown in Fig. 150a. If these particles are completely free in 
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space, we need the six coordinates x\, j/i, z\ and xt, y<i, Zs to define the 
configuration of the system; i.e., these are six degrees of freedom. If the 
particles are constrained to remain in the xy-plane, we need only four 
coordinates Xi, y\ and xt, yt, and the system has four degrees of freedom. 
Let us assume now that the particles, besides being confined to the 
3 y-plane, are connected together by a rigid but weightless bar of length 
l (Fig. 1506). In such case, the four coordinates xi, y\ and xi, y%, are no 
longer independent but must always be such as to satisfy the geometric 
relationship 

(ss — Xi ) 2 + (2/2 — 2 /i) s “ l 2 . (a) 


Thus if three of the coordinates are specified, the fourth one can be com- 
puted from Eq. (a) and we have a system with three degrees of freedom. 
Finally, if besides the interconnecting bar AB we have also the rigid but 
weighless bars OA and OiB connecting the particles to fixed points 0 
and Oi in the xy-plane, we must have, in addition to Eq. (a) above, the 
further geometric requirements 


xi 2 + 2 / i s = a 2 , 1 

(* a - c) 2 + 2 /s 2 = 6 2 . j 


(b) 


In such case, if we specify any one of the four coordinates, the other three 



tmrl the system has two degrees of freedom. For the case shown in Fig. 
1516, we have four particles suspended from a fixed point O and connected 
by four rigid bars. Altogether, eight coordinates are required to specify 
the configuration of this system; but since we can write four equations 
nimilfl.r to Eqs. (c), we conclude that the system has four degrees of 

freedom. 
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Equations such as (a), (i>), and (c), limiting the independence of the 
coordinates that specify the configuration of a system of particles, are 
called equations of constraint. Any kind of constraints introduced into a 
system will limit the freedom of motion of its particles and therefore 

reduce the number of degrees of freedom. 
In general, if there are n particles in the 
system and k equations of constraint, the 
number of degrees of freedom will be 3 n — k. 
That is, we need to specify only 3n — k of the 
necessary 3 n coordinates to define the con- 
figuration of the system; the remaining k. 
coordinates will be determined by the equa- 
tions of constraint. If the system of n particles is confined to one plane 
as is so often the case, the number of degrees of freedom in that plane is 
2 to — k. In such case, of course, we are simply taking for granted n equa- 
tions of constraint of the type z< = 0. 

Practically, there are many kinds of physical constraints to which a 
system of particles may be subjected. Very often, the constraints are 
such that all possibility of relative motion between the particles is 
eliminated and we have the case of a rigid body. To define the position 
of a rigid body in space, we need the coordinates x a , y a , *a of an arbitrary 
point A of the body and three angles defining rotation of the body with 
respect to that point. 1 Thus the free rigid body is a system of particles 
with six degrees of freedom. If the body is confined to move parallel to a 
fixed plane, it has three degrees of freedom. In such 
case, the coordinates necessary to define the position 
of the body in the zy-plane of motion are x a , y„, and 
6 as shown in Fig. 152. 

Every machine can be considered as a system 
of rigid bodies interconnected between themselves 
and the foundation by such constraints as bearings, 
guides, cams, gears, chains, etc., and all these con- 
straints limit the number of degrees of freedom tha t 
the system may have. We have already seen, for 
example, how the reciprocating engine in Fig. 99 
(see page 136) is a system with but one degree of freedom. , 

In the preceding examples, we see that the equations of constraint 
such as Eqs. (a), (5), and (c) involve only coordinates of the system and 
certain constants. Although such constraints are the most common, we 
can also have cases where the equations of constraint will involve time. 
Consider, for example, the simple pendulum shown in Fig. 153. If the 
1 The proper selection of these angles is discussed in Chap. V. 
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suspension point 0 is fixed and the particle A is constrained to move only 
in the plane of the figure, we have, as an equation of constraint, 

+ y* = l\ (d) 

which involves only coordinates x and y and the constant l. Suppose now 
that the point 0 is Hot fixed but oscillates vertically with a known aimplo 
harmonic motion 

2/o = a sin pt. 

Then, instead of Eq. (d), we have as an equation of constraint 

x s + (y — a sin pt)* = I s , (e) 

which involves time. Systems with constraints that involve time will be 
discussed again in more detail in Art. 29. 

Sometimes the constraints of a system are such that the equations of 
constraint contain not only coordinates 
but also their derivatives with respect to 
time. As an example of such constraints, 
let us consider a thin circular disk of 
radius a rolling in its own vertical plane 
along a linear track OD, which we take as 
the x-axis (Fig. 154). In general, the po- 
sition of the disk is defined by the coordinate x 0 of its center C and the 
angle of rotation <f>. If there is no friction between the disk and its 
track, the only equation of constraint is 

Vo = « (f ) 

and we have a system with two degrees of freedom. Let us assume now 
that there is friction sufficient to prevent slipping at the point of contact 
D. Then the velocity of that point must vanish, and we have the 
additional equation of constraint 

± c = a<t>- ( g ) 

which contains derivatives of the coordinates with respect to time. In 
this particular case, we can readily integrate expression ( g ) and obtain 

Xc Oitf) | C, (A) 

which again involves only the coordinates themselves and the constant c. 
Sometimes, equations of constraint containing velocities cannot be 
integrated as above, and then the problem is more complicated. Exam- 
ples of this kind will be considered again in more detail in Art. 32 at the 
end of this chapter. 

24. Generalized Coordinates and Generalized Forces.— In our 
previous discussions of systems of particles, we used, for the most part, 



Fig. 154. 
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rectangular coordinates x, y, z. In the case of systems with constraints, 
these .coordinates are not independent but are connected by equations of 
constraint, examples of which were discussed in the preceding article. 
In such cases, it is advantageous in defining the configuration of a system 
to use, instead of rectangular coordinates, some quantities that are 
independent of each other. Such quantities are called generalized 
coordinates. 

Considering, for example, the theoretical pendulum (Fig. 153), 
it is advantageous to take, instead of x and y coordinates, the angle <f> as 
.the quantity defining the configuration of the system. This angle will 
be the generalized coordinate. Knowing <j>, we can determine the 
rectangular coordinates of the particle A by using the equations 


x = l sin <t>, 
y = l cos <t>. 


(a) 


, In discussing the motion of a reciprocating engine (Fig. 99), we found 
that the configuration of the system is completely defined by the angle 
of rotation </> of the crank. Hence this angle can be taken as the general- 
ized coordinate. 

In the case of a double pendulum (Fig. 151a), the configuration of the 
system is completely defined by the angles <t> and which are inde- 
pendent of each other and can be taken as generalized coordinates. 
Knowing these quantities, we can calculate the rectangular coordinates 
of the two particles A and B by using the equations 


xi — a sin 0, yi = a cos 0, 

xi — a sin 0 + b sin 0, yt — a cos 0 + 5 cos 0. 


(&) 


As another example, we take the device shown in Fig. 155. This 
system of bars, hinged to a fixed point 0, can move only in the ay-plane. 

It is seen that the configuration of the sys- 
tem, at any instant, is completely defined 
if we know the angles 0 and which can 
be taken as generalized coordinates in this 
case. 

It is evident that in each case, the num- 
ber of generalized coordinates will be equal 
to the number of the degrees of freedom, of 
the system. For example, as we have al- 
ready noted, the system in Fig. 1516 has 
four degrees of freedom. To define the configuration of this system, we 
need four quantities; and as generalized coordinates, we can take the four 
angles that the bars of the system make with the {/-axis. 



Fig. 156. 
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In correspondence with generalized coordinates, we introduce now the 
notion of generalized forces. 1 Let ,us consider first a general case and 
assume that the configuration of a system with n degrees of freedom is 
defined by the generalized coordinates qi, qt, . . . q n . All these coordi- 
nates, by definition, are independent. We can give to one of them, % a 
small increment Sg< without changing the magnitudes of others. To this 
change of the coordinate g,- there will correspond a certain displace- 
ment of the system, and the forces acting thereon will produce the work 

Sq<Qi, 

where Qt will be a certain expression containing forces acting on the 
system. This expression can be readily derived in each particular case 
and represents the generalized force corresponding to the generalized 
coordinate q<- We can state that the generalized force, corresponding 
to the generalized coordinate g<, is that quantity by which we must 
multiply the increment of the coordinate in order to obtain the work 
produced by the acting forces during the displacements corresponding to 
the assumed change in q t . 

Take, for example, the double pendulum, shown in Fig. 151a. If we 
give to the generalized coordinate a small increment ty, the particle B 
will be raised by the amount b sin \p Sf and the gravity force W% will 
produce the work 

—WJ) sin ^ 8\p. 

Thus, in accordance with the above definition, the quantity 

¥ = —Wib sin V' (c) 

is the generalized force corresponding to the generalized coordinate 
To obtain the generalized force corresponding to the coordinate <t>, we 
give to this coordinate a small increment 5<f> and, at the same time, keep 
the angle unchanged. In such case, the vertical displacement of each 
particle is equal to a sin <f> 8<f> and the work done by the gravity forces is 

— (W i -f- W i)a sin <i> 8<l>. 

Hence the generalized force in this case is 

$ = —{W\ + T7a)a sin <t>. (d) 

We see that in both cases (c) and (d), the generalized force has the 
dimension of force multiplied by length. This is as it should be, since 
the increments of the coordinates 8<f> and ty are pure numbers and their 
products with the corresponding generalized forces must give work. 

1 The notions of generalized coordinates and generalized forces were introduced in 
mechanics by Lagrange, who uses them widely in his famous book “Mdoanique 
analytique,” Paris, 1788. 
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As another example, let us consider the pendulum shown in Fig. 156. 
This system, which has been used to record the oscillations of ships, 
consists of a weighted bar DC free to slide in a sleeve 
that can rotate freely about a fixed point 0. An inter- 
mediate point B of this bar is connected to another bar 
AB of length r, which is hinged to the fixed point A at 
the distance h vertically below point O. Other dimen- 
sions are as shown in the figure. This is a system with 
one degree of freedom, and its configuration will be 
completely defined by the angle of rotation <f> that the 
bar AB makes with the vertical. Taking this angle as 
our generalized coordinate, the y-coordinate of the 
point C is 

y e = h — r cos <t> + Z cos \p. 

We have also from geometrical considerations 
r sin (<f> + \j/) = h sin yp. 

Assuming now that the angles <f> and yp are always small, we may write 

r(<t> + yp) ® hyp, yp = YZT r - 

Then 

Ve**h-r(l -y) + l(l-£) 

= A + J-r + l[ i-^-TL-]**. (e ) 

We give now to <j> a small increase dtp. Then the weight W moves down 
by the amount 

and produces the work 

Hence the required generalized force, corresponding to is 

* - [x - *• Cfl 

In each of the foregoing examples, it will be noted that in calculating 
the work of acting forces corresponding to an assumed virtual displace- 
ment of the system, we have considered only external forces. But there 
are also internal forces such as the axial forces in the bars of the pendu- 
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l uma in Fig. 151 and sliding friction in the sleeve of the system in Fig. 
156. In neglecting the work of such forces during an assumed virtual 
displacement of the system, we have tacitly assumed that the connecting 
bars are absolutely rigid so that their lengths do not change and also that 
there is no friction in sleeves, hinges, etc. Very often, physical connect- 
ing bars are sufficiently rigid and sleeves and hinges sufficiently free from 
friction to justify such procedure. Systems involving such ideal con- 
straints (absolutely rigid and without friction) are 
called ideal systems. We shall usually assume, as 
above, that we have such systems; and in dealing 
with them, we shall find that the work of internal 
forces always vanishes for any virtual displace- 
ment of the system. Thus the expressions for 
generalized forces contain only external forces. 

If, in addition to absolutely rigid constraints, 
a system contains also elastic bars or springs, the 
internal forces in such members may produce 
work during a virtual displacement. In such 
case, to obtain an ideal system, we simply assume 
the elastic bars or springs to be cut and replace 
them by the forces that they exert on the re- 
mainder of the system. Thereafter, we treat these forces exactly like 
external forces. 

As an example of a system involving a spring, let us consider the 
governor shown in Fig. 157. This system, rotating about the vertical 
axis 00, consists of two flyballs connected to the rotating shaft and to 
a sliding weight by rigid bars. Any increase in the radial distances of 
the balls is resisted by an internal spring as shown. The weight of each 
flyball we denote by Wi and the sliding weight by W%. We neglect the 
weights of the spring and bars and assume that there is no torque acting 
on the vertical axis 00 and no force in the spring when the connecting 
bars are vertical, i.e., when <f> = 0. Then for the configuration shown 
in the figure, the spring is compressed by the amount 2Z(1 — cos <t>). 
Denoting the spring constant by k, we find that the compressive force in 
the spring is 2Z(1 — cos <j>)k. The configuration of the system is com- 
pletely defined by the angle <j> and the angle of rotation 0 of the governor 
with respect to its vertical axis 00. These two angles will be taken 
as the generalized coordinates of the system. To find the generalized 
force corresponding to the coordinate <S>, we give to this coordinate a small 
increment 5<p. Due to this increment, the flyballs will be raised by the 
amount l am <j> 8<j> and the sliding weight by the amount 21 sin <f> 8<t>, 
which is also the increment of compression in the spring. The work of all 
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forces acting on the system, corresponding to the assumed displacement, 
is 

— [2W J, sin <t> + 2Wil sin <f> + 21(1 — cos 4>)k2l sin <f>]8<f>. 

Hence the required generalized force is 


$ = —21 sin + Wi + 21(1 — cos 0)£]. (g) 

If we give a small increment 89 to the angle of rotation 6, the acting 
forces, which all are vertical, do not produce any work on the corres- 
ponding displacements. This indicates that the generalized force 9, 
corresponding to the coordinate 6, is zero in this case. 

The calculation of generalized forces in the above examples can be 
simplified if we observe that in all cases, the forces have potential. Tak- 
ing first the general case, assume that the generalized coordinates, defin- 
ing the configuration of the system, are qi, qi, . . . q n and that the 
potential energy of the system is represented as a function of these 
coordinates, i.e., 

y - /(?!,?*, • • • $»)* 


If we give to one of the coordinates, qi, a small increment 8q it the cor- 
responding increment in the potential energy is 



From the definition of potential energy (see Art. 20), we know that this 
increment is equal in magnitude and opposite in sign to the work done 
by the acting forces during the displacements corresponding to the incre- 
ment Denoting by Q{ the generalized force corresponding to g,-, we 
obtain 


dV. 

djl Sqi 


Qityi* 


From this equation, we have 

«,--!£ ( 130 ) 

Let us apply this expression for generalized force first to the example 
of the double pendulum (Fig. 151a). In this case, we have to consider 
only the gravity forces Wi and IF 2 . Taking the potential energy equal 
to zero when the particles A and B are in their lowest positions, we find 
that for the configuration shown in the figure, the potential energy of the 
system is 


V = Wia(l — cos <£) + IF 2 [a(l — cos <f>) + 6(1 — cos 

Then using Eq. (130), we find that the generalized forces corresponding 
to the coordinates \p and <j> are 
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^ = — Wib sin \p, 

SV 

$ = — = — (Fi + Wi)a sin <t>, 

which coincide with expressions (c) and (d) obtained before. 

In the case of the system in Fig. 156, we use expression (e) for the 
coordinate y 0 and find that the potential energy of the ball is 

Differentiating this expression in accordance with Eq. (130), we obtain 
expression (/) for the generalized force $. 

Finally, in the case of the governor in Fig. 157, the potential energy of 
the gravity forces is 

2TFiZ(l — cos 4> ) + 2TF 2 1(1 — cos <j>), 

and the potential energy of the spring is 

£4Z 2 (1 — cos <£) 2 A\ 


Hence, the total potential energy of the system is 

V - 21(1 - cos <t>)(Wi + Wt) + 2Z 2 (1 - cos <£)**. 

Calculating the derivative of this expression 'with respect to <j>, we find 
the corresponding generalized force given by Eq. ( g ). 


PROBLEMS 

101. The angle of rotation <P of tho lover AB in Fig. 158 is taken as the generalized 

coordinate. Find the expression for the corresponding generalized 
force. Ans. 4 “ — Wia + TFj5. 

102. A vertioal ciroular shaft AB, tho torsional rigidity of 
which is GJ, carries two disks as shown in Fig. 159. Taking the 
angles of rotation 4 and <// of the disks os generalized coordinates, 

6 — 




T 

1 






W X 




Fig. 168. 


b 

JL 


B 

Fig. 169. 


find the expressions for the corresponding generalized forces. 
Hint: The potential energy of torsion is 

rr _ W , (± ~ +)W 

V 2a + 2b 

The generalized forces are obtained bv using Eq. (130). 
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103. Two particles of weights Wi and Wi are vertically suspended on springs with 
spring constants hi and kt as shown in Fig. 160. Taking, as generalized coordinates, 
the vertical displacements yi and yi of the particles from their equi- 
librium positions, find the corresponding generalized forces. 

Arts. Yi = (j/j — yi)ki - yifa; 7a *= —(2/a - yi)k t . 

25. Equations of Equilibrium in Generalized Coordi- 
nates. — In discussing the conditions of equilibrium of 
ideal systems, we shall use the principle of virtual dis- 
placements. 1 Considering a general case, we assume that 
qi,q 8 , . . . q n are generalized coordinates and Qi, Q 2 , . . . 
Q n , the corresponding generalized forces. Since the co- 
ordinates qi, qa ... q n completely define the configura- 
tion of the system, any desired virtual displacement can be accomplished 
by giving to these coordinates the properly selected increments Sqi, Sq t , 
. . . Sq n . During this displacement, the forces acting on the system 
produce the work 

QiSqi + QtSqt + • • • + Q n Sq n • 

If the system is in equilibrium, this work must vanish for every assumed 
virtual displacement and we obtain the equation 

QiSqi + QtSqt + • • • + Q n Sq n — 0. (a) 

This equation must be satisfied for any assumed values of Sq h Sqt, .... 
We can assume that all increments of the coordinates except Sq { vanish. 
Then Eq. (a) gives 

QiSqi = 0 ; 

and since i© is different from zero, we conclude that for equilibrium we 
must have 

Qi = 0 . 

Such an equation can be written for every generalized coordinate, 
and we obtain the following equations of equilibrium of the system 

Qi = 0, Qi = 0, • • • Q n - 0. (131) 

To have equilibrium all generalized forces must vanish. The n um ber of 
Eqs. (131) is equal to the number of coordinates, and from them the 
values of the coordinates, defining the configurations of equilibrium, can 
be calculated. Take, for example, the double pendul um in Fig. 151a. 
The generalized forces for this case are given by Eqs. (c) and (d) of the 
preceding article. Thus, the equations of equilibri um are 

Wtb sin ^ = 0, 

(Wi + Wt)a sin <t> = 0. 

1 gee the authors’ “Engineering Mechanics,” 2d ed., p. 217, 
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These equations require that 

sin \f/ = sin <j> = 0. 

The corresponding con- 


O 


Hence <t> and $ must vanish or be equal to or. 
figurations of equilibrium are shown 
in Pig. 161. 

In the case of the governor 
shown in Fig. 157, the generalized 
force corresponding to the angle <t> 
is given by Eq. (g) of the preceding 
article, and the equation of equilib- 
rium is 

21 sin <l>[Wi + W 2 

' + 2Z(1 — cos <p)k] = 0. 

Since the expression within the 
brackets is always positive, we must 
have sin <t> = 0; i.e., <f> — 0, or <t> 

= ir. Prom Fig. 157, we see that 
there is only one possibility, namely: <f> = 0. 

If the forces have potential, the expressions for the generalized forces 
are obtained from Eq. (130) and the equations of equilibrium (131) take 
the form 



TV 


i 

1 

a 



— « 
6 


t 

i — J 


0 


(a) 



dV 
Sq i 


= 0 , 




(132) 


We see that such equations of equilibrium are the same as those used in 
calculating the maximum or minimum of a function. This observation 
can be useful, in any given case, in deciding whether the equilibrium is 
stable or unstable. If the potential energy in the configuration of equi- 
librium has a minimum, this configuration is one of stable equilibrium. 1 
This follows from the fact that for any adjacent configuration, the poten- 
tial energy will be larger than for the position of equilibrium. Hence, 
some positive work will be required to bring the system to that con- 
figuration. If the potential energy of the system in the position of 
equilibrium is not a minimum, the equilibrium is, generally speaking, 
unstable.® Considering, for example, the configurations shown in Pig. 


1 This thoorom was established by Lagrange in his “M6canique analytique,” 
vol. 1, pt. 1, sec. 3, Art. 5, 17G8. A more rigorous proof of the same theorem was given 
by Lejeunc-Diriehlct, Jour, far Math., vol. 32, p. 85, 1846. 

1 A detailed study of this question was given by A. M. Liapounoff, Jour, de math., 
ser. 5, vol. 3, p. 81, 1897. 
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161, we can conclude that only the configuration (a) is stable, since only 
in that case does the potential energy have a minimum. 

As another example, let us consider the pendulum shown in Fig. 156. 
Measuring the vertical distance of the weight W from the horizontal 
plane through the fixed point A and using expression (e) of the preceding 
article, we find, for the potential energy of the system, the expression 

(4) 

Then to obtain the configuration cf equilibrium, we use Eqs. (132), which 
gives . 

gf - -TFr [l - * - 0. (c) 


Assuming that the expression in the brackets is different from zero, we 
conclude that for equilibrium we must have <£ = 0. To decide if this 
configuration represents a maximum or a minimum of the potential 
energy (6), we calculate the second derivative 


dW 

dtp 


= -Wr 


1 


(h 


_±_1 

- r) 2 J- 


If this derivative is positive, the potential energy is a minimum and the 
equilibrium is stable. Hence for stability we must have 


or 

[f 


(h - r) 2 > 1 
y/rl > h — r. 
y/rl < h - r, 


the potential energy for the position of equilibrium becomes a maximum 

and the weight W descends for any small in- 
crease of the angle <f>. In such case, the posi- 
tion of equilibrium represented by <£ » 0 is 
unstable and any slight disturbance will cause 
the angle <f> to increase. In the particular case 
when 

y/rl « h — r, 

the equilibrium is indifferent; and as we see 
from expression (c), the system can remain 
at rest for any small value of <£. 

As another example, let us consider the conditions of equilibrium of 
the prismatic bar AB supported in a vertical plane as shown in Pig. 162. 



Fig. 162 . 
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We assume that both the peg D and the vertical wall at A are without 
friction. Taking the angle <f> as the generalized coordinate and selecting 
the rectangular coordinates as shown, the coordinate y, of the center of 
gravity C is 

y e = a cos <f> — b cot </>, 
and the potential energy of the system is 


V = W(,a cos <t> — b cot 0). 

The position of equilibrium is found from the equation 


which gives 
Making the second derivative 


= —W (a sin <t> ^rz) = 0, 

a<t> \ sinV/ 


• 4 . V 

sm 8 <^ = 

a 


dW 

d<t>* 


-w(a 


COS <t> + 


2b cos <t> \ 
si n 8 0 )’ 


which is negative, we conclude that the equilibrium is unstable, since the 
corresponding V is a maximum. 


PROBLEMS 

104. Six identical bars each of weight W form a hinged hexagon suspended at 
A as shown in Fig. 163. Find the forces P and Q that will keep the hexagon from 
altering its shape. Ana. P — 5 ^/3W/2, Q - V3TF/2. 

106. Investigate the condition for which the metronome, shown in Fig. 164 will be 
in a condition of stable equilibrium. Ans. W ia — WJb > 0. 



106. Investigate the condition of equilibrium of the pendulum shown in Fig. 165 
and similar to that in Fig. 156. Points 0 and B are fixed points, and the bars OA and 



ADVANCED DYNAMICS 


204 


[Chap. Ill 


AD are tp be considered as weightless. Assume also that the angle <f> defining the 
configuration pf the system is always small. 

26. Application of Generalized Coordinates in Bending of Beams. — Generalized 
coordinates can be used to advantage in investigating deflections of beams. We shall 
consider first the case of a beam with simply supported ends carrying a concentrated 
load P (Fig. 166). The deflection curve may have an infinite number of shapes; and 
to define the configuration of equilibrium of the system, we need an infinite number of 
coordinates. We always can represent the actual deflection curve by superposition 

of the simple sinusoidal curves shown in 
Fig. 1666, c, d t etc., and use, for the deflec- 
tion at any cross section of the beam, the 
series 

. rrX , . 2rX 

y ® oism -y + a&m -y- 

+ ojsin ~ + • • • . (a) 

Each term of this series and its second de- 
rivative vanish for a; — 0 and for x « l, so 
that conditions at the simply supported 
ends of the beam are satisfied. It is seen 
that the deflection y for any value of x can be calculated if we know the amplitudes 
aif oj, . . . of the sinusoidal curves and we take these quantities as generalized 
coordinates. To find the corresponding generalized forces, we consider the beam as 
a system of particles, infinite in number, on which the external force P together with 
the corresponding reactions at the supports and internal elastic forces are acting. 
All these forces have potential, and we can derive an expression for the potential 
energy of the system. We begin with the load P. The deflection of the beam at the 
point of application of this load is obtained by substituting x = c in the series (a). 
Then the potential energy of the load P is 


(a) 

(b) 

(c) 

(d) 


£ 

t 

3 

Jl, 

* 

—T 







y a 3 


x 


Fig. 166. 


Vi — — P Raisin y + assin 


2 vc , . 3irC . 

— + aasin — + 


)-- p 2 


a«sin- 


(&) 


The potential energy of the elastic forces will be found from the known formula for 
strain energy of bending (see page 168) 


in which El denotes the constant flexural rigidity of the beam. Substituting the 
series (a) for y, we obtain 


Tr El [l ( ** . 

yi “T7o V'T**™ 


* x , „ 4 tt s . 2rx , 9 ** . 3 itx , 

j+fl a -yr sin — y- +ojysm -y — h 


)■ 


dx . (d) 


Making the square of the series under the integral sign, we shall obtain two kinds of 
terms, namely: squares of the terms of the series, which have the form 


and double products of the form 



nnx 


2 a»an> 


. mrx . mcx 
— t : — sin — = — sin — ; — 
P l l 



205 


Abt. 26] DYNAMICS OF SYSTEMS WITH CONSTRAINTS 


Integrating these terms, we obtain 

J TZ .n 4 * 4 . , nwa? . . 

0 


n 4 * 4 

"2F 




m*n*7r 4 . mwa; . rur®, 
2onOm — j\ — sm —j— sm —O® 


0. 


With these values of the integrals of the single terms, Eq. (d) becomes 


Vz 


El (aW . a 2 * fi 4 * 4 , a ,^ 4 * 4 
2 /* 2/3 + 2/3 


( 




and the total potential energy of the system is 

7-7i + F s = -p£a^in^ + ^£n<a B ‘. (/) 

The generalized force, corresponding to any generalized coordinate o«, is now obtained 
from Eq. (130), and equations of equilibrium (132) take the form 


D . mrc , Efor* A 
-P sm - 7 - + - 7573 - n 4 On * 0 , 


from which 


On 


l ^ 2/3 

2P/3 . mrc 

“ EJr*n* sm l ' 


( 0 ) 

w 


In this way, each generalized coordinate can bo calculated; and after substitution in 
the series (a), we obtain the equation for the deflection curve in the following form: 


V 


2P/3 

Efar* 



. nrc . 
sin — sin 


riTX 

l ' 


(0 


From this expression, the deflection at any cross section of the beam can be readily 
calculated. 

Assume, for example, that wo want the deflection under a load P applied at the 
middle of the beam. Then substituting c « s «» // 2 into Eq. (t), wo find 



2P/3 
El IT 4 




+ - 



O’) 


It is seen that in this case, all terms with even values of n vanish, since the deflection 
curve is symmetrical and all sinusoidal curves with an inflection point at the middle, 
as in Fig. 166c, cannot appear. Wo can also say that for each sinusoidal deflection 
with an inflection point at the middle, the deflection at the middle vanishes and the 
corresponding generalized coordinate, as can bo soon from expression (A), is zero. 
The series (j) converges rapidly; and by taking only a few terms, we obtain deflections 
with a high degree of accuracy. Taking only the first term, we find 

“ EIx* “ 48.7 El ' ® 

Expression (k) gives the deflection with an error of only about It per cent, which is 
a very satisfactory accuracy in practical applications. This means that a good 
approximation is obtained by taking, instead of the complete series (a), only its first 
term, which amounts to assuming that the deflection curve has the shape of the sine 
wave shown in Fig. 1666. 
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The last observation can be utilized in calculating deflections of beams the end 
conditions of which, are different from those assumed in Fig. 166a. A rigorous solu- 
tion of such a problem by the method of generalized 
coordinates brings us to a series more complicated 
than the series (a), but a satisfactory approximation 
can be obtained by assuming a suitable shape of the 
deflection curve and defining the deflections by one 
coordinate only. Take, for example, a beam with 
build-in ends and loaded at the middle (Fig. 167). 
A suitable expression for the deflection curve satisfying the end conditions in this case is 

y = a ^1 — cos © 



y 

Fig. 167. 


which gives zero deflection and zero slope at both ends of the beam. The deflection 
at the middle is 

■ 2a - 
*“5 


The potential energy of the load P, then, is 

Vi - -2Pa, 


and the potential energy of the elastic forces is 


V* 



El 

2 



a cos 


27TZV 


dx 


4t*EI 


a*. 


(m) 

(») 


Thus the equation of equilibrium will be 


from which we obtain 


£<* + *«> 


— 2P + 


87 r*EI 
l 3 


a 


2a 


2P1 3 
4 EIt* 


0, 


(*) 


for the deflection under the load P. 

If the simply supported beam in Fig. 166a carries a uniformly distributed load of 
intensity w over the entire span, we can again obtain the deflection at any point by 
using the series (a). In such case, the potential energy of the elastic forces is still 
given by the series (e). To find the potential energy of the distributed load, we can 
use the series ( 6 ), replacing P by w dc and integrating over the entire length l of the 
beam. Thus 


r r /** / . **C . 2ttC . . 3tC , \ , 

Vi * — w / f aisin -y -f- a 5 sin — ^ — [-ajsin— j — f- • • • jdc 


2WI ( * a « . a * 

~ — \ ai + 3 + T + 


)■ (P) 


Then the equations of equilibrium (132) becomes 

_2«n ^ 

*■ 2 1> ^ u ’ 

where n - 1 , 3, 5, . . , . From this, we find 

_ 4 wl k 
°* ” Eh&y 


(«) 


O') 
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Substituting the coefficients (r) into the series (a), we obtain, for the equation of the 
deflection curve, 

4l ol* V 1 • MnX , , 

in which n « 1, 3, 5, ... . 

PROBLEMS 


107. Using the series (a), find the deflection curve for a simply supported beam 
carrying two equal loads P applied at equal distances c from the two ends of the beam. 

4PZ 3 V 1 . nvc . Uirx 

Ans - y ‘Efrln* sm — **■ 


l 


108. A cantilever beam of length Z carries a 
load P at its free end as shown in Fig. 168. As- 
suming, for the deflection curve, the expression 

j, = a ( 1 - cos 

find the deflection under the load P. 



Fig. 168. 


109. Using the data of the preceding problem, find the deflection at the free end of 
a uniformly loaded cantilever beam. 

110. Using the series (a), find the expression for the deflection curve of a simply 
supported beam that carries a uniformly distributed load of intensity w over one-half 
of the span. 


27. D’Alembert Principle. — The methods discussed in the preceding 
two articles for solving problems of statics can be applied also in deriving 
equations of motion. By using D’Alembert’s principle, 1 equations of 
dynamics can be written in the same manner as the equations of statics. 
It is necessary only to add to the given external forces the inertia forces 
for the various particles of the system., Thus, for any particle i of a 
system, the equations of motion, in rectangular coordinates, can be 
written in the following form: 


Xi + X/ -nn& = 0, ' 
Yi + Yi - m# = 0, • 

Zi + Zi — m&i = 0 . , 


(a) 


In these expressions, Xi, Yi, Zi are the components of the resultant of all 
active .forces applied to the particle, X i, Yi, Zi the components of the 
resultant of forces of constraint for that particle, and —unfa, —m<j)i, 
—m&i the components of its inertia force. We see that Eqs. (a) have 
the same form as equations of statics of a particle in rectangular coordin- 
ates. Such equations can be written for each particle of the system. 

To simplify the problem and eliminate the unknown forces of con- 
straint, we shall generally use, instead of Eqs. (a), equilibrium equations 
derived by the principle of virtual displacements. Giving to any particle 
a virtual displacement with components Sxi, Syi, 6%, we find, for virtual 

1 See the authors’ “Engineering Mechanics,” 2d ed., p. 311. 
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work, the expression 

(X< -f- X{ — nii£i)Sx i + (F< + Yi — + (Zt + Z{ — m&)8Zi. (b) 

Similar expressions can be written for each particle of the system; and 
by summing them up, the total virtual work will be obtained. We 
assume now that the system has ideal constraints; i.e., there is no friction 
in hinges or guides, and connecting bars are absolutely rigid (see page 

197). In such case, for each virtual displace- 
ment of the system, the work of all forces of 
constraint vanishes; and after summation of 
expressions ( b ), we obtain 

2[(X< — iriiXi) 8xi + (Yi — m4ji)8yi 

+ {Zi — m£i)8Zi]. (c) 

In this expression, the summation must include 
all particles of the system and the assumed dis- 
placements must be compatible with the con- 
straints of the system; i.e. the increments 5*j, 
tyi, 8zi of the coordinates must be such that all equations of constraint are 
satisfied. 

Take, for example, the case of a spherical pendulum as shown in Fig. 
169. The coordinates of the particle A must satisfy the equation of 
constraint 

x 2 + y* + z 2 = l 2 , ( d ) 

and the virtual displacements 8x, 8y, 8z must be compatible with this 
equation, which requires that 

(* + «*)* + (y + 8y -)» + (s + Sz) 2 = P. ( e ) 

Neglecting the squares of small quantities, we obtain, from Eqs. (d) and 
(e) together, 

, , x 8x + y 8y + z 8z = 0. (/) 

This equation shows that a virtual displacement of the particle A is 
perpendicular to OA. Thus any small displacement of the particle on 
the surface of a sphere of radius l and center at 0 can be considered as a 
virtual displacement. From the three components 8x, 8y, 8z of such a 
virtual displacement, two can be taken arbitrarily and the third will be 
calculated from Eq. (/). We have a system with two degrees of 
freedom. 

Returning to the general case and remembering that the inertia forces 
applied to the various particles equilibrate the system, we conclude that 
expression (c) for virtual work must vanish for each assumed virtual 



Fig. 169. 
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displacement of the system. Thus 

S[(Zi - fflA)iii + (Y { - ntijji)8y + (Z< - m&)$Zi] = 0. (133) 

If the system has n particles, the Zn coordinates of which are con- 
nected by k equations of constraint, we shall have 3 n — k degrees of 
freedom and the same number of different virtual displacements for which 
(Zn — k) equations like Eq. (133) can be written. These equations 
together with the k equations of constraint are sufficient for determining 
the 3 n coordinates of all particles of the system. 

If there are no constraints and the particles are entirely free, the dis- 
placements Sxi, dyi, SZi can be taken arbitrarily. For example, we can 
take all of them except Sx f equal to zero. Then all terms in Eq. (133), 
except that containing Sx^ vanish, and we obtain 

(Xi — rriiXi) dxi = 0 . 

Since is not zero, the expression in the parenthesis must be zero and we 
obtain 

rrii&i — Xi, 

representing the known equations of motion of free particles. 

We derived the equation of virtual work (133) in rectangular coor- 
dinates; but in the case of systems with constraints, generalized coordi- 
nates can be used more advantageously. Equations of statics, in such 
case, are given by Eqs. (131), and to obtain from them equations of 
motion, we have only to add to the given forces the inertia forces for the 
various particles. Proceeding then, as explained in Art. 24, we obtain, 
for generalized coordinates qi, g 2 , . . . q n , the corresponding generalized 
forces Qi + Si, Qi + Si, . . . Q n + S n , in which Q { denotes that part 
of any generalized force obtained from given external forces and Si that 
part obtained from the inertia forces. The equations of motion then are 

Qi + Si = 0, Qi + & - 0, • • • Q n + S n - 0. (134) 

The number of these equations is equal to the number of generalized 
coordinates, specifying the configuration of the system, and by their 
integration the motion, of the system is completely defined. 

Since Eqs. (134) are written in the same way as equations of statics, 
there will be no difficulty, in any particular case, to write the necessary 
equations of motion. Thus D’Alembert’s principle in conjunction with 
the principle of virtual displacements gives a general method of . attack 
for dynamical problems involving systems with constraints. 

Take, for example, a theoretical double pendulum, (Fig. 170). This 
system consists of two particles, the four coordinates of which are con- 
nected by two equations of constraint [see Eqs. (c), page. 191]. The 
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system has .two degrees of freedom, and we have to write two equations 
of motion. Using D’Alembert’s principle, we add to the given external 

forces Wi and Wa the inertia forces 
shown in Fig. 170. Applying now to 
the obtained system of forces the 
principle of virtual displacements, we 
observe that the configuration of the 
system is completely defined by the 
angles ip and <f> and two independent 
virtual displacements will be obtained 
by giving to these angles the incre- 
ments S\p and S<f>, respectively. Dur- 
ing the displacement Sip, the particle 
A remains stationary and the virtual 
work is obtained by multiplying by 
Sip the moment, with respect to point 

A, of all forces applied to the particle 

B. This moment, then, is the general- 
ized force corresponding to ip. Equating it to zero, we obtain 

flij b sin p + ^ xj> cos ip — 0. {g) 

Similarly, corresponding to the virtual displacement S<p, we must equate 
to zero ,the moment of all forces with respect to point 0, which gives 

( Wt \ . . Wt 

W» — #2 J(b sin ip + a sin <p) + £i(b cos ip + a cos <p) 

+ Vi) a sin <p + £ia cos <p =■ 0. (A) 

To obtain the equations of motion in final form, we have only to sub- 
situte for the rectangular coordinates their expressions , 

xi = a sin <p, yi = a cos <p, \ 

x t — a sin <p + b sin ip, y 2 = a cos <p,+ b cos ip. ) W 

The results of such substitution will be involved, but the problem is 
greatly simplified if we limit our consideration to small oscillations. Con- 
sidering ip and ip and their derivatives with respect to time as <nr»a l j quan- 
tities and neglecting terms containing products and powers of 
quantities, we obtain, from Eqs. (i), 

£i » q><P, dfo « a$ + bp, « 0, « 0. 

Substituting these approximations into Eqs. (g) and (h), we obtain 
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WM + ^Ha$ + W = 0 , (j) 

W-, 

Wi(bfi + a^) + Wia<f> + — (a + b)(a$ + foj) + — a 2 # = 0. 

a v 

The second of these equations can be somewhat simplified by subtraction 
of the first, which gives 

(W t + Wi)a<t> + ~ (a*4 + aty) + ^ = 0. (*) 

y a 

Equations (j) and (k) are the desired equations of motion for small 
oscillations of the theoretical double pendulum. The solution of such 
equations will be discussed later. 

PROBLEMS 

111. Using D'Alembert's principle, write equations of motion of the system with 
two disks shown in Fig. 159, p. 199. 

Arts. - -(* - *) ^ hi - (* - *) y - 4 y 

112. Using D'Alembert's principle, write equations of motion of the two particles 
shown in Fig. 160, page 200. 

Ans. y th « -kt(y h - y a ), y 0. =* k*(y b - y a ) - fciy«. 

113. Derive the equations of motion for small oscillations of the double physical 
pendulum shown in Fig. 171. Points C and C\ are the centers of gravity of the two 



Fig. 171. Fig. 172. Fig. 173. 

bodies; i and ii their radii of gyration with respect to O and A, respectively; and 
W and Wi, their weights. 

Ant. t* + y o') .jt + (Wh + TFia)* + ^ aW - 0, 

ab$ + + yty «■ o. 


212 


ADVANCED DYNAMICS 


[Chap. Ill 


114. Derive the equations of motion of the blocks Wi and W% of the Atwood’s 
machine shown in Pig. 172, neglecting the mass of the pulley and of the string. 

Ans. ( Wi + Wi)g mm g(Wt - TFi). 

115. Derive the equations of motion for the system of pulleys and blocks shown in 
Fig. 173. Neglect the moments of inertia of the pulleys and the mass of the string 
and take the angles <f> and ^ as generalized coordinates. 

Ans. r - (Wi + .W, + W» + Wi)& - ^ (Wi - W<)$ = -W x + Wa + W,+ Wt, 

V V 

r - (W, - TTOi - r A (Wi + Wz)f - Ws - Wi. 

28 . Lagrangian Equations. — Equation (133), derived on the basis of 
D’Alembert’s principle, can be expressed more simply by using the 
notion of kinetic energy together with generalized coordinates. For 
this purpose, we transfer the terms, containing forces tb the right-hand 
side and write 


+ Hityi + ZiSzi) = 2i(XiSxi -f- Y{Syt + ZiSzi). (a) 

Now let gi, qa, . . . q n denote the generalized coordinates of a system 
and Qi, Qa, ■ ■ ■ Q n the corresponding generalized forces. Assume also 
that equations like Eqs. ( i ) of the preceding article contain only coordi- 
nates 1 q x , qa, . . . $», i.e., 


* = Fi{q h qa, . . . $«), ' 
Vi = Gi(q h qa, . . . ?„), 

Zi = Hi(qi,qa, . . . q n ). 


(fi) 


We have a system with n degrees of freedom and can write n equations of 
motion (a) considering n different virtual displacements of the system, 
corresponding to the increments Sq X) Sq 2 , . . . Sq n of the generalized 
coordinates. Let us consider the virtual displacement corresponding to 
an increment 8q, of the coordinate q,. The corresponding changes in 
rectangular coordinates of the particles of the system can be calculated 
from the equations 



8yi 


dq.' 


Szi = 


(c) 


in which the symbol 6/ dq, denotes the partial derivative with respect to 
the chosen coordinate q, and x it y it z, are given by Eqs. (&). The virtual 
work, corresponding to the displacement Sq, is, by definition, Q,8q„ and 
Eq. (a) may be written in the form 2 



+ 2 



Sq, = Q,8q,. 


1 The oases in which they contain also time t will be discussed in Art. 29. 

* To simplify writing, we omit the subscript i in rectangular coordinates of the 
particles. 
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(d) 


To transform the left-hand side of Eq. (d) to generalized coordinates, 
we use the expression for kinetic energy 

T = *2 + z») 

and make the partial derivatives 


dT _ V L M _l ^ -L i 

¥."4 m V ^ + 2/ ¥. + s ¥J’ 

r V / . dx , . dy , . dz\ 

r l m \ x 6Z. + y at. + e W.} 


dT 

6q, 

Returning now to Eqs. ( b ), we obtain, by differentiation, 

dx 


dx dx , , dx . . 

x ^Tt = d^ 1 qi + ^ qi + 




d± 

dq. 


d (dx\ __ 

dt \dq,J 


d*X . , d*X . . 

dqidq, 91 dq%dq, 92 

d 2 x . . d 2 x . . 

& + 


dqidq. 


dqidq. 


+ 

+ 


d^x 

dq n dq, 

&x 

dq n dq. 




«»• 


(e) 

(f) 

(i g) 
(h) 


Similar equations can be written also for coordinates y and z. In all 
these equations, the derivatives with respect to t are total derivatives, 
and those with respect to coordinates are partial derivatives. From 
Eq. (g), we conclude that 

— — . o 

dq. dq,’ KJ> 


(*) 


and from comparison of Eqs. (h) and (t), we obtain 

dx _ d / 

dq, ~ dt \dq,J 

Similar conclusions can be obtained for y and z coordinates, and Eqs. (e) 
and (/) can be rewritten in the following form: 

dT V ( . dx , . dy , . dz\ , n 

dq, Li \ dq. dq, dq,/ 

dT V ( • d dx , . d dy , . d / \ 

df. = Ai m \ x dtdt. + y dtdt. + e diwJ' () 

Returning now to the differential equation (d) and observing that 
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_ dx . _ by . . dz d ( .dx, . dy . . 5z\ 

* W- + + 2 a* " 5 v w. + *¥. + *a?J 


we rewrite this equation in the form 


( . ji dx . . d dy . ■ d d£ 
X dt dq. ±V dtdq, dt dq,, 





Using Eqs. (Z) and (m), this reduces to 

d_dT_ _ dT 
dt dq, dq. 


Q.. 


(135) 


This equation holds for each generalized coordinate, so that we have 
always as many equations as there are independent coordinates specify- 
ing the configuration of a system. These are the famous Lagrangian 
equations, which are so widely used in physics and engineering. To 
write them for any particular system, we need only the expression for 
kinetic energy T of the system in generalized coordinates. Having 
this, the left-hand sides of Eqs. (135) are obtained by simple differentia- 
tion. On the right-hand sides, we have the generalized forces which in 
each particular case can be calculated as shown in Art. 24. 

The advantage of the Lagrangian equations lies in the fact that 
equations of motion for any system with ideal constraints can be written, 
so to say, automatically by rule, without any additional consideration. 1 
Naturally, this reliance on formulas alone has its negative side, since, 
by such procedure, the physical picture of the actual movement of the 
system due to given forces is somewhat obscured and simplifications that 
might be obtained by using the general principles discussed previously 
are likely to remain unnoticed. 

If the given forces have potential, the generalized forces can be found 
from Eq. (130) and the Lagrangian equations become 


d_dT _ &T , dV 
dt dq, dq, dq. 

If 'there are two kinds of forces, one that has potential and can be 

1 E. Mach, in his work “Mechanics in Its Development,” considers that the pur- 
pose of every science is to describe and represent certain groups of facts and relations 
between them in such a manner that it will take the minim urn of m ant.nl effort to 
understand them. IVom this point of view of economy of thought, Lagrangian equa- 
tions represent a great contribution to the science of mechanics. They do not so 
much promote insight into mechanical processes as the practical mastery of them. 
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derived from Eq. (130) and the other that has no potential, the Lagrangian 
equations can be written in the form 


d^dT _ 9T , dV 
dt dq 9 dq 9 + dq 9 


(137) 


in which Q$ is the generalized force corresponding to that part of the given 
forces which have no potential. 

As a first example of the use of Lagrangian equations, we consider 
again the free oscillations of the double pendulum in Fig. 170a and begin 
with a calculation of the kinetic energy of the system. The velocity of the 
particle A is v a = a<j>. To find the velocity Vb of the particle B, we observe 
that it moves together with the particle A and in addition rotates with 
respect to A so that its total velocity is obtained by geometric addition of 
these two velocities as shown in Fig. 1706. From this figure, we find 

Vb 2 = a 2 <j> 2 + &V 2 + 2ab<j»j/ cos — $), 


and the kinetic energy of the system is 


T - \ y 1 a 2 <j> 2 + 5 y [a 2 <f> 2 + 6V 2 +2abU cos (* - +)]. 


Using this expression in Eq. (135) and observing that the generalized 
forces corresponding to the coordinates <£ and \p are given by Eqs. (d) 
and (c) of Art. 24, we obtain 

j t [J (Wi + V*)a»* + J Wiaty cos (* - *)] - - g W* abU sin(* - <f>) 

— — (PFi + Wi)a sin </>, 

i Wt [&V + cos (& — 0)]| + ~ W 2 ab<j>\p sin — 0) 

= —W t b sin 

These equations are greatly simplified in the case of small oscillations. 
Assuming that <f> and together with their derivatives with respect to 
time, are always small, we can take 

sin <£«</>, sin ^ sin(^ — <j>) ~ — (j>, cos(^ — </>)>» 1. 

Then neglecting all terms containing squares or products of small quan- 
tities, the above equations reduce to 



- (Wi + W t )a 2 $ + - Wtalf - - (Wi + Wi)a<l>, 

0 y 

^Wt(bty+ab$) - -Wtbf, 


which coincide with Eqs. (k) and (j) of the preceding article. 
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Since, in this case, the forces have potential energy 

V = Wia(l — cos <t>) + W<i[a( 1 — cos <t>) + 6(1 — cos ^)1, 

we can also use Lagrangian equations in the form (136), which brings us 
to the same result. 1 

Assume now that in addition to gravity forces Wi and Wt, there is a 
horizontal pulsating force P sin ut applied to the particle B in Pig. 170a. 
This force has no potential, and we must use Lagrangian equations in 
the form (137). The generalized forces corresponding to P sin ut are 

(a cos ,<!> + 6 cos t)P sin ut, b cos ^ -P sin ut; 

and for small oscillations, Eqs. (137) give 

^ (Wi + W i)a?4> 4- ^ Wiab$ = — (W i + Wi)a<l> + (a + 6)P sin at, 

- Ws(b 2 $ + ab$) = ~WM + bP sin at. 

The solution of these equations will be discussed later. 

As a second example, let us consider the equations of motion of the 

spherical pendulum shown in Pig. 174. 
The position of the particle A on the sphere 
is completely defined by the angles <t> and 0 
which we take for generalized coordinates. 
Corresponding to an increment 8<l> of the 
coordinate <j>, we make a small displacement 
of the particle along the arc of the parallel 
circle and, corresponding to 86, a displace- 
ment along the meridian. Considering the 
work of the gravity- force W on these dis- 
placements, we conclude that the general- 
ized force corresponding to <f> vanishes while 
that corresponding to 9 is equal to — WI sin 6. The components of the 
velocity of the particle A in the directions of the tangents to the pnr niH 
circle and to the meridian, respectively, are 

l<j> sin 6 and 19, 
and the kinetic energy of the system is , 

T = Y g KW>* + <W sin en 

1 We note that to get the equations of motion with tho accuracy of small quan- 
tities of the first order, the expressions for kinetic and potential energy must be derived 
with the accuracy up to small quantities of tho second order. 



z 


Fig. 174 . 
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Lagrangian equations (135) then give the equations of motion ■ . 

8 — ft sin 9 cos 6= — ^ sin 9, 

j t (<f> sin 2 0) - 0. 

Let us consider now several particular cases. 

Case I. The particle moves only along the meridian, <j> = 0, and we 
obtain, from the first of Eqs. (o), 



8 + j sin 6 = 0. (p) 

This is the known equation of motion for a theoretical pendulum in a 
vertical plane. 

Case II. The angle 9 remains constant during motion and equal to a. 
Then, as we see from the second of Eqs. (o), must also be constant and 
the first equation gives 

ft = <o 2 = j — — — (q) 

l cos a “ 

This is the known equation of motion of a conical pendulum. 

Case III. We assume now that the steady motion of the conical 
pendulum is slightly disturbed so that there are small transverse oscil- 
lations of the particle A about its horizontal circular path. For such 
case, we take 

6 — a + £, 

where £ denotes small fluctuations in the angle 6 during motion. Con- 
sidering £ as a small quantity and neglecting terms containing £ in powers 
higher than the first, we have 

sin 9 = sin a + £ cos a, cos 9 = cos a — £ sin a. 

Now integrating the second of Eqs. (o) and denoting the constant of 
integration by C, we find 

/ si \S r n 



r o j 

\sin 2 0/ 

Lsin 2 a(l + 2£ cot a) J 


Substituting this approximation for ft into the first of Eqs. (o) gives 
£ — « 2 sin a j^cos a — £ + sin — ^ (sin a + £ cos a). 

Finally, we note from Eq. (q) above, that 


j = « 2 cos a; 
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and with a little trigonometric manipulation, Eq. (r) can be reduced to 
{ + (1 + 3 cos s a)w ! i = 0. (s) 

This indicates that £ represents harmonic oscillations having the period 

2r 

co \/l 4" 3 cos s a 

When a is small, cos a approaches unity and the period r approaches the 
value *■/«, which means that approximately two oscillations occur for 
each revolution of the conical pendulum. When a approaches x/2, cos a 
approaches zero and the period r approaches the value 2 x/w, i.e., there 
is approximately one oscillation per revolution. 

As a third example, we shall use Lagrangian equations to investigate 
small oscillations of the pendulum in Fig. 156, page 196. This is a 
system with one degree of freedom, and we take as generalized coordinate 
the angle 4- This angle and the corresponding angular velocity ^ we 
shall consider as small quantities. Neglecting the masses of the bars, 
we have to calculate only the kinetic energy of the particle W. The 
velocity of this particle consists of two parts: (1) the velocity due to 
rotation of the bar OC with respect to 0 and (2) the velocity along this 
bar due to sliding in the sleeve 0. Denoting by x the variable distance 
OB, we obtain, for the square of the total velocity, 

= A* + (l + aOV 1 *, 

and the kinetic energy is 

r = ^ [^ + a + *)*n (0 

It remains to express £ as a function of the chosen coordinate 4- Con- 
sidering the triangle ABO, we may write 

x cos 4 + r cos <t> = h, 

■ x sin <{/ = r sin <f>. 

Then treating </> and 4/ as small angles, we put 
cos 4> « 1 - cos <t> » 1 - £</>*, sin 4 « 4, sin » <t>- 

With these approximations, the first of Eqs. (u) becomes 

x — ixf* + t — ■Jr^ s = h. (v) 

It is seen that x differs from h — r only by small quantities containing 
and as factors; hence, neglecting small quantities above the second 
order, we can substitute the quantity h — r for x in the second term of 
Eq. (v) and write 

(«) 



x = h — r + i(h — r)^ 1 + 
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From the second of Eqs. (u), we have 

x , h — r , 

<> ** - f 

T T 


Substituting in Eq. (w), we obtain 

x = h- r + —(h- r)^*, 
and the corresponding velocity is 


± = £ (h - r)i4- 

T 


(*) 


Since this expression contains the product of two small quantities, its 
square is small in comparison with the second term in the brackets of 
Eq. (t) and can be neglected. In the term (l + x) V 2 , we can again neg- 
lect small quantities of higher order and substitute h — r for x. In this 
way, we obtain the following simplified expression for kinetic energy 

T = Yg {l + h ~ (y) 

The potential energy of the weight W with respect to its lowest 
position is 

V = W[r cos <t> — l cos $ — (r — Z)]. 

Using the same approximations for cos <f> and cos $ as above and keeping 
only small quantities of second order, this is readily reduced to 


7- w [z — ft. (*) 

Substituting the expressions for T and V into Eq. (136), we obtain 
I (l + h - r)ty + ^ ~ \p = 0. 


Ass uming that the quantity within the brackets of the second term of 
this equation is positive, we have a simple harmonic motion; i.e., 


wherein 


•fr + pY = 0, 


p* 


[1 — (A — r)Vr]g 
(l + h -r- r) 2 


By a proper dimensioning, we can make p as small as we like and obtain 
a very low natural frequency of vibration. 


PROBLEMS 

116. Using Lagrangian equations in the form (136), write the equations of motion 
for the system in Fig. 173, page 211. 
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117 . Using Lagrangian equations in the form (136), write the equations of motion 
for the system shown in Fig. 176, consisting of two circular disks on the ends of a 
horizontal circular steel shaft of length l and diameter d. Neglect friction in the 
bearings A and B. 

Am. Ii#i <t>i) = 0; Js& + Sjr faa — 0 i) » 0. 


118. In Fig. 176, the block A of weight W\ can slide 
freely on a horizontal rod and the pendulum A B can ro- 
tate freely about A . Taking x a and 0 as generalized co- 
ordinates and using Lagrangian equations (136), write 
the equations of motion for the system. Neglect the 



/ 

iimt. 1 r 


It 

a 

it 




_ 




Fig. 175. 



mass of the rigid bar AB y and assume that x a and 0 together with their derivatives 
with respect to time are small quantities. 

Am. (Wi + Wi)£ a — W 2 l<t> =» 0, 1$ — + Q<f> 30 0. 

119. Show that the two equations of motion for the system in the preceding 
problem can be reduced to 


7 . Wi 4- Wi g 

*+ wi l* 


0 . 


120. Two mass particles mi and m iy connected by a flexible but inoxtensible string 
of length l, are arranged as shown in Fig. 177. The particle A remains on a smooth 

horizontal plane, the string passes through a 
small hole at O, and the particle B hangs 
vertically. Using Lagrangian equations and 
taking r and 6 as generalized coordinates, 
write the equations of motion for the system. 
Am. d/dt (r 2 0) « 0; 

(mi + mj)r — mird % — —m^g. 

121. If the particle A in the preceding 
problem rotates about point O with constant 
angular velocity 0 «** the radius r also re- 
mains constant, say r «* a, and wc have a 
steady state of motion in which the centrifugal force of the one particle just balances 
the weight of the other. Assuming then that a small disturbance is given to the 
particle A so that r = a + £, where £ is a small quantity, show that the system will 
perform small simple harmonic oscillations with the period 



Fig. 177. 


T *= — - . 

«V3mi/(mi + mi) 

122. A flywheel, rotating in a horizontal plane about its center O, carries a particle 
of mass m that can.slide freely along one spoke and is attached to the center of the 
wheel by a spring of characteristic k as shown in Fig. 178. The moment of inertia 
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of the -wheel about its axis of rotation is I, and the unstrained length of the spring is o. 
Taking, as generalized coordinates, the angle of rotation 9 of the wheel and the 

elongation* of the spring, derive the equations of motion of the system. 

B Am. d/dt[I6 + »»(<* + *)'fl - 0; m£ - m(a + x)»* + he - 0. 




123 If the wheel in the preceding problem rotates with constant angular velocity 
6 « w the elongation a of the spring also remains constant, say x = c, and we have a 
steady state in which the centrifugal force of the mass m is just balanced by the tension 
in the soring Assuming now that the mass m is slightly disturbed so that x = c + £ , 
where £ is a small quantity, show that it will perform simple harmonic vibrations 

defined by the equation 

„ T „ . 4 mkc(a + c) t. 1 * — n 

- [mo,* + - j +w(fl + ^i 

124. A solid right circular cone of weight W, slant height ^ and vert«^e 2a 
n oiirvnincr on a roueh inclined plane as shown in Pig. 179. laJnng we 

Ingle shown in the ’figure as generalized coordinate, show that oscillations of the 
cone about its position of equilibrium are defined by the equation 

^ C08 s a l - (s cos 2 a + \ sin s a) $ + § (cos *« sin 0)sm * = 0, 

which, for small values of <t>, represents a simple harmonic motion. 

29. Constraints Depending on Time.-In discussing various kinds of 
constraints in Art. 23, we already mentioned t^t equations of constrain 
may contain time t explicitly. This means that instead of Eqs. (b) of 
the preceding article, we may have 

Xi = Fi(t,qi,qa, . • • 2»)> 
yi = Gi(t,qi,qz, • • • Qn), 
a = Hi{t,qi,qt, . • • 3»)- 

D’ Alembert’s principle still holds in this case, and we can say that the 
Lfvetrces on a system together with inertia forces and reactxve forces 
of constraints represent, at each instant, a system of forces mequihbnurm 
In applying the principle of virtual displacements to such systems at a 
certoJZsLt, we must consider as virtual 

placements that are compatible with the equa ions of constant * 
that instant. This means that in calculating displacements &*, Sy t , K 
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we have to proceed as indicated by Eqs. (c) of the preceding article and, 
for each instant, consider t as a constant. 

In the case of constraints independent of time t, the actual displace- 
ments that the particles of the system undergo during a small interval of 
time dt are compatible with constraints and represent a possible or virtual 
set of displacements. But this is not the case with constraints that 
depend on time. Virtual displacements at a certain instant t are dis- 
placements that are compatible with the conditions of constraint at that 
instant, whereas actual displacements involve variations in the constraints 
themselves and may not satisfy the requirements of virtual displace- 
ments at the instant t. 

Take, for example, a simple pendulum the suspension point of which 
performs a prescribed motion (Fig. 180). A virtual displacement of 
the particle A, at any instant t, is a small displacement 
along the circle mn, the center of which coincides with 
the instantaneous position of the point of suspension 0. 
The reactive force is normal to this circle, and its work 
on the virtual displacement vanishes. The actual dis- 
placement AAi during an interval dt consists of two com- 
ponents, one along the circle and the other together 
with the moving circle. We see that the actual dis- 
placement does not satisfy the requirement imposed 
upon virtual displacements; i.e., it is not compatible with 
constraints at the instant t. We see also that the work 
of the reactive force on the actual displacement does not vanish. 

With these general remarks we see that in the case of constraints 
depending on time, reactions may produce work on actual displacements 
but not on virtual displacements and Eq. (d) of the preceding article 
holds also in this case. We have to consider only the transformation of 
the left-hand side of that equation to generalized coordinates. Using 
Eqs. (c) above, we obtain 



dx dx . , 
Z = dt = d^ 1 qi + 


dx 


d 2 x 


ii 


■ii + 


dq 2 

d 2 x 


dx 

dq M ~ dq 1 dq 9 
d_ dx~ __ d 2 x 
dt dq, ~~ dq x dq 9 ' dq 2 dq ( , 


dq 2 dq, 

d 2 x 


qi + 
<?2 + 


& + 


, dx . . dx . 

+ WJ n + d? 


+ 


d*x 


A . a 3 s 

dq n dq, Sn dt dq,’ 

d * X A _L 

+ dq,dt 


dq n dq. 


(b) 


Comparing these equations with Eqs. (g), (h), (i) of the preceding article, 
we find that the difference consists only in the last terms on the right-hand 
side of our present equations, which appear due to presence of time t in 
Eqs. (o). The presence of these terms does not affect our previous 
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conclusions, and we have, as before 

dx _ dx_ dx _ d dx 

dq$ dj, dq, dt &Qa 

This means that Eqs. (1) and (m) of the preceding article hold also in this 
case and we obtain the same Lagrangian equar 
tions (135). 

As an example of constraint containing 
time explicitly, let us consider a pendulum con- 
sisting of a particle £ on a string the free length 
of which can be varied by pulling the end A 
(Fig. 181). The position of the particle is de- 
fined by the length l and the angle 4>. Since l 
is a given function of time, depending on the 
motion of point A, we have a system with one 
degree of freedom and can take <t> as the gener- 
alized coordinate. The rectangular coordinates of the particle B then are 

x = l sin y — l cos <t>. 

These equations contain time explicitly, since l is a given function of 
time. The expression for kinetic energy of the system is 

T — £ro(£ 2 + # 2 ) = •Jm[(/ sin <t> + l cos <#><£) 2 + (1 cos </> — l sin ^) 2 ] 
= £m(f 2 + 

and the potential energy is 

V = —mg l cos <t>. 

Substituting in Eq. (136), we obtain 1 

i-. (ml 2 4>) = —mgl sin <t>, 
at 

which gives 

Z 2 0 + 2 U<j> + gl sin 0 = 0. 

For small angles 0, we can take sin 0 « 0 and write 

$ + f 0 + ^0 = °- W) 

Comparing this result with the equation for damped vibration (see page 
34), we conclude that the second term containing the derivative t takes 
the place of the term representing damping. The magnitude of equiva- 
lent damping can be varied by selecting for l various functions of time. 
i This equation can also be written by using the principles of angular momentum. 
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When l is increasing, l is positive and the second term of Eq. (d) represents 
true damping. In such case, the amplitude of oscillations will decrease 
with time. When l is decreasing, l becomes negative and we have nega- 
tive damping. In this case, the amplitude of oscillations will increase 
with time. By an appropriate motion of point A of the string (Fig; 181), 
a progressive accumulation of energy in the system can be produced and 
the amplitude of oscillation of the pendulum will increase with time. 
Such an accumulation of energy results from the work done by the tensile 


force in the string during variation in the 
length l of the pendulum. Various func- 
/| tions of time for the length l can be imag- 
s-lL I ined which will produce an accumulation 

0 / \j * °f energy of the vibrating system. As an 

\ / ^ example, consider the case represented in 

N '' — ' Fig. 182 in which the angular velocity 4> of 

the pendulum and the velocity l of vari- 
lg2 ation in its length are represented as func- 

tions of time. The period of variation of 
the pendulum’s length is taken half that of its vibration period, and the 1 
line is placed in such a manner with respect to the <£-line that the maxi- 


mum negative damping effect coincides with the ma-Hmnm speed of the 
particle B. This means that the length l is decreasing while the velocity, 
of the particle is large and increasing while the velocity is comparatively 
small. Observing that the tensile force, applied at A, is working against 
the radial component of the weight of the particle together with its 
centrifugal force, it is easy to see that in the case represented in Fig. 182, 
the work done by the tensile force during decrease in the length l will be 
larger than that returned during increase in the length l. The surplus of 
work results in increasing the energy of the vibrating system. 

In the particular case where l is increasing or decreasing at a cons tan t 
rate as for the cage of an elevator, we can put 


and Eq. (d) becomes 


l = o + bt, 




This equation can be integrated by the use of Bessel’s functions. 


PROBLEMS 

12S. Show that the amplitude of vibration of the pendulum in Kg. 181 will con- 
tinuously increase if each time that it passes the middle position (<t> « 0), its length is 
suddenly decreased by a small amount S and then increased by the same amount when 
the pendulum is in its extreme position (<* - «). Show that the increase in onerev 
per oyele is 6TFS(1 - cos «). 
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126 . Set up the equation of motion for torsional oscillations of a flywheel attached 
to a vertical shaft (Fig. 183) if the moment of inertia of the wheel varies periodically 
with time due to the harmonic motion of symmetrically located 
masses m sliding along two spokes of the wheel. Assume that the 
variable moment of inertia of the flywheel is 

/ = /o + 2 mr ! « / 0 (1 + a sin ut). 

The torsional spring constant for the shaft is h; its angle of twist is 6. 

Am. lot) + °°. a — . d + - . — -fl-o. 

1 + asmioi 1 + a sin at 

30. Lagrangian Equations for Impulsive Forces. — 

Lagrangian equations (135) can easily be adapted to the 
case in which impulsive forces are acting on a system as 


kr4*-r-»l 

Fig. 183. 


discussed previously in Art. 16. For this purpose, we multiply the equa- 
tions by dt and integrate them from t to t + e where e is a small interval of 
time, representing the duration of impact. In this way, for any general- 
ized coordinate q„ we obtain the equation 



The first term on the left-hand side of this equation can be integrated and 
gives 

(IL -(!,).“<©■ « 

The second term vanishes, since we assume that the duration of impact e is 
infinitesimal while, at the same time, dT/dq, remains finite during impact. 
On the other hand, the integral on the right-hand side of Eq. (a) does not 
vanish, since the impulsive forces that act during an impact of infini- 
tesimal duration become infinitely large. This integral represents the 
impulse of the generalized impact force Q,; we denote it by Q/. In 
calculating this impulse, we shall consider only impact forces and neglect 
finite forces such as gravity forces, forces of elasticity, and so on.- The 
changes in the coordinates of the system during impact also will be 
neglected. 1 Equation (o) then finally gives 

A (f)' a '- (138) ' 

The derivative dT/dq, represents the generalized component of the 
momenta corresponding to the coordinate q,, and Eq. (138) states that 
the increment of this generalized component of momenta during impact 
is equal to the corresponding generalized component of the impulse. 

1 These are the same simplifying assumptions as were made previously in Art. 16, 
p. 129. . • 
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A s an example, let us consider the case of a uniform rigid bar AB 
of length l and ma^a m falling in the vertical xy-plane and striking, at A, 
a smooth inelastic floor as shown in Fig. 184. To find the impulse Y' 
exerted on the bar at A, we take, as generalized coordinates, the vertical 
coordinate y e of the center of gravity C and the angle of rotation 0. 

Then the generalized components of the im- 
pulse Y' will be obtained in the same way 
as in the calculation of generalized forces 
(see Art. 24). In this manner, we conclude 
that the component corresponding to the 
coordinate y 0 is Y'. To find the component 
corresponding to the coordinate 6, we con- 
sider the displacement of the end A of the 
bar due to an increment 86 of the coordi- 
nates and conclude that this component is iY'l sin 0. The kinetic energy 



Fig. 184. 


of the system is 


T = imy 2 + H6K 


(c) 


Finally, denoting the initial values of y c and 6 just before impact by —v 
and <o, respectively, and using expression (c) for kinetic energy together 
with the above generalized components of the impulse in Eq. (138), we 
obtain 


A (16) = 1(6 - «) = iY'l sin 0, \ ... 

A(m#„) = m(y c + v) = Y'. ) ' ' 

Regarding the velocities y c and 6 of the bar after impact, we know that 
the vertical component of the velocity at 
A must vanish. Hence 

\6l sin 6 + y c = 0. (e) 

Substituting for 6 and y, their values from 
Eq. (d) and observing that I = ml 2 /12, we 
obtain 

yv _ m(p joil sin fl) . 

1 + 3 sin 2 0 ’ U) 

As a second example, let us consider an inelastic roller of weight W 
and radius r that rolls with uniform speed v along a rough horizontal 
plane and suddenly strikes a solid obstruction of height h as shown in 
Fig. 185. There ensues an impact of very short duration e during whioh 
a very large reactive force, defined by components X and Y, acts at the 
point 0 as shown. During the interval of impact, the roller suffers a 
substantial change in its motion; and assuming sufficient friction to 
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prevent slipping, point 0 becomes the new instantaneous center of rota- 
tion. To calculate the new motion of the roller at the end of the impact 
and the components X f and Y f of the impulse,, we can use Eqs. (138). 

Taking the points of impact 0 as the origin of coordinate axes x and 
y directed as shown, we take the coordinates x 0 and y 0 of the center C 
and the angle of rotation <j> as generalized coordinates. Then X' and 
F are the generalized forces corresponding to x a and y C) and the general- 
ized force corresponding to <t> is X'r. The total kinetic energy of the 
system at any instant is 

T = frn(xS + yS)+m\ <fi) 


where m is the mass of the roller and I is its moment of inertia with 
respect to the geometric axis. The generalized components of momenta 
are 


dT 

dx 



dT 

d<j> 


- I 


Substituting in the Lagrangian equations (138) and neglecting all finite 
forces during impact, we obtain (see Fig. 185) 

A(m± e ) = m(x e — v cos a) = X'. ' 

A (mil.) = m(y a + v sin a) = Y', / 

-*£{*+$ - rr - I 

Since we assume no slipping at 0 during impact, these three equations 
are not independent; we have, as equations of constraint, 


± e = —r<f> and 
Substituting in Eqs. ( h ), we obtain 


V* 


+ v cos «) = X', 
mv sin a = Y' , 


mr 


(*+?) 


X'r. 


(0 

U) 


Substituting the value of X' from the first of these equations into the last, 
we obtain 

T - + f) = ~ m ^ + V 008 °^ r ’ 

from which 

&o = —r4> - g (1 + 2 COS a). (k) 


This equation defines the motion of the roller immediately after impact. 
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Using the value of from. Eq. (k), in Eqs. (J), we find, for the com- 
ponents of the impulse at 0, 


X' = jf (1 - cos a), 


Y f == rnv sin a . 


© 


We may now observe that to realize the assumption of no slipping at 0 
during impact, we must have there a coefficient of friction 


_ X' _ 1 — cos a 
M > T ~ 3 sin a ‘ 


(m) 


If the roller were to bump a vertical wall, we would have a - 90 deg. and 
the required coefficient of friction to enable it to start rolling up the wall 
without slipping would be jtt > In such case, as we see from Eq. (k), 
the initial velocity of the roller up the wall is only one-third of the 
velocity v with which it strikes the wall. 

If the height h of the obstruction is small compared with the radius r 
of the roller, Eqs. (i) can be simplified by noting that 

r — h , h , . rx ( h\* 

r r \rj 

Using these approximations in Eqs. Q), we obtain 

r'-v3 »»(£)*• W 

In such case, the coefficient of friction required to prevent slipping is 



Having Eq. ( k ) defining the motion of the roller just after impact, we 
can easily calculate the kinetic energy that it loses as a result of the blow. 
To do this, we note that the kinetic energy before impact was 


To = 


mv i , mr l v* 3 , 

T + Tp-i”' 


(p) 


Using the values (t) and (k) in expression (g), the kinetic energy after 
impact is 


T - (1 + 2 cos a)K 


(?) 


Subtracting Eq. (q) from Eq. (p), we obtain, for the lost energy, 
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For small values of the ratio h/r, this expression is easily reduced to 

PROBLEMS 

127. A rhombus formed of four hinged bars, each of length 2 and mass wi, falls 
vertically and strikes a horizontal inelastic surface as shown in Fig. 186. Find the 
subsequent motion if, before impact, the diagonal AB is vertical and the bars have 
only translatory motion with velocity — v. Take the coordinate y c of the center of 
gravity C and the angle 9 as generalized coordinates. 

Ana. After impact, 9 « 


Sv sin 0 


2(1 + 3 sinW 




128. A square formed of four hinged bars, each of mass m and length 2, rotates in 
its own plane with angular velocity « about its center C as shown in Fig. 187. Find 
the subsequent motion if the hinge A is suddenly fixed. Generalized coordinates, 
defining the configuration of the system, will be the coordinates x 0 and y 0 of the center 
of the square together with the angle of rotation <f> of its diagonal AB and the angle 
0 that each bar makes with this diagonal. A ns. After impact, «* f «, 6 » 0. . 

129. A regular hexagon, formed of six 
hinged bars, each of length 2 and mass m, is 
initially at rest on a perfectly smooth horizontal 
plane as shown in Fig. 188. Find the ratio of 
the velocity ya and y a of the mid-points of two 
parallel bars just after a blow of total impulse 


f 

y 

tv 

A 

A 

A 


i. 


ya 

Ffl 

t 


r 






ib. 


I— 

Fig. 188. Fig. 189. 

Ya is struck at point A . Owing to symmetry, the configuration of the system will be 
completely defined by the coordinate y a of the point A at which the blow is struck 
together with the angle 9 that each inclined bar makes with the a?-axis. 

Ans. 19 - -^2/a, ya - |/a + 20 ■> ^ 

130. A rigid prismatic bar AB of length 2 and mass m can rotate freely on a hori- 
zontal smooth surface about a vertical axis through A (Fig. 189). A ball 0 of mass m* 
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is placed in contact with the bar at the distance a from the axis of rotation. At what 
distance x should another ball D of mass rrid impinge the bar in order to impart the great- 
est possible velocity to the ball C by the impact. Assume an inelastic impact. 


An8. x 


4 


ml 1 fffcQ* 
3 rm mt ’ 


31. Hamilton's Principle. — Multiplying each term of the L& g r &ngian 
equation (135) by an assumed virtual displacement 8q, and using notation 
(Z) on page 213, we may write 


d 

dt 





Qt8q,. 


(a) 


If the forces have potential and V is the potential energy of the system, 
we have Q. = —dV/dq, and Eq. (a) becomes 



Introducing the notation 

L = T-V, 

Eq. (5), in turn, may be written in the form 


dL 

8q t 


■8q„ 


(c) 


® [X m + + 

The function L, representing the difference of kinetic and potential 
energies of the system, is called the Lagrangian function, and the right- 
hand side of Eq. (c) represents the increment of this function correspond- 
ing to the assumed virtual displacement 
iff*. 

Let us consider now an interval of time 
between two arbitrarily chosen limits t\ 
and h and assume that at every instant, 
some virtual displacement is given to the 
system, so that 8q, becomes a certain func- 
tion of time, the magnitude of which 
always remains very small. We assume 
also that this function does not 
abruptly but is a continuous function of 
time and also that its derivative with 
respect to time is always small. Let the 
curve mn in Fig. 190a represent values of 
the chosen coordinate q, during actual 
motion of the system for the interval 
of time from t\ to < 4 . Then as a result of the continuously changing 
virtual displacement 8q„ we shall obtain another curve very close to the 
curve mn. One such possible variation of the curve mn is shown in 



(b) 

Fio. 190 . 
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the figure by the dotted line mini. By superposing such virtual dis- 
placements on the actual motion, not only the coordinates themselves 
but also their derivatives with respect to time will be slightly changed. 
If the chosen coordinate q, is changed to q, + Sq„ the corresponding 
velocity will be changed from q, to q, + (d/dt) Sq,. As soon as we assume 
some function of time for Sq,, we know the change of the coordinate q, and 
of the corresponding velocity q, at every instant and can calculate the 
corresponding value of the expression on the right-hand side of Eq. (c). 
In our further discussion this variation of the Lagrangian function will be 
denoted by SL. Then multiplying Eq. (c) by dt and integrating from 
t = ti to t = ti, we obtain 



+ i £M> />>*• 


(d) 


We now introduce a certain limitation for the virtual displacement Sq, 
and assume that it vanishes for t = ti and t = ti, as illustrated by the 
dotted line in Fig. 1906. With this limitation, the left-hand side of Eq. 
(d) vanishes and we get 



= 0 . 


This equation holds for any virtual' displacement defined by changes 
Sqi, Sqi, ... of the coordinates, provided they vanish for t — ti and 
t = ti. We can change the order of calculation and make the integration 
with respect to time first and afterward evaluate the increment of that 
integral due to virtual displacements Sqi, Sqi, .... In this manner we 
obtain 

S f‘‘ Ldt = 0. (139) 


This equation represents Hamilton’s principle. It states that the true 
motion of a system within a certain arbitrarily chosen interval of time is 

characterized by the fact that the increment of the integral J*' L dt 

vanishes for any continuously varying vir- 
tual displacement, provided this displace- 
ment vanishes at the limits ti and ti of the 
chosen interval. 

To show an application of Hamilton’s 
principle, lot us consider first a very simple 
example of harmonic oscillations of a mass 
m sliding on a smooth horizontal plane (Fig. 191). Denoting by x the 
displacement of the particle from its position of equilibrium, the potential 
and kinetic energies are 


^/WWWVM m 

7777777777 %} 


t V///A 


777777777 % 


Fig. 191. 
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V 


— 

2 


and 


mx* 


and H amil ton's principle gives 

S f*' ( mi 1 - kx*)dt = 0. (e) 

We know, of course, that in this case, the mass performs a simple har- 
monic motion and the coordinate x, as a function of time, is represented 
by a sine curve. Let us take any interval of time from h to tt and give 
to x some small continuously varying increment Sx such that the above- 
mentioned sine curve will be slightly distorted but will retain its true 
ordinates at t = t\ and at t — t*. The velocity x of the mass m will then 
be changed to x + (d/dt) (Sx), and Eq. (e) gives 

— k(x + &c) 2 jd< — (mx 1 — kx*)dt = 0. 

Observing that Sx and ( d/dt)(Sx ) are small quantities and neglecting 
terms containing their squares, we obtain 


. /;( 


. d Sx , _ 

mx —jr kx Sx 

dt 


^jdt = 0 . 


(/) 


We conclude now that the true expression for x is that function of tima 
which makes this integral vanish. Integration of the first term in the 
parentheses can be made by parts, and we obtain 



d Sx 
dt 


dt = m 




mx Sx dt. 


Since Sx vanishes for t = t\ and t = U, the first part of this integration 
vanishes and Eq. (f) reduces to 



(m£ + kx)Sx dt 


= 0 . 


(g) 


This integral will vanish for every virtual displacement only if the expres- 
sion in the parentheses is always equal to zero, because if it is not zero, 
we can assume for Sx a function of time that always has the same sign as 
the expression in the parentheses. The expression under the integral 
sign will then be always positive, and the integral will not vanish. Hence 
to make it vanish, we must have 


mx + kx = 0, 

which is the known equation for simple harmonic motion. 

Naturally, in this simple case, we do not need to use Hamilton’s 



Art. 31 ] DYNAMICS OF SYSTEMS WITH CONSTRAINTS 


233 


principle to derive the equation of motion. In general, we shall find 
that the use of this principle does not simplify the solution of problems 
dealing with systems having a finite number of degrees of freedom. 
However, it may have some advantages in the case of elastic systems with 
an infinite number of degrees of freedom and has found some useful 
applications in various branches of physics. 1 

Hamilton’s principle represents the most condensed form of describ- 
ing the motion of a given mechanical system, and from it the usual equa- 
tions of motion in rectangular coordinates and also Lagrangian equations 
can be derived. 

Take, for example, a system of free particles under the action of 
forces having potential. Then 

L = T - V - iZrmW + in* + i< s ) - V. 


If, during some interval of time, we give to any coordinate x t a virtual 
displacement 8x { such as shown by the dotted line in Fig. 1906, we find, 
as in the above-discussed example, 


SL = rriiXi 


d 8Xi dV 


dt 


— 8xi — rriiXi 


d 8xj 

dt 


-f- Xi&Xi 


and, from Hamilton’s principle, 

J U (rmxi ±**i + Xi dx^dt = 0. 


Observing that 


Jh dt 
we obtain 

which requires that 


ti 

niiXidXi 

ti 



rriiXidXidt = 



m&dZidt, 



X{) dx dt = 0, 


771 $i — X% = 0. 


These are the known equations of motion in rectangular coordinates. In 
a similar way, Lagrangian equations also can be obtained. 

We assumed in our derivation of Hamilton's principle that the forces 
have a potential. If, in addition to forces having potential, there are 
other forces that do not, we keep the symbol Q a for these later forces and 
the right-hand side of Eq. (6) becomes 



- u + «•)**■ 


1 H. Hblmhoi/cz, J . Math., vol. 100 , 1886 ; Wied. Ann., vol. 47 , p. 1 , 1892 ; J. J. 
Thomson, “Applications of Dynamics to Physics and Chemistry, 1888 . 
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Proceeding then as before, we shall find, for each coordinate, the equation 

J*' ( SL + Q,Sq.)dt = 0. (140) 

As an application of this equation, let us consider forced vibrations of a 
system with one degree of freedom and with a nonlinear spring. Pro- 
ceeding as before and denoting by x the displacement from the equi- 
librium position (Pig. 191) and using the notations f(x) and P sin at for 
the force in the spring and for the disturbing force, respectively, we obtain 

J** [mx + f(x) — P sin o>£]5a: dt = 0 (ft) 

simil ar to Eq. (g) above. Like Eq. (g), this requires 

mx + f(x) — P sin at = 0, (*) 

which is the known differential equation for forced vibrations of a non- 
linear system without damping [see Eq. (a), page 61]. 

Although Hamilton’s principle can bring us to the usual differential 
equation of motion for forced vibrations of a nonlinear system, Eq. (ft) 
furnishes us with a more powerful method of making an approximate solu- 
tion of this problem. 1 Following the Rite method , 2 we assume that the 
steady forced vibrations of the mass m can be represented with sufficient 
accuracy by the series 

x — disin at 4- a 2 sin 2 at + • • • . (j) 

Then a virtual displacement of the mass m can be obtained by giving to 
any coefficient a, in this series an increment Sa, and then we shall have 

bx = Sa, sin sat. ( k ) 

Substituting expressions (J) and (ft) into Eq. (ft) and integrating from 
ti = 0 to U — 2nr/ sa,* we shall obtain as many equations for calculating 
oj, a*, ... as the number of terms in the series (j). Naturally, the 
more terms we take in this series the more accurately can it be made to 
represent the true motion. Practically, however, good results can often 
be obtained by taking only one Or two terms. 

If we take only the first term of the series (J), we have 

x = a sin at ( l ) 

and 

Sx = Sa sin at. ( m ) 

. 1 We have already seen in Art. 8, that an exact solution of Eq. (i) is not to be had 
•See Walteb Rem, “Gesammelte Werke,” 1911. 

* The virtual displacement Sx vanishes for these limits. 
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Substituting these expressions into Eq. (h) and taking the interval 
ts — ti = 2r/«, we obtain 


2x 

[mow* sin at — f(x) + P sin at]Sa sin at dt — 0. (n) 

Canceling Sa and making part of the indicated integration, we obtain 

2t 

maa 2 + P = - I f(a sin cousin at dt. (141) 

if Jo 

This equation can be used to determine the amplitude a of the assumed 
motion. 

Let us apply Eq. (141) first to the steady forced vibrations of the 
mass particle to of the system in Fig. 44 (see page 61), in which case 
the spring force 

f(x) — kix + ktfc* 

and, accordingly, 

/(a sin at) — Aia sin at + As^sinW. 

Substituting in Eq. (141), and completing the integration on the right- 
hand side, we get 

maa* + P = kia -f- 

Dividing through by to and rearranging terms, we have 


ki , 3 As , P , ^ 

— CL i" ~t — Or r CUti 2 . 

TO 4 TO TO 


(o) 


As already discussed in Art. 8 (see page 63), this equation can be solved 
graphically, and we can construct a response curve (Fig. 46) showing how 
the amplitude of forced vibration varies with the angular frequency a of 
the disturbing force. 

It will be interesting to compare Eq. (o) with Eq. (40) on page 63. 
Following the notations of Art. 8, we see that these equations differ only 
in regard to the term containing a®. We now have |/3 in place of fi in Eq. 
(40). It will be remembered that Eq. (40) was obtained by substituting 
an assumed solution, * = a cos at, directly into the differential equation 
of motion (37). In this way, we satisfied the equation only for values of 
t corresponding to extreme positions of the vibrating mass and, in the 
absence of damping, also for the middle position. Now, in using Eq. (o), 
obtained on the basis of Eq. (141), we are selecting the amplitude a of an 
assumed harmonic vibration in such a way as to satisfy most closely the 
differential equation of motion for all values of t throughout the cycle. In 
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short, Eq. (o) defines the best possible value of a within the limits of the 
assumed form of the motion. Taking two terms of the series (J) and 
proceeding in a similar manner, we can, of course, get a still better 
approximation of the motion. 

A case of particular practical interest 1 is shown in Fig. 192, where tho function 
f(z ) is defined by the straight lines having the slopes ki and ki, Equation (141) 
applies to this system also; but owing to the discontinuous nature of f(x) (see Fig. 



W25), it will be necessary to divide the integration on the right-hand side into several 
parts. Analytically, the function f(x) is defined as follows : 


m 


( klX for —a Q <x< a 0 , ) 

+ (&i — ki)ao for ao < x < oo, > 
k& — ( k\ — ki)ao for — < x < — o 0 .J 


(; p ) 


Assume, now, that the amplitude a of forced vibration is greater than ao, and let 
h represent the time required for the mass m to move from its middle position to tho 

^ S iw gS ?° m ® ^ action * Settin « * - «o in Eq. wo find 
that this time is the smallest value of the expression 


<i ■* - sin" 1 


(?> 

Then, corresponding to expressions (p) above, we have 

J. Applied Mechanics, December, 1936, p. A-127. ° g 
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/(a sin at) — 


/kia sin at 

kid sin at + (&i — kt)a o 
)kia sin at 

1 k 2 a sin at — (ki — Aa)ao 
Alia sin at 


for 


0 < t 

<t i, 

for 


<i <t 

<1-** 

for 

V 

-ti <t 

<- +ti, 


a 


a ’ 

for 

7T 

+ k<t 

<--h 


a 


a 

for 

2 T 

- - tl < 

2t 
t < ~ 


Using these expressions and dividing the integral on the right-hand side of Eq. (141) 
into five parts, we obtain 

2t 

^ X ^ ^ S * n w ^ s * n “ ^ aa i “ (A;i — As*) [a sin“ x ^ 4- a 0 \l — J, (g) 

where the plus sign corresponds to positive values of a, i.e., to in-phase motion, and 
the minus sign, to negative values of a, i.e., to out-of-phase motion. Substituting in 
Eq. (141), we obtain, after some algebraic manipulation, 

A (3 - *) S + sH (& - * ! [5 (?) + » 

where at » s/kt/m represents the natural angular frequency of the system for very 
large amplitudes where the influence of A; i is negligible. 

For amplitudes less than ao, we have, simply, 

/(a sin at) =■ kia sin at, 

P P/m _P r 1 


and Eq. (141) gives 
a 


' *1 [ 1 — (w'/W)]’ 


(«) 


ki — ma 2 wi a — w ; 

where «i = Vki/m, represents the natural angular frequency of the system within 
the range — a 0 < x < ao. Equations (r) and (s) together define the amplitude of 
forced vibration in the steady state for all possible values of the angular frequency a 
of the given disturbing force. 


4 

If 

i 

-4 -3 -2 -1 O 

y F 


i 1 , 

T | ! 1 j 

iT' '* 3 ^ 

4—4 — 

-1 

A. 


K 


<*/a 0 


Fig. 193. 

Equation (r), like Eq. (o), can bo solved graphically, 


For this purpose, we write 

which is represented graphically by the two curves AB and A , B / shown in Fig. 193, 
where values of the amplitude ratio a/a 0 are taken as abscissa. We see that these 
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curves are entirely independent of tlie physical properties of the system and, once 
constructed, can be used for all cases. All physical properties of the system and the 
disturbing force are contained in the left-hand side of Eq. (r). We now consider the 
equation 

hi /co» A a k% ( P \ 

** ki — kt \co s a / ao ki — kt \ktaa/ 

which represents a straight line EF having, on the y-axis, the intercept 


and the slope 


OD - 



tan a 


kj 

ki — ki 



For a given system and a given disturbing force, the point D is fixed and the slope 
varies with the angular frequency «. For the case shown in Fig. 192 where ki > hi, 



we obtain a negative intercept as shown ; if kt < k if the intercept will be positive. The 
intersections between such straight lines as EF and the curves AB and A'B ( give all 
possible solutions of Eq. (r). Intersections with the branch AB indicate in-phase 
vibrations; those with the branch A'B', out-of-phase vibrations. 

Proceeding as outlined above, we can construct families of response curves showing 
how the amplitude of forced vibration varies with the frequency ratio «/«* for various 
magnitudes of the disturbing force P. One such family of curves for the case where 
kt » 2ki is shown in Fig. 194. 1 The portions of the curves below the horizontal line 
a/ao — 1, are obtained from Eq. ($), noting that 6>i/« s « 0.707. 

32 . Constraints Depending on Velocities. — In discussing various kinds of con- 
straints of a system in Art. 23, we already mentioned that equations of constraint 
sometimes contain not only coordinates, specifying the configuration of the system, 
but also velocities. Take, for example, a thin disk rolling on a rough horizontal 
plane as shown in Fig. 195. Any instantaneous position of this disk will be defined by 
the coordinates x y y of the point of contact A together with the angle <£ that the 

1 These curves were taken from Louri4 and Tchekmarev, op . cit., p. 236. 
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tangent to the circumference of the disk at A makes with the s-axis and the angle 0 
by which the plane of the disk is inclined to the vertical plane. We can take these 
four quantities as the generalized coordinates of the system, but it may be seen that 
owing to friction, they will not all be independent; the system has not four but only 
three degrees of freedom. We cannot have arbitrary virtual displacements Sx and 
Sy, since friction opposes those displacements and the motion must take place in the 
direction of the tangent Om ; thus 


6y » Sx tan <f > . 

The same relation will exist between the velocities of the point of contact A, and we 
have 

y « x tan <t > . (a) 

This additional equation of constraint, containing velocities, reduces the number of 
the degrees of freedom of the rolling disk to three. 




In some simple cases, the equations containing velocities can be integrated as in 
the example on page 193, and we obtain equations of constraint containing only 
coordinates as considered previously. If equations of constraint contain velocities 
and cannot be integrated, the problem becomes more involved. 

Systems with equations of constraint containing only coordinates or coordinates 
and time t are called holonomic systems. All problems that we previously discussed in 
this chapter were examples of holonomic systems. The Lagrangian equations give 
the general method of solution of such problems. If there are equations of constraint 
containing velocities, such as Eq. (a), the systems are called ncmholonomic systems . 
General methods of deriving equations of motion for such systems have been devel- 
oped, 1 but we shall not discuss these methods here and shall limit ourselves to one 
example of a nonholonomic system in which an approximate solution can be obtained 
by using the principle of angular momentum. This is the case of motion of a bicycle 
(Fig. 196).* Let A be the point of contact of the rear wheel with the horizontal 
supporting plane and AM the line of intersection of the middle plane of the frame with 
the horizontal supporting plane. The angle of inclination of the middle plane to 
tho vertical we denote by 0* and assume that the center of gravity C of the system is 

1 Sec E. J. Routh, Rigid Dynamics, vol. 1, p. 339, 1897* and Paul- Appbll, 
“Mdcanique rationelle,” vol. 2, p. 374, 1923. 

*This approximate solution is given in the book “Cours de mdcanique” by 
Bouasse, p. 620, Paris. 

♦The quantity $ is considered positive if inclination is toward the oenter of 
curvature 0 of the trajectory of point A . 
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in the middle plane at the distance h from the line AM f so that its height above the 
supporting plane is h cos 0 and its distance from the transverse vertical plane through 
AO is 6. In an approximate discussion of the problem, we shall consider only the 
motion of the center of gravity of the system and shall neglect rotation of the wheels. 
We take the s-axis approximately parallel to the element ds of the trajectory s, which 
the point of contact A is describing at the instant under consideration, and the y-axis 
perpendicular to a?. Let s and y be the coordinates of the point A . Then the cosine 
and sine of the angle <f> that the element ds makes with the x- and y-axes are dx/ds , 
dy /ds, and the coordinates £, y, t of the center of gravity C will be 

, r dx X. * n dy 

{=a . + 5 __ Asin9 ^, | 

^y + b t +hBine %\ (6) 

=* h cos e. i 


To simplify writing we shall use, in further discussion, the notations 


We observe also that 

t 



d*a? 

ds* 


= a?". 


d d^ ds d! 
<U = dsdt =v ds 


<«) 

(d) 


where v is the velocity of the point A. 

To eliminate the unknown reactions, we use the principle of angular momentum 
and take, as an axis of moments, the line A B passing through the points of contact A 
and B. In such case, the moment of external forces reduces to the moment of the 
gravity force, equal to Wh sin 0, and the principle of angular momentum gives the 
following equation 

— Ji cos 0 — — /i sin 0 - Wh sin 0. 
g cur g at* 

Substituting for £ its expression from Eqs. (6) and considering h as a constant, we 
obtain 

cos 0 + h sin*0 -f h sin 0 cos 0 « g sin 0. (e) 

To obtain an equation con tainin g only 0, we express d 2 rj / dt* through 0 by using the 
second of Eqs. (6), which gives 

dy dy\ , . d / dx\ , dx d0 

di -dt +h dt\&) +h5m6 dt{te)+ h te cose dt 

or, using notations (c) and (d), 

■gr “ vy* + hvy" + hv sin 0a?" + hz' cos 0 
The second differentiation then gives 

<F “ % y> + V * y " + 6 y ” + ®V") +h (% x " + »**"') sin 9 

+ 2 kvx" COS e ^ + hx' cos 9 - (§y Bin (/) 
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to) 

W 

where R is the radius of curvature of the trajectory s of the point of contact A. 
Differentiating Eq. (g), we obtain 

x'x" + y'y" « 0, sV" + tfy nf + ( x " )* + (j/") a = 0; 

and by differentiating Eq. (A), we have 


We have also 
from which 


x /a + y' a «= (cos <t>) 2 + (sin <f > ) 2 » 1. 
a?" — sin ^ y" — cos 4 


»(»"*"' + 2/'V") 


li/n 

jB dt \RJ 




Assume now that the z-axis coincides with the line AJ3 in Fig. 196. Then the angle 
vanishes, and we obtain 

s'- 0 - 

In such case, Eq. (i) gives 
and we obtain, from Eq. (/), 




, Tl dv , d /I \ “I to* 
6 I Rdi + v di\R) ~ W 


a i 


r/72/i 


Substituting this into Eq. (e), we obtain an equation containing only the variable 
angle 6. The equation is a complicated one, but it can be greatly simplified if we 
consider only small values of 0, i.e., small deviations of the rear wheel from the vertical 
plane. In such case, wo can put 


cos 6 =* 1, sin 0 » 9 

and can neglect h sin 6/R in comparison with unity. Then 



and Eq. (e) gives 

d a 9 Id (v\ g$ t>* 

dt * + hdt \R) ~ h IR W 

This equation can be represented in a form more suitable for our further discussion by 
introducing, instead of the radius of curvature R, its expression through the angle a 
between the lines MB and NB. We show first that the perpendicular BO to the line 
NB intersects the perpendicular AO at point 0, which is the center of curvature of 
the trajectory s of the point A. For this purpose, we denote, as before, by x and y 
the coordinates of point A. The coordinates of point B we denote by xx and yi 
and the length TB by o. Then 
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, dx \ 
xi-x+a-% ) 

, dy > (Z) 

Vx-y +*-£’{ 

( %i — x)* + ( 2/1 — y )* o*. I 

Differentiating the last of these equations and using the first two, we obtain, 
dx(dzi — dx) + dy(dyx — dy) * 0, 

from which 

dx dxi + dy dy x « da; 1 + dy* » ds* 
or 

dxdxi'dydyi . . 

da da + da da ' J 

Considering now the trajectory $1 of the point of contact B of the front wheel and 
denoting by da x an element of this trajectory, the cosines of the angles that this 
element makes with the x- and y-axes are 


and we find, for the cosine of the angle a, the following expression : 


Cosa-^^+^^i. („) 

ds da x ds da x v ' 

Comparing Eqs. (m) and (n), we conclude that 

da — daicos «. ( 0 ) 

Differentiating now the first two of Eqs. (1), squaring them, and adding together, we 
find 

*[©■+ ©)’] - ($?■ -©•+(*- »• 

. (§xi_l dx y (d£ iJL djA* 

\dai cos a da) Vdsicosa da)* ^ 

Assuming now that the s-axis coincides with the line AM, wc obtain 


dxi 

da x 

and Eq. (p) gives 


dx _ 1 dyi 
da 7 da x 


_o 

da 




! R tan a . . 


Tte same condumon can be obtained also from the right triangle ABO in Fig. 196, 
which proves that the intersection point 0 of the perpendiculars AO and BO is the 
center of curvature of the trajectory «. If we keep the angle « constant, both the 
trajectories a and *x become conoentric circles of radii R and B/cos «, respectively. 

Usmg Eq. (gr), we rewrite now our equation of motion (&) in the following form: 


&6 b d (v tan ot\ ge v * 
di* ^hdt \ a ) =T~hR' 



Art. $2] DYNAMICS OF SYSTEMS WITH CONSTRAINTS 


243 


We obtain a very simple solution of this equation by assuming 9 , a, and v constant. 
The bicycle is moving with constant velocity, with constant angle of inclination of 
the plane of the frame to the vertical, and with a constant angle .a. Equation (r) 
is then satisfied if we put 


gO u* 

h hR 


- 0 . 


« 


This same conclusion may be reached in a very simple manner by equating the 
moments, with respect to the axis AB, of the gravity force and of the centrifugal 
force applied at the center of gravity C. 

We can discuss also some more complicated cases if we only assume that the angle a 
is small and that the velocity v is approximately constant. Substituting a for tan a 
' and the average velocity v a for v in Eq. (r), we obtain 


d 2 9 . bVadoc ^ 9 ( n v 0 *a\ 
dt* ha dt 853 h \ ga J 


<0 


It is seen that by a proper variation of the angle «, we can make the bicycle move 
with a constant angle of inclination 6 of the frame. When 6 is constant, Eq. (<) gives 


and by integration we obtain, 


da 

dt 


a 



ag$ 
Va * 


_Xjt 

+ Ce 6, 


(u) 


where C is a constant of integration which can be determined if the initial value of a 
is known. We see that the term containing C diminishes with time and the angle a 
approaches the value satisfying the condition of equilibrium ($) between the gravity 
force and the centrifugal force. 

Returning now to Eq. (£), we assume that the right-hand side of this equation does 
not vanish; i.e., there is no equilibrium of the gravity force and centrifugal force. If 
at the same time a is constant, the term containing da/dt vanishes and we can inte- 
grate the equation. In this way, we shall obtain for Q an exponential function which 
indicates that the condition is unstable. If the right-hand side of the equation is 
positive and de/dt is positive, the angle 9 will be increasing and the bicycle will be 
falling down. To prevent this, we have to change the sign of de/dt. This can be 
accomplished by utilizing, in Eq. ffi, the term containing da/dt. By rapidly increas- 
ing the angle a, we can make d*9/dt* negative, which will finally change the sign of 
de/dt. By rapidly turning the front wheel in the direction in which the bicycle is 
falling, wo can stop the increase of the angle e. We see that the necessary stability 
of the moving bicycle can be established by proper turning of the front wheel. 

We neglected in our discussion the rotation of the wheels with respect to their axes 
and considered only the motion of the center of gravity of the system. This is by far 
the most important factor, and the approximate equation (t) gives a satisfactory 
explanation of the stability of a bicycle. 
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33. Free Vibrations of Conservative Systems. — Lagrangian equations, 
discussed in the preceding chapter, iind a broad application in the study 
of vibrations of various mechanical systems. We begin with the case 
of free vibrations and assume that the particles of a system, which was 
initially in a configuration of stable equilibrium, are given some small 
initial displacements and velocities. Then the system will begin to 
perform small vibrations about its configuration of equilibrium. We 
assume also that there is no friction and no external disturbing forces , 
so that vibrations are due only to initial displacements and velocities. 
In this way, we obtain the case of free vibrations without damping. Under 
these assumptions, we usually have to consider only such forces as the 
mutual attractions between particles, elasticity forces of springs inserted 
between parts of the system, and gravity forces. All these forces have 
potential and the Lagrangian equations (136) can be written in the 
following form: 


ddT _dT,dV 
dt dq, dq, dq. 


(a) 


In deriving the expressions for kinetic and potential energy of the system, 
we shall take into consideration that vibrations are assumed small and 
shall simplify the expressions for T and V by retaining only terms con- 
taining displacements and velocities in their lowest powers, neglecting 
small quantities of higher order. 1 

Beginning with the kinetic energy of a system, we have 


T = i2m(x* + y* + z *). (i b ) 

Introducing now generalized coordinates, we limit our consideration to 
those cases in which constraints do not depend explicitly on time, so that 
rectangular coordinates are functions of the generalized coordinates 
Qb Qb • • • ffn only. Then, for any particle of the system, we have 

X = . . . ffn), ) 

y = . . . gj, 1 (c) 

z ~ /s(<Zi, 02 , . . . q n ), ) 

i Usually, the expressions for T and V will thereby become functions of the second 

degree in displacements and velocities, but this will not always be so. 
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. dx , , dx , dx 

* Ji; s, + 3i; s,+ w.' 


z = 


(d). 


We see that the velocities x, y, i are homogeheous linear functions of the 
generalized velocities qt, js, . . . . The differential coefficients such as 
dx/dqi, dx/dqt, ... in these expressions are not constant but are func- 
tions of qi, qt, . . . and are obtained from Eqs. (c). Making the sum 
of the squares of expressions (d) for the velocity components of each 
particle of the system and substituting in Eq. (6), we obtain, after sum- 
mation, a homogeneous function of second degree in qt, . . . for the 
kinetic energy. This can be written in the form 

T = Ka U <h 2 + ®22$2 2 + ' ' * Qnn3n 2 + 2attqi$t +’**)> (142) 

where an, an, . . . will be certain functions of the generalized coordi- 
nates qi, g 2 , . • . ffn- 

Let us introduce now the limitation of small vibrations and assume 
that the coordinates qt, qt, . . • are measured from the position of 
equilibrium about which the system vibrates. Then qt, qt, . . . q n 
remain always small during vibration, and the coefficients an, 022 , . . . , 
with sufficient accuracy, can be 
treated as constants. To show this, 
we take a specific example and con- 
sider torsional vibrations of a circular 
disk attached to an elastic vertical 
shaft and connected to a piston B 
as shown in Fig. 197. This system 
has one degree of freedom; and as 
the generalized coordinate defining 
its configuration, we take the angle 
6 which the radius OA makes with its equilibrium position OAo as shown 
in the figure. Then the kinetic energy of the disk is 6 2 . The kinetic 
energy of the connecting rod and of the piston, as we have seen before 
(page 174), depend not only on the angular velocity 6 of the disk but 
also on the angle a + 6 that OA makes with the fixed axis OB and can 
be expressed in the form where © is a certain function of the angle 
a + 6. The total kinetic energy of the system then is 

w + e)d 2 . (e) 

Now if 9 is always small, there occur only small variations in the angle 
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a + 0; and with sufficient accuracy, we can take for this angle its mean 
value a corresponding to the equilibrium position of the system. With 
this value, the quantity within the parentheses of expression (e) remains 
constant and our complicated system can be replaced by an equivalent 
disk having a constant moment of inertia I + 0o. Vibrations of such a 
system can be readily treated. 

The above conclusion can be reached also analytically. Since a is a 
constant, we can consider the parentheses of expression (e) as a certain 
function of the small angle 8 and denote it by f(8). Then a Taylor’s 
expansion gives 

m =/(0) + 0/(0) + ie 2 /"(0) + • • • . 

Observing that 6 is small and neglecting in the series all terms except the 
first, we shall use instead of /(0) the constant value /( 0), which represents 
the value of the parentheses of expression (e) for 0 = 0. 

The same manner of reasoning can be applied also in the case of a 
system with several degrees of freedom, and 
we can conclude that in the case of small vi- 
brations, the coefficients an, 022 , ... in ex- 
pression (142) can be considered as constants. 

Let us consider now the expression for po- 
tential, energy V. Beginning again with sys- 
tems having one degree of freedom, we can 
readily show that in the case of small dis- 
placements measured from the position of 
equilibrium, the potential energy usually is 
a second-degree function of the coordinate. 
Considering, for example, a theoretical pendulum (Fig. 198a) and meas- 
uring the potential energy from the equilibrium position <f> = 0, we find, 
for any angle <t>, 

V = FZ(1 - cos *). 

In the case of small vibrations, the angle <t> is small and we can take 
cos « 1 - i<p. Then 

V = 

In the case of a particle on a spring (Fig. 1986), we take, for generalized 
coordinate, the displacement x from the position of equilibrium and the 
potential energy of the system is 

V = $kx 2 , 

where k is the spring constant. 

In general, when we have a system with one degree of freedom and q 



Fig. 108. 
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is the coordinate measured from the position of eq uili bri um , we have 

v = m 

and a Taylor’s expansion gives 

V = f(0) + f\0)q + */"(0)g* + • • • . (/) 

The first term in this expansion vanishes if we agree to measure the 
potential energy of the system from the position of equilibrium, i.e., 
if we take 

( F ) e _ 0 = /(0) = 0. 

The second term vanishes also, since q is measured from the position of 
equilibrium, and for such position the derivative dV/dq must vanish (see 
page 201). Then, neglecting all terms containing q in powers higher than 
the second, we obtain 

V = £/'W 

or, using the notation f (0) = c, 

V = W- 

Since, for the position of stable equilibrium, the potential energy is a 
minimum, /"( 0) > 0 and the constant c is positive. 

In a similar manner, we can consider a system with several degrees 
of freedom and conclude that in the case of small vibrations, the potential 
energy usually can be represented with sufficient accuracy by a homo- 
geneous second-degree function of the coordinates. Thus, we write 

V = i(cngi s + c 2 2?s 2 + • • • + Zcuqiqt +•••), (143) 

where the coefficients cu, Cn, ... are constants. Since V has a mini- 
mum for the equilibrium position, its value (143) for the displaced 
position will always bo positive. 

Substituting expressions (142) and (143) into the Lagrangian equa- 
tion (<x) and taking q, as qi, qt, . . . g», in succession, we obtain 

On<?l + Ol2$2 + ®U<?3 + • • ' +011^1 + Cl2?2 + Cuff* + * * * =0,' 

• ( (144) 

‘ *J 

a>nl$l + Cln2$2 + G»3<?3 + * “ ’ + 6*101 + 6*202 + 0*303 + * * ’ = 0. i 

We see that keeping in the expressions for V and T only small quantities 
of second order, we obtain a system of linear equations with constant 
coefficients. This linearization of the differential equations of motion 
leads to a great simplification in the treatment of small vibrations. 

The solution of Eqs. (144) for various particular cases will be the subject of our 
further discussion. First, however, we shall indicate that there are sometimes excep- 
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tional cases in which the potential energy can no longer be represented with sufficient 
accuracy by a function of the second degree but contains the coordinates Qi, . . . 
in higher powers. Lagrangian equations then are not linear, and their solution 
becomes more involved. Some problems of this kind will be discussed at the end of 
the chapter. Here we shall mention only a simple example 
of a particle C attached to a vertical string and performing 
horizontal vibrations along the ic-axis, Fig. 199. We assume 
that there is no initial tension in the string and that the ten- 
sion produced by the weight of the particle is small and can 
be neglected. Then for any horizontal displacement x of the 
particle, the elongation of the string is 


T 


■¥ 


O c_ 


/ 


Fig. 199. 


X - 2 (VI 2 + 3 2 - Z) 


x 2 

V 


and the tensile force will be 
S 


x* 

21 * 


AE . 


The corresponding potential energy of the system is 


V 



x i AE 
4Z3 ’ 


Co) 


and the Lagrangian equation (a) gives 

=0. (A) 

We see that in this case, the potential energy is not a second-degree function of the 
coordinate x and the equation of motion is not linear even for small vibrations. In 
our general discussion of the function representing potential energy V , we used 
Taylor’s expansion (/) and concluded that for small displacements, that function 
usually is represented by the term i/"(0)(? 2 and is of the second degree ; but in our 
present example, the potential energy is given by expression (p). Not only tho second 
but also the third derivative in expression (/) vanishes for x - 0, and tho first term, 
which does not vanish and which represents V, contains the coordinate to tho fourth 
power. 

If we assume that initially the string is so highly stretched that tho additional 
stretching due to the lateral displacement x can be neglected, tho tensile force S will 
be approximately constant and the potential energy of the system becomes 

V «XS - jS. 

The corresponding equation of motion is 


m£+?fS~0. 

This equation is linear, and the particle will perform simple harmonic vibration. 

From the foregoing example, we see that there can be exceptional 
cases in which the potential energy cannot be considered as a quadratic 
function of the coordinates. As mentioned above, these cases will be 
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discussed at the end of the chapter. We shall now consider several 
examples for which the kinetic and potential energies of a system can be 
expressed in quadratic form and to which Eqs. (144) may therefore be 
applied. 

As a first example, consider the sys- 
tem in Fig. 200 where a rigid body 
AC suspended by a string OA per- 
forms small oscillations in a vertical 
plane. As generalized coordinates, 
we take the angles <t> and 6 as shown 
in the figure. Then the velocity of 
point A is 14>, and the velocity of 
the center of gravity C of the body 
with respect to A is ad. The angle 
between these two velocities is 6 — <t>, 
and the resultant velocity v of point 
C is obtained from the equation 

v 2 = P<j>' -f- 2l4>a6 cos (0 ~ -f (Z 2 $ 2 . 

Since the middle term in this expression already contains the second-order 
product <j>d, we can take 

cos(0 — 4) « 1 

and the kinetic energy of the system is 

T = ^ + 2 latf + aW) + i W, (i) 

where I is the moment of inertia of the body with respect to its centroidal 
axis. With reference to the equilibrium position, the potential energy of 
the system is 

V = WP(1 - cos <#>) + a(l - cos 0)]. 

For small oscillations, we put here 

cos <f> » 1 — <f > 2 , cos 0 » l — -j-0 2 

and 

V = WiW + o0“). (j) 

We see that expressions (j) and (i) are homogeneous quadratic func- 
tions of the coordinates <j> and & and their derivatives 4> and 6. 

Comparing expression (i) with Eq. (142), we conclude that for this 
case, 
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cn — Wl, c 22 = Wa, 
and the equations of motion (144) become 


C 12 = 0, 


WP - Wal . YTTJ I 
—— 4 -| — - — § -)- W14 
ff Q 




0, 

4 ~(- Wed = 0. 


(ft) 



The solution of such equations of motion will be discussed later. 

As a second example, we consider a rigid prismatic bar of length 21 
and mass m, the ends A and B of which are constrained to move along 
mutually perpendicular wires in a vertical plane as shown in Pig. 201. 

O During such motion of the bar, its 

center of gravity C describes a cir- 
cular path of radius l and with 
center at O. The equilibri um con- 
figuration corresponds to the lowest 
/ x \ , x position of the point C on this cir- 

T 77777777777777 > 7 * 7 rt 7777 f 7777777 rr 7777 ? 77 r, cle; and as our generalized coordi- 

na *e, we take the angle 4 that the 

^ 201 . Une 00 makes with the vertical. 

. . assume that this angle is always 

i^Sn ^ any ?° Sltl ° n of the bar > the instantaneous center of rotation 
is at O!, the angular velocity is 4, and the velocity of point C is U. Thus 
tne total kinetic energy is r 

T = iml 2 <l)* + -J-7^ 2 = $■ ml 2 «£ 2 . ^ 

With reference to the equilibrium position, the potential energy is 

7 = M(1 - cos *) « (m) 

Comparing these expressions with Eqs. (142) and (143), we conclude that 
an = inU\ Cu = Wl = mgl, 

and Eq. (144) gives 

imP$ 4 - mgl<j> = 0 , 
which can be written in the form 
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From this equation, we conclude that for small oscillations, the system 
has the same period as a simple pendulum of length 41/3. 

As a third example, we consider the case of a particle B of mass m 
attached to the upper end of a slender vertical wire x 

of length l as shown in Fig. 202. The mass of the 
wire will be neglected, and we limit our discussion 
to small lateral vibrations of the particle B. Tak- 
ing coordinate axes, as shown, and denoting by 
the lateral displacement of the particle B, the 
kinetic energy of the system is 

T = (o) 

To calculate the potential energy, we have to con- 
sider, besides the gravity force mg, the strain energy 
of bending of the wire. This strain energy is 



r f l MH x ( mg )* f l , NSJ 

'■J D w m-jo 


(p) 


Regarding the potential energy of the gravity force mg, we observe that 
during vibration, the particle describes a curve B 0 B as shown. The 
corresponding vertical displacement of the particle is 




(s) 


Assuming now, for approximate calculation, that the deflection curve 
has the equation 

y - v> (i - cos ti)’ 

Eqs. (p) and (q) give, respectively, 

(mg)H 


Vi 


4JEI 




and 


X = 


Zl 
lCZ 3 


Then the total potential energy of the system is 


V - 


1 f (mg)H 

2 ["2 W 




(r) 


If this expression is positive, the straight-line form of equilibrium of the 
column is stable and we can have lateral vibrations of the particle B 
with respect to that position of equilibrium. If V is negative, the straight 
configuration of equilibrium will be unstable and the column buckles 
sidewise. The critical value of the weight mg is obtained by equating 
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the expression in the brackets of Eq. (r) to zero. In this way, we get 

. . t 2 ET / \ 

( mg)or = -gr» w 

which, of course, is the known Euler's load for the column. 

Using the notation 

_ ( mg)H _ irhng (£ . 

K ~ 2 El 8 1 w 

Eqs. (144) give 

myt + kyb = 0. 

We see from this that the compressed column has an effective spring 
constant as given by expression (<)> and the particle B vibrates with the 
period r = 2r y/mfk. Taking mg close to the critical value (s), we 
obtain a very graa.ll effective spring constant and the period approaches 
infinity. 

As a final example, we consider a prismatic bar AB of length 2c and 
raaaa m suspended horizontally in a vertical plane by two identical 

strings of length l symmetrically or- 
ientated with respect to the vertical 
CO through the center of gravity C as 
shown in Fig. 203. Let a denote the 
angle of inclination of each string when 
the system is in its configuration of 
equilibrium, i.e., when AB is hori- 
zontal. During small oscillations of 
the system in the plane of the figure, 
each string makes a small angle <t> with 
its equilibrium position, and we take 
this angle <£ as generalized coordinate. 
The corresponding angle of inclination 
of the bar AB we denote by Noting from the figure that 0 is the 
instantaneous center of rotation of the bar when it is in the equilibrium 
position, we see that 



Fig. 203 . 


UU = h—^—, 

a + c 


7JI =7JB = l 


a + c 


Thus, the velocity of the center of gravity C of the bar is 

h-4-i, 

a +c r> 

and the velocities of its ends A and B are 


l 


a + c 


t = H, 
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so that 

C 

The kinetic energy of the bar then is 

T = i(^j + x -?[** + 3 <“ + c) 'k- <“> 

This expression, derived for the middle position <t> = 0, can be used with 
satisfactory accuracy also for small values of <j > . 

The potential energy of the system with respect to the equilibrium 
position is 

V = — mg[l sin (a + <£) — c sin ^ — h]. (v) 

The relation between <t> and \[/ can be found by making the projections 
of the closed polygon A'B'CDA 9 on the horizontal and vertical axes. 
Considering then $ and <£ as small quantities and expanding the trigo- 
nometric functions of expression (y) in series, we shall find 


V = mgh 


<t > 4 


4 X 3 X 2 X 1 


3(a + c) 3 c — a 


w 


We see that the first term in this series contains the coordinate <l> to 
the fourth power. The pendulum will oscillate, but not 
the oscillations will be harmonic. We see also that if 
3 c “ a 7 the term containing <£ 4 in expression (w) vanishes 
and the first torm, different from zero in this case, is 
that containing to the sixth power. This indicates 
that the trajectory of the center of gravity C is very 
. close to a horizontal straight line and the period of 
oscillation will be very large. 


PROBLEMS 

131. For small oscillations about its vertical configuration of 
equilibrium, write the expressions for kinetic and potential energy 
of the system shown in Fig. 204; and using same, formulate the 
equation of motion using the angle ^ as generalized coordinate. 

Neglect the masses of the bars and of the roller C, and assume 
that there is no friction. 

182. Formulate the equation of motion for small rotational oscillations of the 
system in Fig. 205 about the vortical axis of symmetry through C and find th e 
period r. 4m, r-ZrVWg- 



Fig. 204. 
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188. Find the period r of small oscillations of the particle C shown in Fig. 206. 
Neglect friction and the mass of the bar OC. Ana. r ■ 2ar •yl/ff ain~ 


Hu. 



'W 

Fig. 205. 



34. Linear Oscillations of Two Coupled Masses. — Before entering 
into a general discussion of the solution of Eqs. (144), we shall consider 

the particular case of small vibrations 
of the system shown in Fig. 207. Two 
masses m x and m 2 can slide without 
friction along the horizontal x-axis, 
and the connecting springs have the 
spring constants ki and k*. We take 
as coordinates the displacements ®x 
and xt of the masses from their posi- 
tions of equilibrium, in which posi- 
tions the forces in the springs vanish. For any other positions as shown in 
the figure, the tensile forces in the springs are frx*i and fr s (x a - x t ). The 
expressions for the kinetic and potential energy of the system are 


-xA 


' 777777777777 *. 


m 2 
*T777777fy77. 


x r 

Fio. 207. 


f 


*77777 


T = iCmiXi 2 -f m 2 x 2 2 ), 1 

V = £[*xXx 2 + ki(x<t - ®x)*]. J W 

Substituting in the Lagrangian equation (136), wo obtain 1 


mx®! = -k&i + ki(xt - ®x), ) ... 

mfo = -kiixi - ®x). j W 

To simplify our further discussion, we introduce now tho notations 


*^5 Simple . case ’ the differential equations of motion can bo written at once 
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_ a h± = i = c 

9 mi 9 m2 

(c) 

X\ = — ax i + bx 2) ) 

Z 2 = CXi — CX 2. ) 

w 


h±h 

Then Eqs. (6) become 


Since we are dealing here with vibrations, it is natural to try, as particular 
solutions of Eqs. (d), trigonometric expressions of the form 

Xi = A sin (pi + a), ) ,, 

x t = B sin(p£ + a), J 

which represent harmonic motions of angular frequency p, phase angle «, 
and amplitudes A and B. Substituting expressions ( e ) into Eqs. (d) 
and canceling sin(p< + a), we obtain 

— Ajp 2 = —Aa + Bb, 

— Bp 2 = Ac — Be 


A (a - p s ) — Bb = 0, } 
—Ac + B(c — p 2 ) = 0. ) 


One evident solution of these equations is A = B = 0. In this case, 
the displacements (e) vanish and we obtain the equilibrium configura- 
tion of the system. Equations (/) can yield, for A and B, solutions dif- 
ferent from zero only if their determinant vanishes, which gives 

(a — p 2 )(c — p 2 ) — be = 0 (ff) 

or 

p 4 — (a + c)p 2 + ac — be = 0. (/i) 

This equation gives for p 2 two solutions: 


Pi 1 - 


ct -f— c 
2 

a + c 
~~2~ 


/(« + < 0 * 
/(a + c) 2 


- c(a - b), 

— c(a — b). 


The expression under the radical can be transformed as follows: 

+ to, 


and we see that this expression is always positive; hence the roots pi* 
and ps 2 are always real. From notations (c), we see also that a — b 
always positive, which indicates that the radical in expressions (i) 
smaller than (o + c)/2. Hence both roots pi 2 and ps 2 are positive, and 
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we get for pi and pt real values with ± signs. We need to toko only the 
positive signs for these values to obtain the general solution of ISqs. (d) 
as will be discussed later. 

Returning now to Eqs. (/), we see that from thorn wo cannot obtain 
the amplitudes A and B but only their ratio, namely: wo find 

A _ b A c — p* 

B a- p 2 01 B c 

For p 2 = pi* or p 2 = pt 2 , both these values arc equal by virtue of Kq. (g). 
Substituting for p 2 the values (i), we obtain two different values of the 
amplitude ratio, namely: 

Ay _ b _ C — Pi 2 

B i a — pi 2 c ’ 

A 2 _ b _ c — p a 2 
Bi a - pt 2 c ' 

We see that although the magnitudes of the amplitudes are indefinite, 
their ratio may have only two definite values depending only on the 
constants a,b,c defining the physical properties of the system [see Eqs. 
(c)]. Taking arbitrarily two values Ay and A 2 , we obtain 



Regarding the constant a, defining the phase of vibration, we do not 
get any limitation, so that finally the particular solution (c) may have 
either of the following two forms: 

)' = + «0, (**)' = a ~ A lB m (px< + «,), (m) 

(*i)" = A a sin(p 2 t + aO, ( Xt )" = A&m(p s t + a*). (») 

By virtue of Eq. (f), the radical in expressions (£) is larger than 
(o — c)/2; hence 

O - Px s = ~ - + _ c ( a _ b) > 0, 

a - Pi 2 = ~ - ~ — c(g — 6) < o, 

and we conclude that when the system performs vibration, represented 
by the solution (m), the displacements of both masses wii and m 2 always 


(*) 

(0 
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have the same sign while the solution (n) represents vibrations in which 
the displacements of the masses n and wi 2 always have opposite signs. 
It is advantageous to use a graphical representation for these two types 
of vibration. Taking the amplitudes of the masses mi and m 2 as 
ordinates, we obtain Figs. 208a and 2086 illustrating two possible modes 
of vibration. The first one, having the smaller frequency pi, is the lower 
mode of vibration or furuiamental mode of vibration, and the second, with 
the higher frequency p 2 , is the higher mode 
of vibration. These two modes of vibration 
are called principal vibrations. From ex- 
pressions (m) and (n), we see that when the 
system performs one of the principal vibra- 
tions, the motion is harmonic. After the 
interval of time equal to 2r/pi for the lower 
mode of vibration and to 2ir/p 2 for the 
higher mode, the system has the same con- 
figuration and the same velocities as before. 

The system passes twice through the con- 
figuration of equilibrium during each com- 
plete oscillation. Both particles move in the same phase; they pass 
simultaneously through their equilibrium positions and simultaneously 
reach their extreme positions; and their displacements from the equilib- 
rium positions always are in the same ratio. 

Having the two particular solutions (m) and (n), we can obtain now 
the general solution of Eqs. (d) by superposition, which gives 




xt = Aisin(pif + «i) + A 2 sin(p 2 i + a 2 ), 

Xt — - — Aisin(pit + ai) + ~ A 2 sin(p 2 £ + ai). 


We ob tain ed the solution with four arbitrary constants Ai, At, at, a 2 , 
which in each particular case must be selected so as to satisfy the initial 
conditions. The number of these conditions is also four, namely: we 
have to specify the initial displacements (®i)t-o, and the initial 

velocities (xi)t-o, (d>t)t-o of the two particles. Having these four quanti- 
ties, we can, in each particular case, calculate the proper values of con- 
stants Ai, At, on, at, so that expressions (o) can be adapted to any initial 
conditions and represent the complete solution of the problem. The 
motion is obtained by superposition of the two principal vibrations and can 
bo periodic only if the periods of principal vibrations are commensurable. 

Naturally, we can select initial conditions such that one of the 
amplitudes At or At vanishes; then the system will perform one of the 
principal oscillations. If we take, for example, the initial configuration 
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shown in Fig. 208a and release the masses without initial velocities, we 
shall obtain At = 0, ai = ir/ 2, and Eqs. ( o ) give 


xi - Aicos pit, x 2 = - — jpL A x cos pit, 

which indicates that the system performs, in this case, the lower mode of 
principal vibration. 

Example: Assuming that the weights of the two particles in Pig. 207 aro 
TPi - 20 lb., Wt ■» 10 lb. and that the spring constants aro ki =• 200 lb. por in. and 
kt - 100 lb. per in., find the principal frequencies and modes of vibration. 

Solution: Substituting the given data in notations (c), we obtain 

a * 15 g in." 1 , b « 5 g in." 1 , c ■» 10 g in." 1 
Equations (z) then give 

■ 6 g in." 1 , - 1,930 sec." 8 , p a * « 20 g in." 1 « 7,720 see." 8 
The number of oscillations per second will be 


A = 

Jl %c 


VT930 

%c 


« 7, Ji « 14. 


Substituting pi* and p a * into Eqs. ( k ) and (Z), we find 

Ai 1 A^ - 

Tx m r 7Tt “ “ L 

With these values the two modes of principal vibration can be represented gra phica lly 
m a manner si mil a r to that shown in Kg. 208. 

PROBLEMS 

184. Calculate the frequencies and amplitude ratios for the two principal modes 
of torsional vibration of the system shown in Kg. 209 if d - 5 in., W x - - 3001b. 

i Zt-Z - 36 i?’’ = 36 “• The are of stool for which tho modulus of 

elasticity m shear is G = 12(10)* p.s.i. 

Ant. /, = 39.7;/, - 103.6; A l /B l = 0.616; 4,/B, - -1.616. 

vs/////. 



Flo. 209. 
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h — U ■» 10 in. Assume that the oscillations are small and in the vertical plane of 
the figure. Ana. fi » 0.76; /a » 1.83; Ai/Bi = 0.707, A»/B» — —0.707. 

35 . Free Vibrations of Systems with Two Degrees of Freedom. — In 
the case of a system with two degrees of freedom and with constraints 
independent of time, expressions ( 143 ) and ( 142 ) for potential and kinetic 
energy become 

V = Kcitf! 2 + 2 Cl 2 ffl ?2 + 02202 *), ) ( 145 \ 

T - i(fln0i 2 + 2ai20i02 + a S2 02 2 ). j 

For small displacements from a configuration of stable equilibrium, the 
coefficients of these quadratic functions usually can be considered as 
constants. Since we agreed to measure the potential energy from the 
configuration of equilibrium, for which V is a minimum, we conclude 
that the first of expressions ( 145 ) must be positive for any small values 
of and 02. This requires that the coefficients Cn, C12, C22 satisfy certain 
conditions. Since 01 and 02 are independent coordinates, we can assume 
02 = 0 . Then, in the expression for V, there remains only the term 
Cn0i*/2; and since it must be positive, we conclude that Cn > 0 . In 
the same manner, we can prove that C22 > 0 . Assuming now that C22 
does not vanish, we can write the first of expressions ( 145 ) in the form 

V = [(^1201 + C2202)* + (C11C22 — Cl2*)01*]» 

ZC22 

from which we conclude that to have the potential energy always positive, 
the condition 

CllC22 Cl2* > 0 

must be satisfied. Thus, altogether, we have 

c u > 0, C22 > 0, C11C22 — C12* > 0. ( a ) 

In a similar manner, considering the expression for kinetic energy T, 
which always is positive, we can prove that 

Oil > 0 , 022 > 0 , O11O22 — O12* > 0 . (6) 

Keeping conditions (o) and ( 5 ) in mind, we now return to Eqs. ( 144 ) 
which, for the case of a system with two degrees of freedom, become 

On< 5 fi + Oi2#2 + C1101 + C1202 = 0 , | ( 146 ) 

Ol20fl + O 22$2 + C i2 01 + C2202 = 0 . J 

Proceeding as in Art. 34, we assume a particular solution of these equa- 
tions in the following form; 

0i = A sin (pt + a), 1 
q% — B sin (ptf + a). ) 


(c) 
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Then substituting into Eqs. (146), we obtain 

A(c n - flup 2 ) + B(cit - a^p 2 ) = 0, 1 , ~ 

A(cu — a 12 p 2 ) + B(c 2 2 — a 22 p 2 ) = 0 . / 

One evident solution of these equations is A = B = 0, which gives us 
Si = ?2 = 0, defining the configuration of equilibrium. Values of A and 
B different from zero can be obtained only if the determinant of Eqs. (d) 
vanishes, which gives 

(c u — CuP 2 ) (C 22 — a 22 p 2 ) — (cia - a^p 2 ) 2 = 0. (147) 

This quadratic equation in p 2 is called the frequency equation, and we 

shall now proceed to show that it has always two positive roots. 

Considering the left-hand side of Eq. (147) and assuming p 2 = 0, 
we obtain CuC 22 — c 12 2 , which, by the last of conditions (a), is positive. 
Assuming now p 2 = + oo and dividing by p*, we obtain fluojj — a 12 2 
which is always positive by virtue of the last of conditions (6). Thus 
the left-hand side of Eq. (147) is positive for p 2 = 0 and for p 2 = + » . 
On the other hand, this expression becomes negative if wc take 

p 2 = cn/aii or p 2 = 022 /^ 22 . 

If we represent graphically the left-hand side of Eq. (147) as a function 
of p 2 , we obtain a curve that intersects the abscissa axis twice between 
p 2 = 0 and p 2 = oo. These two points define two positive roots for 
p 2 , which we denote by pi 2 and p 2 2 . If we assume Cu/oi > 022 / 022 , 
then one of these roots, say pi 2 will be smaller than Cu/ou and the other 
will be larger than 022 / 022 . 

Substituting the roots of the frequency equation (147) into either 
of Eqs. (d), we obtain, for the amplitude ratio A/B, the following 
expressions: 

A 1 _ Cl 2 dliP l 2 _ C 22 — fl 22 Pl 2 
Bl ttllPl 2 — Cu Ol 2 Px 2 — C12 
Aj C12 — fli2Pa 2 C22 — CI22P2 2 

Bt OllP2 2 — Cu O 12 P 2 2 — Cj2 

With these ratios, the particular solution (c) can be represented in cither 
of the following forms: 

2i' = Aisin(pi« + «i), 

2i" - Atfsm{ptt + a 2 ), 

2*" = j 1 — ■ ^2 A 2 sin(p 2 < 4- a 2 ). 

^12 &12p2 Z 



= Ml, 

(148) 

= Ma- 
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These solutions represent the two principal modes of vibration of the 
system. We see that for each of these modes, the two coordinates of 
the system are represented by harmonic functions of the same period 
and phase and have the amplitudes in a certain constant ratio. The 
magnitudes of the two principal frequencies are defined by the frequency 
equation (147) and are independent of the initial displacements or initial 
velocities given to the system. 

By superposition of the principal vibrations, the general solution of 
Eqs. (146) is obtained. It contains four constants A h A 2 , a ly a%, which 
can be selected in each particular case so as to satisfy the four initial 
conditions regarding the initial displacements (gi)<-o, (<Z 2 )«-o and the 
initial velocities (tfi)*-o, (&)*- o. 

In the preceding discussion, we assumed that the frequency equation 
(147) has two different roots pi 2 and p 2 2 , but there is the possibility that 
the two roots will be equal. This happens if 

Oil _ £22 _ C12 
an d 22 di 2 

Representing the left-hand side of Eq. (147) by a curve, as before, we shall 
find in this case that instead of two intersection points with the abscissa 
axis, there will be one point of tangency, the position of which defines the 
double root of the equation 

s _ £11 _ £2 2 _ £12. 

dll °22 U 12 

With this value of p 2 , the expressions in the parentheses of Eqs. (d) 
vanish, and these equations will bo satisfied for any values of the con- 
stants A and B. We can take as a first mode of vibration the solution 

qi = Aisin(pf + <*i), 
ffa' = 0 

and for the second mode 

q" = 0 , 

qt" = jlgsin(pt + 0Z2) . 

The general solution in this case will be 

qi - Aisin(p« + ai), 
q s = A 2 sin (pt + at). 

The four constants A u At, «i, a 2 have to bo determined in each particular 
case so as to satisfy the initial conditions. _ 

As an example of such a system, we mention the vibrations in a hori- 
zontal plane of a particle m attached to an elastic vertical bar of circular 
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cross section as shown in Fig. 65, page 82. As the two principal vibra- 
tions of the mass m, we can take the vibrations along the x- and {/-axes. 
Both these vibrations have the same period, and the resulting motion of 
m will depend on the initial displacements (as)*_o, (y)t-o and on the initial 
velocities (x) t -.a and (,y)t-o- 

Let us consider now another particular case for which one of the two 
roots of the frequency equation (147) vanishes. This occurs when the 
term independent of p* vanishes, i.e., when we have 

CiiCn — Ci2 8 = 0. 


Comparing this with the last of conditions (a), we see that in this case, 
the configuration of the system, from which the coordinates are measured, 
does not represent a configuration of stable equilibrium and there is a 
possibility of motion without vibration. 

As an example of this kind, let us consider a shaft with two disks as 
shown in Fig. 175, page 220. If we take, for coordinates, the angles <t>i 
and 02 of rotation of the disks, we obtain 

T = KhW + hW), 

V=ik (02 - 00 s , 

where k is the torsional spring constant of the shaft. The equations of 
motion are 

Ii4i = ^(0 2 — 0i), 

1*202 = —k(4> 2 — 0 1 ). 


Substituting in these equations a particular solution of the form repre- 
sented by Eqs. (c), we obtain 

A(* - lip 2 ) - kB - 0, 

-Ak + (k - hp*)B = 0. 

Then the frequency equation is 

(k - Iti> 2 )(k - I2P 2 ) - k* - 0, 


the roots of which are 

Pi 2 = 0, 


P2 2 


Hit + h) 

Itli ' 


The root pi 1 = 0 corresponds to the possibility for the system as a whole 
to rotate as a rigid body with respect to the axis of the shaft. The second 
root pa* gives the frequency of torsional vibration of the system that can 
be superposed on the rigid body rotation. 

The generalized coordinates q\ and $2, determining the configuration 
of a system with two degrees of freedom, can be chosen in various ways; 
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one particular choice is especially advantageous for analytic discussion. 
Imagine that instead of arbitrary coordinates q\ and g 2 , new coordinates 
to and to are chosen in such a manner that the terms containing products 
of coordinates and velocities in expressions (145) vanish. Then the 
expressions for potential and kinetic energy are 

V = i(bll<l>l 2 + f>22<#»2 2 ), \ / v 

T - $(duto 2 + <W 2 *), j [g) 

and the equations of motion are of the form 

du<f>i + 6n0i = 0, 

dnto "l~ 5 2202 — 0. 

Each equation now contains only one coordinate and can be integrated 
independently of the other. Coordinates chosen in this manner are 
called principal or normal coordinates. 

Having coordinates qi and qt, the determination of the principal 
coordinates to and to is a purely algebraic problem. We put 

gi = 01 + 02, 

32 = 0101 + 0202, 

where 0i and 0 S are undetermined constants. Substituting these expres- 
sions into Eqs. (145), we determine the values of 0i and 0 2 so as to make 
the terms containing the products toto and 0 10 2 vanish. With these 
values of 0i and 0 2 substituted into Eqs. (i), we obtain the relations 
between the arbitrary coordinates gi, 32 and the principal coordinates 
0i and 02 * 

We can arrive at the notion of principal coordinates also in another 
way. From the preceding general discussion of vibrations of systems 
with two degrees of freedom, we know that the general case of vibration is 
obtained by superposition of the two principal vibrations in each of 
which there is a d efini te ratio between the coordinates gi and 32 given by 
.Eqs. (148). In the example of the preceding article, the two principal 
modes of vibration were illustrated by Fig. 208. Considering the lower 
mode of vibration, we can put 

Si = K s. - £ O') 

We see that the configuration of the system at any instant is completely 
defined by the quantity 0i, and we can take to as one of the coordinates. 
In the same manner, considering the higher mode of vibration, we can 
put 
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and can. take $2 as the second coordinate. The general case of vibration 
is obtained by superposition of the two principal modes (J) and (k), and 
we get 

«i = fa + fa, Q2 = ^ ~ 

Ml M 2 

Substituting these expressions in Eqs. (146), we shall find that the terms 
containing products fafa and fafa will vanish and we shall got two inde- 
pendent differential equations of the form (g). This is as it should be, 
since the two principal modes of vibration, defined by coordinates <j> 1 
and fa, are two independent harmonic motions. From this we conclude 
that 4> 1 and fa are the two principal coordinates of the system. 

Take, as an example, the problem of two coupled masses (Fig. 207) 
already discussed in the preceding article. The coordinates *1 and x 2 , 
used in that discussion, are not principal coordinates, and the obtained 
differential equations (6) were not independent of each other. Instead 
of defining the configuration of the system by the displacements X\ and 
xt, we can obtain any configuration by superposing the two principal 
modes of vibration, illustrated in Fig. 208, and given by Eqs. (m) and (n). 
Considering the lower mode of vibration (m), we can put 

(*1 )' = fa , (**)' - a -^ fa- 
In the same manner, for the higher mode of vibration we obtain 

0&i ) n = <t>2 , (^2) // = — <t>2- 

By superposition of these principal modes of vibration, we obtain 

+ <£2, 

a - Pi 2 ^ , a - p 2 2 ^ 

X 2 pi H g p 2 . 

To prove that the quantities p i and p 2 are the principal coordinates of 
the system, we substitute expressions ( l ) into expressions (a) of the 
preceding article for kinetic and potential energy of the system. A 
simple calculation will show that the terms containing the products of 
velocities and the products of coordinates are 
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Using expressions (i) of the preceding article for the two roots of the 
frequency equation, we obtain 

Pi 2 = a + c — pi 2 . (n) 

Substituting this into the first of expressions (m), we obtain 

Yc [be - (a - pi 2 )(c - Pl 2 )] Mi- 

This expression vanishes by virtue of Eq. (g) of the preceding article. 
Substituting the value (n) into the second of expressions (m), we can 
show that this expression vanishes also. 

Hence, the expressions for V and T have 
the form of expressions ( g) } and the coordi- 
nates i and 2 are the principal coordi- / 
nates of the system. 

Example: k double torsional pendulum (Fig. 2 
211) consists of two horizontal bars B and C sus- 
pended on a vertical wire AD with fixod ends. Find 
the periods of the two principal modes of free vibra- 
tion and the general solution for the caso where the 
bars are initially rotated in horizontal planes by the 
angles (<£i)o an d (<£ 2)0 from their positions of equi- 
librium and then released without initial velocities. 

Solution: Wo denote by 1 1 and 7 2 the moments of inertia of the bars B and C with 
respect to the axis AD , by fa and fa their angles of rotation, and by ft , ft, and hi the 
torsional spring constants for the portions AB } CD , and BC of the wire, respectively. 
Then, neglecting the mass of tho wire, we obtain 

r- KWH - \ M 

v - m<f> 1 2 + 1**) + - 4 i) a i- J 

Comparing these expressions with Eqs. (145), we conclude that 

an “ hi aii ™ a2a “ I*’ 

C11 « k + fti, cn m — fti, C22 M ft 4 - fti* 

Substituting these values into the frequency equation (147), we obtain 

(ft + fti — /ip 3 ) (ft + fti — Zap 3 ) — fti 3 =* 0, 

from which the two principal frequencies arc 

. (j 1 , 4- It) (k + U _ „ IUT + W<jc ± fti) 3 W ± ZkkQ (v) 

P».«* 5TJI T hi* ’ 

The amplitude ratios, from Eqs. (148), are 

Ai 

Bi “ Zipi* 

M 

Bi Zip* 2 




D 

(a) (6) (c) 


Fig. 211. 


(fl) 
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The general solution is 

0i “ Aisin(pi< + ori) + Aasm(pjf + aj), 

. w _ 4 JS 0 L- .!* + wi 


<*a « tt/ 2; then 


Aitfipt* — (k + k\) \ 


4>i 

Since the initial velocities of the bars vanish, we take a\ 

4>x « iiicos pit -f -42COS p%t, 

** K 008 Pli k\ 

Substituting t « 0 , we obtain Ai and A% from the equations 

(^i)o ™ Ai + A^ 

(♦*). - - ” » + *i)J - [hpt* (ft + *.)], 

In the particular case where h - It m Eq. (p) gives the roots 
^ — k _ Q A -f- 2&i 

Pi ■* y p* a — j — • 

Then the amplitude ratios (g) become 

Ai ml 
K 1 ’ 

and the general solution (r) reduces to 
<h 


vmpit. | 


<r> 


A t 

F, " 


- 1 , 


<P') 


(ffO 


frO 


Aicos ?i< + A, cos ptt, 1 
Aicos pit — Ajcos ptt. ) 

The corresponding two principal modes of vibration aro illustrated in Fig. 21 lh and c. 

By taking h small in comparison with k, the two principal frequencies (//) will 
be very nearly, but not quite, equal and we obtain the phenomenon of beating, <ut 
discussed in Art. 6. In such case, as we see from Eqs. (r'), the maximum amplitude* 

of 0 t corresponds to the minimum of 0, and 
vice versa, so that wo obt ain a transfer of 
energy from one bar to the other, A« tho 
oscillations of the bar 1 build up to a maxi- 
mum, tho oscillations of the bar 2 subsido 
and vice vorsa. 

Example: Investigate the vibrations in 
a vertical piano of a bar AH suspended cm 
two springs with constants A, and kt an 
. . v ^ . , sh own in Pig. 212. The position of tho 

center of gravity C of the bar is defined by the distances I, and and we assume that 

horizontal motion of the bar is prevented. 

Solution: For generalized coordinates, wo take tho vertical displacement i of the 
canter of pvity C of the bar from its position of equilibrium and the angle of rota- 
bonfl with respect to the same position. Denoting by IP tho weight of fhe bar and 
y t its radius of gyration with respect to the centroidal axis perpendicular to the 
zz-plane, we obtain * 



r .-fit. i o - 

A\ O t 



r — 

*-hA 


W' 



1 

B 


Pig. 2X2. 


- j g (W£* + WiW), 


1 



Art. 35] 


THEORY OF SMALL VIBRATIONS 


267 


Introducing the notations 
(ki + ki)g 


(—kill + kil*)g 

W 


b, 


(li*k\ + lt*k*)g _ 

W " 1 


we obtain the following equations of motion: 


The frequency equation is 


2 -f* oz H" b$ 

; + T * * + % 9 




» 


(® - p’> (h - p’) - ? " o* 

and the two principal frequencies are 

pi1 ** " s (J + a ) T Vi(^-°) 1+ r 

Assuming that 6 > 0, we find that the lower mode of vibration consists of rotation of 
the bar with respect to a point 0 at the distance m from the center of gravity. This 
distance is obtained from the formula 

6 


(u) 





Ccc) 


-PC- 


Y- ar ~\ 

zr 


2 

The higher mode of vibration consists of rotation with respect to a point Oi between 
A and B. The position of this point is defined 
by the distance n — i 2 /m. 

If 6 * 0, we obtain m » « and n =» 1. 

This indicates that the lower mode of vibra- 
tion consists of pure translatory motion of the 
bar while the higher mode consists of rotation 
about the center of gravity. 

If not only b but also (c/% 1 ) — a becomes 
equal to zero, the two principal frequencies 
become equal. 

Example: A horizontal prismatic beam AB 
carries two masses mi and m 2 as shown in Fig. 

213. Investigate lateral oscillations of these 
masses in the plane of the figure, neglecting 
the mass of the beam. 

Solution: We take as coordinates in this 
case the vertical deflections y\ and y% of the 
masses mi and m% from their positions of equi- 
librium. The kinetic energy of the system 
then is 

T - i (mi 2 /i a + m%y 2 a ). (v) 

In calculating the potential energy of the system, we refer to Fig. 2136 and use 
the known equation of the deflection curve 


(b) 


& 


A. 


* 


(c) 

Flo. 213. 
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for x < l — d. From this expression, we find for the statical deflections Si and Si 
under the loads Pi and Pa in Fig. 213c 


Pltt*(fr + c)» 

ZIEI 

P,c*(a + b)» 

ZIEI 


+ bh <! *- c ’-' , ‘ ) - 


Solving these equations for Pi and P 2 , we obtain 


Pi *=* a5i -1- /35a, \ 
Pi » 08i 4 yds, ) 


(w> 


where a, ft y are constants that can be calculated in any particular case. Using 
expressions (w), we conclude that the strain energy of bending, equal to the work of 
the applied loads, is 


Fi 13 t(Pi8i 4P %8i) “ ■§ (of5i a + 208x82 4* 7$u 9 ). 


Returning now to the problem of vibration (Fig. 213a), wo conclude from the 
above discussion that the total potential energy of the system with respect to ita 
equilibrium configuration will be 


V = \(ay\* 4- 20yxy% 4 72/s 2 )- 


(*) 


Using expressions (v) and (x) for kinetic and potential energy, we obtain the equations 
of motion 

m idi 4 ayx 4 - 0y2 ** 0 , \ * a 

m2$2 4 0Vi 4 72/2 " 0 . / 

and the frequency equation (147) becomes 


(a - mip 1 ) (y - m 2 p 2 ) - 0* - 0, 

from which 

_ i 7^1 4 exmi ^1 / 7 mi 4 om 2 \ 2 (oty — 0*) 

1,1 2mim a 2mi??i 2 / m i?n 2 


<*> 


In the lower mode of vibration, both masses movo up and down HimultancHmaly. In 
the higher mode, one of the masses moves up while tho other moves down. 


PROBLEMS 


136. Two identical simple pendulums of length l arc connected by n spring of 
constant k as shown in Fig. 214. Neglecting the masses of the bars and of tho spring, 
find the principal frequencies pi and p 2 and the corresponding amplitude ratios for 

-Vf+lf; (£), - 1! (£), - -i. 

. *^ wo identical bars of weights W and lengths 2a aro supported at thoir mid- 
points by fulcrums A and B and at their ends C and I) by springs of constants k and ki 
/? A B > 7 \ 0mL i ^ 215 ‘ Determine the roots pi 9 and p 2 9 of tho frequency equation 

(147) and the corresponding amplitude ratios m and a *2 as defined by Eqs. (148) for 
small oscillations in the plane of the figure. Take, as generalized coordinates, tho 
angles of rotation fa and fa of the bars about the fulcrums. 


Ans. 

138. Referring to Fig. 212 and 


Pi, 2 2 - (3?/2 TF) [(k 4 2ki) 4 y/fr 44*?!. 
assuming TF - 966 lb., i 9 - 13 ft., 9 h » 4 ft,, 



Abt. 36] 


THEORY OF SMALL VIBRATIONS 


269 


l* ” 5 ft., ki =* 1,600 lb. per ft., and fc* « 2,400 lb. per ft., find the frequencies /i and / s 
of the two principal modes of vibration. Am. ft » 1.67; /a =» 2.49. 





m m 

Fig. 214. 



139. A square plate of mass m and dimensions 2e by 2e is attached to the end of a 
thin cantilever strip of length l and flexural rigidity El and vibrates in a horizontal 
plane as shown in Fig. 216. Taking, as coordinates, the displacement yb of point B 
and the angle of rotation <t> of the plate, as shown, write the equations of motion for 
small vibrations and determine the roots pi a and p a a of the frequency equation. 


Am. pi, a* 


6 El 
ml 8 


l+8{+5j± + 


140. Referring to Fig. 213a and assuming that a = 6 « c — Z/3 while mi * m a => m, 
evaluate the constants a, ft y in Eqs. (w) and the roots pi* and p a a of the frequency 
equation as given by expressions (z) . The flexural rigidity of the beam is EI. 

Am. pi a =» (a + 0)/m ■■ 486jE?Z/16Z 3 m, p 2 a » (a — 0)/m ** 486jE7/Z*m. 


36. Forced Vibrations of Systems with Two Degrees of Freedom. — 
In discussing forced vibrations of systems with two degrees of freedom, 



= — axi + ixi + / sin c ot, 
£2 — — ca?2* 


A particular solution of these equations can be taken in the form 

Xi = C sin ut, Xt = D sin at. 0>) 

To obtain the amplitudes C and D, we substitute expressions (6) into Eqs. 
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-C«* = -aC + bD+f, —Du* = cC -cD. 
Solving these equations for C and D, we obtain 


r fjfi - «») 

(a-u*)(c-u*) -be 


D = 


fc 


(a — u*) (c — co*) — be 


(c) 


With these values of the constants, expressions (6) represent the particu- 
lar solution of Eqs. (a). They represent, as we see, simple harmonic 
motions of the masses wii and m 2 . Such motion of the system is called 
forced vibration. Its frequency is the same as the frequency of the dis- 
turbing force, and its amplitudes are determined by Eqs. (c). For very 
small values of «, i.e., for a disturbing force of very large period, we ym 
neglect co* in comparison with a and c in expressions (c) and take 


C = D — L, =1 
a — b ki 


= X*. 


(<*) 


The amplitudes of forced vibrations are equal to the deflection of the 
mass mi under the statical action of the force F. This shows that dis- 
placements produced by a slowly varying disturbing force can be found 
with good accuracy from purely statical considerations of the system. 

Comparing the denominator in expressions (c) with the left-hand side 
of the frequency equation (g) on page 255, we conclude that this denomi- 
nator becomes equal to zero when u* = p x * or when u* = p s *. This 
indicates that the amplitudes of forced vibration grow indefinitely and 
become very large when the frequency of the disturbing force approaches 
one of the principal frequencies of the system. These are known as 
conditions of resonance. 

The ratio of the amplitudes C and D of forced vibration from expres- 
sions (c) is 

C _ c - u* 

D ~ c («) 


When u approaches either the value pi 2 or p a 2 , this ratio approaches the 
values ■'W-Bi and A 2 /B 2 , given by expressions (k) and (l) on page 256. 
Ttus indicates that for a condition of resonance, the forced vibration is 

menheal with the corresponding mode of free vibration as illustrated in 
Fig. 208. 


To see more clearly how the kind of forced vibration depends on the 
frequency of the disturbing force, let us consider a particular case in 
wdioh h - fa andmi = 2 m s . In such case, a = c - 2p 0 * and b = ® 0 *. 
where p 0 - V*iM is the frequency of the mass if the mass m, in 
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Fig. 207 is removed. Equations (i), page 255, then give 
Pi* = 0.586p 0 s , p 2 * = 3.414po a ; 

and using notation (d), the amplitudes, (c) become 


X«t(a 


~»M ) 






= aX.», 


(/) 

(ff) 


where a and (8 are factors depending only on the ratio «/po . In Fig. 
217, these factors are represented by curves. It is seen that when a 



approaches zero, a and /S approach unity and the amplitudes of the 
masses mi and ma approach the value X,t. As « increases, both ampli- 
tudes increase also and grow to infinity as <o approaches the lower principal 
frequency pi. The signs of both amplitudes are positive, which indi- 
cates tha t the motions of both masses are in phase with the disturbing 
force. When the frequency of the disturbing force becomes slightly 
larger than pi, both amplitudes are large and have negative signs, which 
indicates that between the disturbing force and the motion of the masses 
there is a phase difference equal to r. The masses have their maximum 
displacements to the left when the disturbing force reaches its maximum 
value in the direction to the right and vice versa. With furtherincrease 
of «, both amplitudes are diminishing; and when w = Vf = V2 Po, the 
amplitude C vanishes. When w becomes larger than v2 po, the ampli- 
tude 0 becomes positive while D continues to be negative, which indi- 
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cates that motion of the mass again comes into phase with the 
disturbing force while m 2 is moving with a phase difference ir. Finally, as 
a approaches the value of the higher principal frequency p 2 , both ampli- 
tudes grow indefinitely. Beyond that frequency, the mass m 2 is moving 
in phase with the disturbing force, while m x is moving with a phase 
difference t, and the amplitudes dimmish and approach zero as to con- 
tinues to increase. 

The fact that under certain conditions, the amplitude of the mass m x 
vanish es is of great practical importance. Often in practical applicar 
lions, we encounter the case of a mass attached to a solid foundation by 
flexible members and acted upon by a periodic disturbing force, which 
may produce undesirable forced vibrations. The preceding discussion 
indicates that these undesirable vibrations can be eliminated by incor- 
porating in the system an additional mass suspended on a properly 
selected spring. Take, for example the case of a rotor supported by a 

beam as shown in Fig. 218. Due to 
unavoidable lack of balance, a centrif- 
ugal force F will be set up as shown. 
Considering only the vertical component 
of this force 1 and measuring the angle of 
rotation as shown, we obtain a system 
with one degree of freedom (a mass mi 
supported by an elastic beam which can 
be considered as a spring with constant 
fri) and acted upon by a vertical pulsating force F sin cat. If the rotor 
always has the same angular velocity w, we can eliminate forced vibrations 
of the principal mass m x by attaching to the beam an auxiliary mass m> 
and using a spring with constant ki of such magnitude that 



h 

mi 



(h) 


This' follows from the fact that by attaching the mass m 2 we obtain a 
system with two degrees of freedom to which our above discussion is 
applicable, and we conclude that the amplitude C of vertical vibrations 
of the rotor vanishes in virtue of Eqs. (/) and (h). At the same time, 
as we see from Fig. 217, p and D become negative. The mass m 2 moves 
with the phase difference t with respect to the disturbing force F sin u>t and 
produces its maximum downward force on the beam when the centrifugal 
force F is directed upward. In this way, it counteracts the centrifugal 
force and eliminates vertical vibrations of the rotor. This devico is 

. a k°M°ntal component F cos at will produce vibration of the bourn with an 
inflection point at the middle, which will not affect vertical vibrations of the rotor. 
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called a dynamical damper. For simplification, friction was omitted in 
our discussion. In actual cases, it must be taken into consideration 
which complicates the problem. The effect of friction will be considered 
later (see Art. 38). 

In the previous discussion, we assumed the disturbing force propor- 
tional to sin at. The same conclusions will be reached in the more 
general case where the force is F sin (ut + e) . We again find tha t there are 
two specific values «■> = pi and w = p 2 of the impressed frequency at 
which the amplitudes of forced vibration become very large. For the 
system in Fig. 218, the angular velocities w = p x and « = p 2 of the rotor 
are called critical speeds. At these speeds, we obtain a resonance condi- 
tion and the amplitudes of forced vibration become large. 

In the case of a reciprocating engine, the disturbing force, due to 
unbalance, is of a more complicated nature and can be represented by a 
series 

+ ei) + F 2 sin(2w< + «*)+•••. (i) 

We obtain then a resonance condition each time the an gular frequency 
iu of any term of the series (i) coincides with one of the principal fre- 
quencies pi or pi of the system. 

In the preceding discussion, we considered only a particular solution 
of Eqs. (a). To get the complete solution, the free vibrations of the 
system, represented by Eqs. (m) and (n) on page 256, must be super- 
imposed on the forced vibrations. The constants Aj, At, «i, and a*, 
appearing in the expressions for free vibrations, must then be selected so 
as to satisfy the initial conditions of the system. 

As another example, let us consider the system shown in Fig. 219, 
consisting of a mass on a spring with 
constant ki and sliding without friction 
along a smooth horizontal plane. Attached 
to the masB mi is a simple pendulum of mass 
m* and length Z as shown. If a horizontal 
disturbing force F sin at acts on the mass 
mi, forced vibrations of the system will be 
produced. In investigating the nature of 
those vibrations, we take, as coordinates, 
the displacement x of the mass from its position of equilibrium and the 

angle 6 that the pendulum makes with the vertical. Then, for small 
vibrations, the kinetic and potential energies of the system are 

T — ■JJmii 2 + mt(i + Z0) 2 ], 

V = ikix 2 + frniffld 2 , 

and we obtain the following equations of motion: 



Via. 219. 
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(mi + wi-a)# 4“ Zwt 28 + ki% *=* F sin cot , 
m 2 (x + Z0) + m 2 gS = 0, 


or 


mi& + Zriz — m 2 00 = F sin cot; 
# + IS + gQ = 0. 


Using notations 
we obtain 


h_ n 

— CL, 


m 2 




L =f 

m 1 


mi mx 

i + a# — 6^0 = / sin coZ, 2 + IS + gO — 0. 
Taking a particular solution of these equations in the form 
x = C sin cot, 6 — D sin cot 
and substituting back, we find 
n _ j vw l , T) = 

V y n\ / 1 ft\ T O' ^ 


/(g - 

co 2 )(g — Zo> 2 ) — 




U) 


(a — «*)(g — 2w s ) — bgu 2 ' ~ (a — u 2 )(g — la 2 ) — bgu* 
Critical values of the angular frequency a are given by the equation 
(o — w 2 )(g — lo> 2 ) — bgu 2 — 0. 

From the first of expressions (j), we see that the pendulum works as 
a damper and vibrations of the mass, mi vanish when 

g — lu 2 = 0, 

which gives 



= £. 


w = -'r 

i.e., the pendulum must have, for its natural 
frequency of vibration, the frequency of the 
pulsating force. 

Naturally, the use of a simple pendulum as a damper is impractical, 
but we can take, instead of a pendulum, a roller moving on a cylindrical 
concave surface inside the mass mi as shown in Fig. 220. 

As a next example, consider the system shown in Fig. 221a. This 
consists of a rigid bedplate supported by flexible columns and carrying, 
in bearings A and B, a shaft on which a disk is mounted with small 
eccentricity e. Let us investigate now the forced vibrations of this system 
due to rotation of the unbalanced disk with constant angular velocity w. 
We assume that the middle plane xy of the disk is a plane of symmetry of 
the structure and consider only motion of the system in this plane. 
Beferring to Fig. 221c, where O represents the equilibrium position of the 
axis AB, we denote by £ the horizontal displacement of the bedplate due 
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to bending of the columns and by p the deflection of the shaft during 
vibration. Thus point E represents the point of intersection of the 
deflected axis of the shaft with the ap-plane, and C represents an instan- 
taneous position of the center of gravity of the disk. In this way, the 
configuration of the system is defined by the deflection £ of the bedplate, 


> 

t 1 

y 

1 u 


1 ..II 

1 r 






77 


77 


(a) 



the coordinates x and y of the center of gravity C of the disk, and the 
an glp. of rotation = ut of the disk. Denoting by m and by wii the 
masses of the bedplate and of the disk, respectively, and by 7 the moment 
of inertia of the disk about the axis of the shaft, we obtain 

T = £[m£ 2 + + y*) + Io> 2 ]. 

In calculating the potential energy of the system, we denote by k and ki 
the spring constants corresponding to deflections £ of the columns and 
deflection p of the shaft, respectively. Then 1 

V = *(*£* + fi 2 ), 

where, from Fig. 221c, 

p« =. ( x — $ — e cos «0* + (y — e sin tof) s - 


The Lagrangian equations give now 2 

m£ + (A* + fri)£ — kix = —k\e cos ut, 
+ ki(x — £) = kie cos ut, 

+ kiy = kie sin ut. 


<*) 


The third of those equations contains only the coordinate y, which indi- 
cates that vortical vibrations of the disk are of the same kind as for a 
system with one degree of freedom; the angular frequency of these vibra- 
tions is pi = 's/h/mi, and the resonance condition occurs when u = pi. 

The first two of Eqs. ( k ) define vibrations in the horizontal direction 


1 The potential energy of the gravity force'ia neglected in this discussion. 

* The fourth equation, corresponding to the coordinate » ut is omitted here. 
It gives only the magnitude of the torque that must be applied to the shaft to produce 
the assumed uniform angular velocity u. 
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and can be treated as those of a system with two degrees of freedom. 
Taking a particular solution of these equations in the form 

x = A cos eat, £ = B cos eat 

and substituting into the equations of motion (k), we obtain 

( — OTi &> 2 + — kiB — eki, 

—kiA + (— mu s + k + ki)B = — eki. 

The frequency equation is 

+ hH-ma* + k + h) - fri 2 = 0. (1) 

Denoting the left-hand side of this equation by A, the amplitudes of 
forced vibrations will be 


A = [ek^—mu 1 + k + ki) — e£i*]:A, 

B = [— eki(— miw 2 + ki) + eki*\:A. 

The resonance conditions are obtained when « coincides with one of the 
two roots p* and p* of Eq. (1). When the rigidity of the columns is 
very large, we put k = « and obtain from the first of Eqs. (k) { — 0. 
Then the second equation gives 


m i£ + k\x = k x e cos tat. 

This equation then gives, for the critical speed, the value u = p t that 
we already obtained from the third of Eqs. (k). 
This is the so-called whirling speed of the shaft. 

As a last example, we shall discuss briefly the 
forced vibrations of the double pendul um in Pig. 
222 if a pulsating couple acts on the body AB. 
We take as generalized coordinates, in this case, 
the angles fa and fa and denote by Wi and W s the 
weights of the upper and the logger bodies, re- 
spectively. Points Ci and <7* are the centers of 
gravity of the two bodies, and we assume that 
Ci lies on the line AB. The distances hi, A*, and Z 
_ inrnan+ t • , * re 88 shown in the figure. Let h denote the 

“ e ^, of the u PP er bod y with respect to its axis of rotation 
through A and/*, the moment of inertia of the lower body about its gravity 

t0 the - 0f r the figure - With these “Options, the kinetic 

gyo the upper body is hfa 2 / 2 . The kinetic energy of the lower body 
consists of die two parts: (1) the kinetic energy due to the velocity t> o^f 

°T d ? of r °t a tion vdth respect 

to the center of gravity. In this way we obtain W*v*/2g + J^J/2. 



Fig. 222. 
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Observing that 

V 2 ss 4" hi 2 4 > 2 2 4“ 2W*i*oos(*i — £2) 
and t akin g for small oscillations cos(<£i — $2) ^ we obtain 

r = i ^(ii + <£i 4 + (1* + <£* 4 + 2W < W*]- 

The potential energy is due to gravity forces and for small oscillation is 

V = iKWxfei + WdW + WJi*W\- 

Comparing these values of V and T with expressions (145) (see page 259), 
we conclude that 


On = WJix 4“ W 7 " 2^, C22 — Wihzf 012 — 0, 


«u ~ 1 1 + 


W 2 l 2 _ r , WW% 

y a 22 “ 12 1 — > 


h j W 2 
CL \ 2 = foil — • 

Q 


Then the frequency equation (147) gives 

auCjj + Cn022 T V' (unC22 — CnQaa) 8 + 4ffli2 8 CnC22 


Pi.** = 


2(a U ffl22 - oia 2 ) 


Considering the fundamental mode of vibration with frequency pi, we 
find from Eqs. (148) that the ratio of amplitudes of the angles of oscillar 
tion <t> 1 and 02 is 

01 _ Ol2Pi a _ C22 - U22P1* 

<t> 2 Cn — flupi 2 awpi 2 

The same ratio can also be put in the following form 

01 C22U12 

02 C11O22 (UllU22 — Ul2*)Pl* 

Substituting for pi* its value from expression (m), we obtain 

0i = 2a i* c *« (0) 

0* cua* 2 — O11C22 + V (011C22 — Cu®**) 2 + 4a 1 2 2 c u c22 

Of some practical interest is the case in which 

C11U22 — O11C22 = 0. (p) 

Then, for the fundamental mode of vibration, we obtain 


If, in addition, we have 


c u = C22, 
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the an gles <fa and <t> a remain equal during the lower mode of vibration. 
A bell and its clapper can be considered as a double pendulum; and if 
conditions (p) and (q) are satisfied, the clapper cannot strike the bell if 
the system performs the fundamental mode of vibration. If a pulsating 

force in resonance with tho fundamental mode 
of vibration is applied to the boll, the amplitude 
ratio of forced vibration is the same as that 
of the fundamental mode and the bell will not 
ring. 

To see the physical significance of this phe- 
nomenon of a “silent bell," lot us consider the 
case shown in Fig. 223 where, for simplicity, we 
treat the clapper as a simple pendulum of weight 
Wt and length h 2 . Then following the notations for Fig. 222, we have 
I* = 0 and conditions (p) and (q) become 

(Wih + WJ) ^ w - (/i + V s ) WJh = 0, 

WJi 1 + Wil = W 2 h 2 . 

By virtue of the second of these conditions, the first reduces to 

(V “ l 2 ) - h = ^ (Ax' + iS), 

o y 

where i 2 is the radius of gyration of the bell about its gravity axis normal 
to the plane of the figure. Using this equation together with the second 
of Eqs. (q'), we obtain 

l + hi = hi + ~ (r) 

We see that the left-hand side of this equation represents the position of 
the center of gravity C 2 of the clapper below point A while the right- 
hand side represents the position of the center of oscillation 1 of the bell 
below A. Thus the bell is silent if the center of gravity of the clapper and 
the caiter of oscillation of the bell coincide. 

PROBLEMS 

. R e f emn g to the system in Fig. 207, page 254, and using tho numerical data 
given in the example on page 258, calculate the amplitudes ef forced vibration pro- 
duced by a horizontal disturbing force 10 sin(lCM) lb. applied to the m nug OTl . 

... _ , Ana. C - 0.087 in.; D -0.117 in. 

i«J. Solve the preceding problem assuming that the disturbing force acts on the 

maas Wj - Ana. C - 0.015 in.; D - 0.037 in. 

1 See the authors’ “Engineering Mechanios,” 2d ed., p. 401. 
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37. Vibrations with. Viscous Damping. — In discussing vibrations up 
to now, friction forces were neglected. As a result of this, we found that 
amplitudes of free vibration remain constant while amplitudes of forced 
vibration grow indefinitely in conditions of resonance. In actual cases, 
we always have some friction forces; and owing to their action, the energy 
of a vibrating system will be dissipated; the amplitudes of free vibration 
will be gradually damped out, and the amplitudes of forced vibration 
will not grow indefinitely but will approach certain limiting values 
depending on the amount of friction. In discussing systems with one 
degree of freedom, we already have seen that the problem can be greatly 
simplified if the friction forces are proportional to the velocities of the 
moving parts of the system. The same conclusion holds also for systems 
with several degrees of freedom. 

The Lagrangian equations can be generalized so as to take care of 
viscous friction. For this purpose, it is advantageous to introduce the 
notion of the rate at which energy is dissipated. Considering first a 
single particle moving along the z-axis, we may take the resisting force 
due to viscous damping equal to —cx, where the minus sign indicates 
that the force always opposes motion and the constant coefficient c 
represents the magnitude of the friction force when the velocity is unity. 
The work done by the friction force during a small displacement Sx is 
—cx Sx, and the amount of energy dissipated is 

cx Sx = cx 2 St, 

so that the time rate at which energy is dissipated in this case is ex' 1 . 
Now we introduce the dissipation function F, defined by the equation 

F = *c * 2 (c) 

and representing half the rate at which energy is dissipated. The friction 
force is then obtained by differentiation, namely: 



In the general case of motion of a particle, the velocity can be resolved 
into three orthogonal components and the dissipation function is 

F = £(c i& 2 + cs y 2 + C 3 Z 2 ), ( 6 ) 

where the factors Ci, c 2 , c» define the viscous friction in the a>, y-, and 
^directions, respectively. 

In the case of a system of particles, the dissipation function is obtained 
by a summation of expressions ( b ) for all particles of the system and we 
have 


F = £2(ciA s + Cuyi 2 + Cadi 2 ). 


(c) 
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If we are using generalized coordinates q u qt, ... , the friction force 
Ri corresponding to any coordinate q t is obtained by giving to the system 
a virtual displacement Sqi and writing the expression for virtual work. 
Thus 

~ S ( Cu±i % + ** S + CMi< ^) Sq < = RiSqi - 

Observing from page 213 that 


we obtain 


dXj _ dij 

dQi ~ a*’ 


Ri = - 


^ % + cw * H) 


dF 

dq- 


(d) 


It is seen that to calculate generalized friction forces, we need only to 
represent the dissipation function (c) in generalized coordinates and make 
the derivatives ( d ). Substituting for ±i } y i} z i} in expression (c), their 
expressions through the generalized coordinates (see page 212), we shall 
obtain for the dissipation function a homogeneous function of second 
degree in fa, fa, . . . ; i.e., 


F — £(&n$i 2 + 2 b u fafa + &22<?2 2 +"••). (e) 

The coefficients &11, 612, . . . generally depend on the configuration of 
the system; but for the case of small vibrations in the neighborhood of a 
configuration of stable equilibrium, these coefficients can be treated with 
good accuracy as being constants, as already discussed in Art. 33. 

We assumed above that the friction forces were proportional to the 
absolute velocities of the particles, but similar conclusions are obt ain ed 
also if the friction forces are proportional to the relative velocities of 
the particles. If we have, for example, the friction force — C\(x x — ±2) 
acting on a particle 1 and proportional to its velocity relative to a particle 
2, there will be an equal and opposite force — Ci(£ 2 — £1) acting on the 
particle 2. The corresponding generalized friction force Ri is then 
obtained from the expression for virtual work. Thus 


— X 2)8X1 — Ci{X2 — ±1)6X2 


— ci(ii — ^2) 5(^i — X2 ) 
-Cifo - it) — Sqi 
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a(*i - a»)» 

dqi 


If we substitute for the velocities ± x , x% their expressions through gen- 
eralized velocities q x , we shall find again that R, is obtained as 

the partial derivative with respect to g< of the dissipation function which 
is a homogeneous second-degree function of the velocities q x , fa, .. . 
similar to the function (e). 

As soon as we have the expression for the dissipation function, 
Lagrangian equations can be written in the form 


£dT _dT ,dV,dF =Q 

dt dqi dqi dqi dqi * 


(149) 


The generalized force corresponding to any coordinate qi consists, as we 
see, of three parts: (1) the part —dV/dqi, due to forces having potential, 
such as gravity forces and forces in elastic springs, (2) the part —dF/dqt 
due to viscous friction, and (3) the part Qi, in which are included other 
forces acting on the system, such as a pulsating disturbing force producing 
forced vibrations. 

In studying free vibrations with damping, Qi vanishes and Eq. (149) 
reduces to 


ddT _ dT , dV + §F 
dt db dqi + dq { ^ dqi 


(150) 


Let us now consider the application of Eq. (150) to the case of a 
system with two degrees of freedom, assuming that the coordinates q x 
and qt are principal coordinates (see page 263). Then for small vibra- 
tions, the quadratic functions for kinetic energy, potential energy, and 
dissipation energy are 


T = ^(au^i* + a 22<Z2 2 ), 

V = i(cu2x* + C2232 2 ), 

F = KM1 2 + 2&12M2 + bntf)- 


(/) 


Using these expressions in the Lagrangian equation (150), we obtain 

anii -I- cnqi + bnit + = °, | (g) 

022?2 + 022?2 + & 12(?1 + ^ 22^2 = 0 , J 

which are linear equations with constant coefficients. A solution of 
Eqs. (gf) can be taken in the form 

gi = Ce“, qs = De*, W 

where C, D, and s are undetermined constants. Substituting back into 
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C(anS 5 4- bus 4* Co) + DbvtS — 0, ) 
Cbiss +■ 2)(cts2S a 4- bus 4- ca 2 ) = 0. J 


These equations may give, for C and D, solutions different from zero only 
if their determinant vanishes, i.e., when we have 


( o,uS 2 4- bn$ 4- Cn)(o 2 2 « 2 4- baas 4- Ca a) — bi 2 2 s 2 = 0. (J) 


This is an equation of the fourth degree in a and will have four roots, 
which we denote by a 1( s 2 , a», a*. When damping is not excessive, so 
that we actually get vibrations, all four roots are complex with negative 
real parts and we have 


= — nx 4- ip i, 

* 2 = — «i — ip i, 

S* = —na 4" ipa, 
a t = —na — ip 2 , , 


(*) 


where n x and n 2 are positive numbers 1 and i = V^l. Substituting 
each of these roots into Eqs. (i), the corresponding ratio C/D will be 
obtained. Denoting these ratios by m . . . ^ we can write the general 
solution of Eqs. (g) in the following form: 


?i = C i«* 4- CV*‘ 4- C 8 e**‘ 4- Cte“‘, \ 

« 2 = + naCae** 4- p. 3 C s e”‘ + mCt#*. J ® 

This solution contains four constants of integration Cx . . . Ct, which 
can be selected in each particular case so as to satisfy known conditions 
regarding the initial values of the coordinates q t and q t and velocities 
qi and q 2 . 

It will be advantageous to introduce now trigonometric, instead of 
exponential, functions. Taking the first two terms in the expression for 

/>. TXTO n C TTA * 


C ** + C '* e *“ = KC'i 4- C *)(<?« 4 - e*«0 4- i(Ci - C 2 )(e** - e**‘) 

= (Ci 4- Cj)e- n »‘cos pit — i(Ci — C' 2 )e-"‘ < sin pit. 

S w°“ “ orm the last two terms in the expression for q t 
m&also the terns m the expression for q 2 . Then introducing new not*, 
toons for the constants, we can write 

ffl I ^ui lC0B Plt + Vli) + ^(^cos Pat 4- -d 4 sin Pat), \ , v 

qa er* 1 (5 lC os p x t + B&m Pl t) 4 . <r”*‘(B 3 cos p a t 4- B 4 sin p 2 t). J ^ 

PhX’ “ mema “- Weber ’ 2 “ Differential-gleichungen dor 
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Due to the fact that A x . . . are all expressed through Ci . . . Ci, 
there will be only four independent constants in the solutions (m) which 
have to be determined from four initial conditions. We see from Eqs. 
(m) that the coordinates <71 and q 2 are obtained by superposition of two 
damped vibrations having the angular frequencies pi and p*. When 
viscous friction is small, we find that these frequencies differ from those 
found in the absence of damping only by small quantities of second order 
and that we can usually neglect the effect of damping on natural fre- 
quencies of vibration. This conclusion was already discussed in the case 
of systems with one degree of freedom (see page 38). 

If we have a system with very large damping, it is possible that two 
roots or even all four of the roots (k) will become real and negative. 
Assuming, for example, that the last two roots are real, we shall find, as 
in the case of systems with one degree of freedom (see page 35), that the 
corresponding motion is aperiodic and that the complete expression for 
the motion will consist of damped vibrations superimposed on an 
aperiodic motion. 

In discussing forced vibrations with damping, we must use Eq. (149). 
As an example, lot us consider the system shown in Fig. 207 and assume 
that a device with viscous friction is incorporated between the masses 
m x and m 2 such that the friction forces acting on these masses are c(x 2 — xi) 
and c(xi — xi), respectively. Then using the notations of Art. 34 and 
assuming that a pulsating force P cos ut acts on the mass m x , Eq. (149) 
gives the following equations of motion: 

to -f kiXx — /r 2 (x 2 — *1) = c{± 2 — xi) + P cos ut, 
m$ 2 + fa(x 2 — xi) = c(±x — xi). 

The complete solution of these equations consists of two parts: (1) free 
vibrations with damping and (2) forced vibrations. Free vibrations, as 
we have just seen, are gradually damped out, and we have, practically, 
to deal with the steady forced vibrations sustained by the pulsating 
force P cos ut. These forced vibrations are obtained as a particular 
solution of Eqs. (n). Observing that owing to damping, there must be 
a phase difference between the pulsating force and the motion that it 
induces, we take this solution in the form 

Xi = C icos ut + C 2 sin ut, 

Xt = Cjcos ut + Ci sin ut. 

Substituting these expressions into Eqs. (n) and equating to zero the 
coefficients before cos ut and sin ut, we obtain four linear equations for 
calculating the constants C x ... Ci. Solving these equations and 
substituting the solutions into Eqs. (0), we shall obtain the required forced 
vibrations of the system. 
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In practical applications, we need very often to reduce forced vibra- 
tions of the mass mi on which the pulsating force is acting, and for this 
purpose, the mass m 2 is attached simply as a vibration absorber. To see 
the effect of such an absorber on the motion of the mass m i, let us con- 
sider the amplitude Xi of this vibration, which is obtained from the 
equation 

V = Oci) s »« = (V + cv. 


We shall omit the intermediate calculation of the constants Ci and Cs 
mentioned above and give only the final results 1 in which the following 
notations are used: 

X rf = P/ki = static deflection of mass m i produced by force P, 

V — 'Vhjm'i = angular frequency of mass mi (main system) in absence 
of mass m 2 , 

pi = Vfo /m 2 = angular frequency of mass m 2 if attached to a fixed 
point, 

P = mi/mi = ratio of mass of absorber to that of main system, 

6 = Pi/p = ratio of natural frequencies of absorber and of m«.in 

system, 

M = c/ 2 m 2 p = viscous damping factor, 

7 = to/p = ratio of frequency of disturbing force to that of natural 

vibration of main system. 

The amplitude Xi of forced vibration is then given by the equation 

V = 4 mV + (7 2 - S 2 ) 2 

Xrt 2 4/tV(r 2 - 1 + Py 2 ) 2 + IP 5 2 7 2 — ( 7 2 — 1 )( 7 2 — a*)]*' 

From this expression, the amplitude Xi of forced vibration can be calcu- 
lated for any value of y = a/p, provided the quantities S and P, d efining 
the frequency and the mass of the absorber, and also the quantity ft, 
defining viscous friction, are known. 

Let us begin with a discussion of some extreme cases in which the 
problem is simplified. If we put ft = 0, i.e., if friction is neglected, we 
obtain from expression (p) 


Xi 

X,* 


7 2 - S 2 


'pW s - (7 2 - i)( 7 2 - a 2 ) 


(?) 


This expression can be brought into coincidence with the expression for 

obtained for forced vibration without damping [sec Eq. (f), page 

2 71 1‘ , In / Flg - 224 > the absolute values of the ratio Xj/X* are plotted 

against a/p - y and are given by the dotted lines (/t = 0) for a particular 

case m which p = - * and 5 = 1. The ratio (q) changes sign for 

J P * d of the see paper by J. Ormondroyd and 

J. P. Den Hartog, Tram. Am. Soc. Mech. Eng., vol. 50, p. 7, 1928. 
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7 = 0.895 and for 7 = 1.12 at which values the system is in a condition of 
resonance. 

Another extreme case is obtained by taking p = 00 • In this case, 
there is no relative motion between the masses mi and m 2 and we obtain 



Fio. 224. 


a system with one degree of freedom having the mass equal to mi + m* 
and the spring constant h x . In this case, expression (c) gives 

Xi 2 _ 1 , N 

X ., 2 ( 7 2 - 1 + fiy 2 ) 2 ' W 

The resonance condition occurs when 


which gives 


7 2 — 1 + 187 2 = 0, 




M 


The absolute values of Xi/X„ for our numerical example are given in 
Fig. 224 by the dotted line marked /*=<». 

For any intermediate value of n, the absolute values of Xi/X, t have to 
be calculated from expression (p). In Fig. 224, the corresponding curves 
for n = 0.10 and ix = 0.32 are shown. The curves for various values of 
n all pass through the points 8 and T where the curves p = 0 and p = oo 
intersect. The abscissas of these points are obtained by equating the 
absolute values of Xi/X, t obtained from expressions (g) and (r), which 


give 




1 


is' 


(0 
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The same equation is also obtained from expression (y), which can be 
written in the form 

My* +N 
Pn* + Q ’ 

where M, N, P, and Q are expressions that do not contain fi. This 
expression will be independent of m 2 if 

M_N 

P ~ Q’ 


and this brings us again to Eq. ( 2 ), which gives 

(y 2 — i 2 )(y 2 — 1 + |Sy s ) = j85 s y a — (7 a — 1) (7 s — 5 2 ) 
or 

, 1 + S* + /35 s , 28* 


V* — 


2y* 


2 + 0 


2 + 0 


= 0 . 


(u) 


From this quadratic equation in y 2 , two roots yj 2 and 72 s , which give 
abscissas of the points S and T, can be readily calculated in each particu- 
lar case. The ordinates of the same points are now obtained by sub- 
stituting the roots yi 2 and y 2 2 into Eq. (r). Assuming that yi a is the 
smaller root, we obtain the following positive values for the ordinates 


7i 2 — 1 + 07i 2 y 2 2 — 1 + /3yj 2 

The magnitudes of these ordinates will depend on the quantities 0 and S 
defining the mass m 2 and the spring constant of the absorber. In 
practical applications, it is advantageous to select these constants so as 
to make the ordinates (u) equal . 1 This gives 


and we obtain 


1 1 
7i s — 1 + 07i* 72 4 — 1 + pya*’ 


7i a + 7» s = 


2 

1+0 


C«0 


'At the same time, the sum of the two roots of the quadratic equation (tO 
must be equal to the coefficient of the middle term with opposite si gn - 
Hence 


and we obtain 


1 + 0 


-(■* 


+ 8* + PS*\ 

2 + 0 )’ 


S = 


1 

1 +P 


0*0 


1 See paper by E, Hab ntovom , Z. angew. Moth. Mech., vol. 13, p. 183, 1938, 
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This simple formula gives the proper “tuning” of the absorber. When 
the mass of the absorber has been selected, /3 is known and from Eq. (x) 
we find S, which defines the spring constant k 2 of the absorber. Sub- 
stituting expression (x) for S into Eq. (u), we find 



and the ordinates ( v ) become 



It remains now to select the proper value of n, which d efin es the 
intensity of damping. The damping in the absorber must be such as to 
make forced vibrations of the main system as small as possible for all 
possible frequencies of the pulsating force. Calculations show that 
very satisfactory conditions are realized by taking p -such that the cor- 
responding full line curve in Fig. 224 has a maximum at point S or at 
point T. In such case, the maximum value of \i/\t differs but little 
from the ordinate of the points S and T and expression (j/) gives that 
maximum with a fair accuracy. 1 

38. Systems with Several Degrees of Freedom. — The problem of 
small free vibrations of a system with several degrees of freedom about a 
configuration of stable equilibrium requires the solution of Eqs. (144), 
which we repeat here. 

Ou$i + ttia<?a + a«g;» + • • • + Cnqi + Ciajj + CizQz + * * • =0, 

’[ («) 

) 

o»i5i + Ona^a + On 3# a + • • • + c„i< 7 i + c»a 5 a + c n tq» + * * * = 0. , 

In solving these equations, we proceed in the same manner as in the case 
of systems with two degrees of freedom and take a particular solution in 
the form 

qi = Xisin(p« + a), q% = X 2 sin(pJ + a), •••,$* = X«sm(p* + a). (6) 

Substituting in Eqs. (a), we obtain the following system of homogeneous 
linear equations for calculating the amplitudes X 1; X 2 , . . . X»: 

Xi(oup* — Cn) + Xa(fliap a — Cia) + * * • + X B (<Ji»p a — Ci») = 0, 

’{ (c) 



^nfanlP 2 — Cnl) 4* X»( GnSp 2 — C n 2 ) + ’ " " + ^nfarmP 2 — C» n ) = 0. I 
1 See paper by Hahnkamm, Schiffbautechniaobe Gesellschaft, Versamlung , Berlin, 
November, 1935. 
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These equations can give, for Xi . . . X„, solutions different from zero 
only if their determinant vanishes. In this way we obtain the frequency 
equation 

A(p ! ) =0, (d) 

where the symbol A(p 3 ) indicates the determinant of Eqs. (c). This 
equation is of the nth degree in p 3 and has n roots. In the case of 
vibrations about a position of stable equilibrium, all these roots are real 
and positive. Let p, 3 be any one of these roots. Substituting it into 
Eqs. (c), we can calculate the (n — 1) ratios X1/X2, Xi/Xs, . . . Xi/X* 
which define the mode of vibration corresponding to the frequency p,. 
The corresponding motion will be 

qi = XiSin(p,i + a,), 
qt = Xasin (jp.t + a,), 


q n = X«sin (p,t + a,). 

All coordinates perform simple harmonic motions of the same frequency 
p, and of the same phase a,. They simultaneously pass through their 
zero values, corresponding to the equilibrium configuration of the system, 
and simultaneously reach their extreme values. Since the ratios of the 
amplitudes Xi, Xs, * • • X„ are already calculated from Eqs. (c), there 
remain only two arbitrary constants in the solution (e); namely: a, and 

one of the amplitudes, say Xj. The so- 
lution (e) represents one of the principal 
or natural vibrations of the system. We 
shall have as many such vibrations as the 
number of roots of Eq. (d), i.e., as the 
number n of the degrees of freedom of the 
system. 

The general solution of Eqs. (a) is ob- 
tained by superposition of the principal 
vibrations; and since to each vibration 
there correspond two arbitrary constants, 
we shall have altogether 2 n constants, 
which always can be selected so as to satisfy 2 n initial conditions concern- 
ing the n initial values of the coordinates and the n corresponding initial 
velocities. 

After this general discussion, let us consider an example. Ass um e 
that a particle of mass m is fixed in space by three helical springs the 
axes of which do not lie in one plane (Fig. 225). It is required to inves- 
tigate vibrations of the particle if disturbed from its position of equi- 
librium. In this case, we have a system with three degrees of freedom, 
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and we take, as coordinates of the system, the rectangular coordinates 
x,y,z of the particle, measured from the position of equilibrium. Con- 
sidering them small in comparison with the lengths of the springs, we 
can readily find the elongations of the springs during vibration. Denot- 
ing by ax, fa, 7i the direction cosines of the axis of the spring OA, the 
elongation of this spring will be — (aix + /Sxj/ + yxz) and the correspond- 
ing strain energy 1 is §ki(aix + 0x y + 7iz) 2 . Similar expressions, with 
the necessary change of subscripts, will be obtained for the two other 
springs, and the total strain energy of the system becomes 

V = + 0i V + 7i *)* + ifo(oc& + fay + yxz ) 2 

+ $kt(asx + fay + 7**)*, 

which can be rewritten in the following form: 

V - $(cn* 2 + Cziy 1 + c 3 sz 2 + 2c 12x2/ + 2c 13 xz + 2 cnyz), (J) 

where 

Cn = A'lai 2 + kioti* + ksa s 2 : 

Ci j = kia jj8i + k 202 fa + kiatfii, 


The kinetic energy of the system is 


T = im(x* + y* + 2 2 ). 

The equations of free vibrations of the particle then are 


mx + CnX + Cny + cuz = 0, 
my + C1& + Cuy + CitZ = 0, 
ma + Cisx + Cuy + Cttz — 0 . , 


(?) 


Taking the solution of these equations in the form (6), we obtain 

(cn — mp s )\x + C12X2 + cijX* = 0 , 

CijXx + (fin — wip 2 )X 1 + C2»X* = 0, ■ 

C13X1 + 023X2 + (C33 — mp*)Xs = 0. . 


(h) 


These equations may give, for Xx, X 2 , X 8 , solutions different from zero only 
if their determinant vanishes. Putting this determinant equal to zero, 
we obtain in this case a cubic equation in p s that gives three positive 
roots pi J , P2 S , and p 8 2 . Taking one of these roots, say pi 2 , and substi- 
tuting it into Eqs. (h), we obtain the ratios Xx'/Xj' and Xi'/X 3 ', which 
define the mode of vibration having the frequency pi. The correspond- 
ing motion is 

* = Xi'sin(pi< + «x), y = X 2 'sin(px« + ax), z = X 8 'sin(px« + «x). (i) 
1 The initial tensions in the spring balancing the weight of the particle will not 
enter in our consideration and can be disregarded. 
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We see that during vibration, the coordinates of the particle always are 
in the ratio, which indicates that the particle oscillates along a 
certain straight line passing through the origin 0 of the coordinates. If 
jS', y' are the direction cosines of this line of motion and C" is the 
amplitude of the vibration, we have 

\i' = a'C', U = fi'C', X,' = y’C 
and 

(C'Y = (XiO* + (X a ') 2 + (X,') 2 . 

As we have already seen, Eqs. ( h ) give only the frequencies of principal 
vibrations and the corresponding amplitude ratios. The absolute values 
of the amplitudes remain indefinite as long as we do not take into con- 
sideration the initial conditions of vibration. We can take 

Xi' = a', x s ' = &, X,' = y. 

Then 

(XiO 2 + (V) 2 + (X,') 2 = 1, (i) 

and 

x = a'sin(pi« + ai), y = 0'sin(pif + «i), z = 7'sin(pi< -f ai). 
Similarly, for the frequency p 2 , we shall obtain 

X = a"sin(p 2 f + Qfs), y = 0 "&in (p a « + a 2 ), 2 = -y"sin(p a t + « a ). 

Substituting the amplitudes (a', 0', y') and (a", 0", y") of the two normal 
modes of vibration into Eqs. (h), we obtain the following two systems of 
equations: 


mpiW 

= Cna' 

+ 

Clifi' 

+ Ci»y', 


mp i 2 #' 

8 

M 

H 

o 

II 

+ 

C 22 fi f 

+ Ci»y', ■ 

(*> 

mp iV 

= Cud' 

+ 

C2Zp' 

+ c»»y', . 

m/p 2 2 a" 

= Cu«" 

+ 

C120" 

+ ci, y", ' 


mp 2 2 /3" 

= Ci 2 a" 

+ 

c 22 fi rr 

+ c it y", ■ 

(0 

mp 2 2 y" 

= Ci, a" 

+ 

C23/S" 

+ c„ 7 ". , 


If the first of Eqs. (k) is multiplied by a", the second by 0", and the third 
by 7 and then they are added together, we shall obtain, on the right- 
hand side, the same summation as we will get by multiplying, respec- 
tively, by a', 0', y' and adding together Eqs. (1) . This proves th a t 

mpSia'a" + 0'0" + y 7 ") = mp a 2 (a'a" + 0'0" -f 7 ' 7 ") ; 

and, since pi 2 and p a 2 are two different roots 1 of the frequency equation, 

1 We omit here the exceptional case 'where the frequency equation has two equal 
rootS) which, is of no practical importance* 
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we conclude that 

a' a” + fi'fi" + y'y" = 0. (m) 

This shows that in the two principal vibrations, the particle is moving 
along two perpendicular straight lines. S imil ar conclusions will be 
obtained if we consider principal vibrations with the frequencies pi and 
pa or pi and ps, and we may conclude that the three principal modes of 
vibration of the particle in Fig. 225 are three harmonic motions along 
three mutually perpendicular straight lines. The direction cosines of 
these lines are determined from such equations as Qc) and (Z). If, from 
the very beginning, we had taken the coordinate axes in the directions of 
the principal vibrations, each equation of motion would have contained 
only one coordinate and these coordinates would be the principal coordi- 
nates of the system. 

The above conclusion can be reached also in a different way. Giving 
to the particle m in Fig. 225 some displacement s from the position of 
equilibrium and then releasing it without initial velocity, we usually 
shall get a complicated motion of the particle consisting of a combina- 
tion of the three principal modes of vibration. This results from the 
fact that for an arbitrary displacement of the particle, the resultant R 
of the forces in the three springs has a direction different from the direc- 
tion of the displacement. But the motion is much simplified if we select 
the initial displacement of the particle in such a way that its direction 
coincides with the direction of the resultant force of the springs. If this 
condition is fulfilled, . the released particle will move along the line 
coinciding with the initial displacement and we shall obtain a simple 
harmonic vibration along this line. To find the proper directions, assume 
that the above condition is fulfilled and that x, y, z are the three com- 
ponents of the displacement s. Then from expression (/), for the 
potential energy we find, for the three components of the resultant force 
R acting on the particle, 

„ dV 

X — — -r— = — cii* — cit y — ci»z, 

ax 

SV 

F = — — = —CitX — Cay — caz, 

ay 

„ dV 

Z — r— = — C itX — City — C 33 Z. 

az 

Since the line of action of the resultant 12 coincides with the displace- 
. ment s, we have 

X - -R-> Y = -Rl Z = -R\ 

S o o 

Substituting into Eqs. (n), we obtain 
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(-S 


x + cisy + CijZ 


Cl2* + 




+ C2& 


Ci& + cay + 


(«•-?) 



(*) 


Comparing these equations with Eqs. ( h) f we conclude that the com- 
ponents x,y,z of the displacement s will be in the same ratio as the ampli- 
tudes Xi, X 2 , Xj of a principal mode of vibration. Hence, the directions 
of the displacements, for which the line of action of the resultant R 
coincides with the displacement, are the directions of the principal 
coordinate axes that we found before. 

Several additional examples of free vibrations of systems with more 
than two degrees of freedom will now be considered. 




Example: The system shown in Fig. 226a consists of three equal masses m attached 
to the quarter points of a tightly stretched vertical string fixed at its ends. Neglect- 
ing the mass of the string and assuming that its initial tension 8 is very largo and can 
be considered constant during lateral vibrations of the particles, find the funda- 
mental frequencies and the corresponding modes of vibration. 

Solution: The potential energy of the system is obtained by multiplying the tensile 
force S by the elongation of the string during vibration, which gives 

1 S 

y = “b (y* “* yO* + (y» — v*)* + vi*\ ■■ — (2/1* 4 - 2/2* + v** — viy* — 2 /*y»)* 

The kinetic energy of the system is 


T - ^ (2/1* + 2/a* + 3 /s a ). 


Substituting intoLagrangian equations (136), we obtain the equations of motion 

S 

+ - ( 2 i/i — 2/2) 0 , 

a 

m&i + - (22/a — 2/1 — 2/3) " 0, 

^ (2 vs - 2/a)* *= 0. 
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Then assuming a particular solution 

yi = Xisin (pt 4 a), y% * \ 2 sin(pf 4 a), y% » Xssin ( pt 4 a) 

and using the notation /3 » S/ma, we obtain 

Xi(p # — 2/3) 4* Xs£ — 0, 

Xi/S + Xs(p a — 2/8) 4 X*/S « 0, 

Xa/5 + Xs(p* — 2^3) » 0. 

Equating to zero the determinant of these equations, we get the following frequency 
equation: 

(p* - 2/3) (p 4 - 4p a /3 + 2/3*) - 0, 
the three roots of which are 

Pi* - (2 - \/2)p, p,* - 2/3, p, 1 - (2 + V2)0. 

The corresponding modes of vibration are shown in Fig. 226 b,c f d. 

Example: A vertical shaft with three identical and equidistant disks is fixed at 
the upper end and performs torsional vibrations (Fig. 227). Find the frequencies of 
the principal vibrations if the torsional rigidity of the shaft is C, the moment of inertia 
of each disk is J, and the length of the shaft is SI. 

Ana. p! - 0.445 ^ p, - 1.247 aJJ, p, - 1.801 yffr 


_ I 
-I 

l 

-4 

L 

L 

Fig. 227. Fig. 228. 

Example: A vertical prismatic bar with hinged ends carries three equidistant 
particles of masses m, 2m, and m, as shown in Fig. 228. Find the principal frequencies 
of lateral vibrations of these particles in the plane of the figure, neglecting the mass of 
the bar. 

Solution: To write equations of motion, we use here D’Alembert’s principle. If 
lateral loads Pi, Ps, Ps are applied to the particles, the lateral deflections will be 

Vi “ ftiS E I ®Pi 4 llPs 4 7Ps), 

V » - Tgggj (111*1 + 16Pi -I- IIP,), 

V » - (7Pi + IIP, + 9P,). 

When the bar is vibrating, we have to substitute the inertia forces — mQi, — 2mtfj, 
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— m$t for Pi, P 2 , Pa. Assuming that 

yi =■ Xisin(p$ + o'), 2/a - Xasin(p* + a'), 2/« “ Xssi n(p* -f- o') 

and using the notation 

768®J " 

we then obtain from the above equations of statics 

Xi - amp*( 9Xi 4* 22X2 4* 7\a), 

Xa = amp*(llXx 4" 32Xa 4* llXi), 

Xa *» amp 2 (7\i + 22X2 4* 9 X 3 ). 

Letting 1/ctrnp * «* 2 , we obtain the frequency equation 
* - 502* 4- 124 2 - 56 - 0, 

the roots of which are 

21 » 47.41, 22 = 2.00, 23 “ 0.59. 

The corresponding frequencies are 

?1 -aE= 4 - 026 VS> P* = 19-60 VS' P*“ 37 - 3 ^- 

Example: Investigate vertical vibrations of the system shown in Fig. 229a, 
consisting of a rotor mounted on a flexible shaft that, in turn, is supported by a frame 
resting on a heavy foundation slab. 



(a) (t>) 

Fig. 229. 


Solution: Taking into account flexibility of the shaft, flexibility of the frame, and 
also elasticity of the soil supporting the slab, we imagine an idealized system with 
three depees of freedom as shown in Fig. 2296. From the known dimensions of the 
installation and from its elastic properties, the masses mi, m if m% and the spring 
constants of the idealized system can be calculated in any particular case. For 
coordinates, we take the deflections xi, £ 2 , %i of the springs from their eq uilib ri um 
configurations. Then the kinetic and potential energies of the system are 

T - 4 - m 2 (ii 4- afca ) 8 4- mz{±\ 4- a&a 4- £»)*], 

V ™ K&iSi 1 4- & 2 S 2 2 4- ^3®8 S ), 

and we obtain the following system of equations of motion : 

(m x 4- ma 4- m 8 )*x 4 - (m 2 4- m 8 )£ t + m 8 « 3 4- k x x x - 0 , 

(m s 4- *n 8 )«i 4- (m 2 4- m%)$ 2 4- m s .f 8 4- k 2 x 2 - 0 , 
m 8 ^i 4- mz $ 2 4- m 8 # 8 4- kzXt *» 0 , 

Proceeding as before, we obtain the frequency equation which, for known numerical 
y ues of the masses and spring constants, represents a cubic equation in p* with 
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numerical coefficients. When that equation, is solved, the three principal modes of 
vibration will be obtained. 

PROBLEMS 


143. Set up the equations of motion, and derive the frequency equation for small 
lateral vibrations of the two masses m i and ms shown in Fig. 230. 



Assume that the tensile force S in the vertical string is large. 

An 2 « S(mi + ftia) . * j S^mi + m 2 ) 2 &§*“ 

p mim 2 i * V mi a m a ?Z* 

144. Three circular disks of moments of inertia h, 1 2 , h are 
mounted on a horizontal shaft that can turn freely in its bearings as 
shown in Fig. 231. The torsional spring constants for the two portions 



Fig. 230. 


Fig. 231. 


of the shaft are ki and as shown. Set up the equations of motion, and derive the 
frequency equation for torsional oscillations of the 


disks. 

Am. (/iWa)p 6 - [ktihlz + I*h) + 
kiihl* + /il®)]p 4 + kiki(Ii + I* + h)v 2 "0. 

145. A bifilar pendulum of mass M and length 
a hangs in a vertical plane and has attached to it 
two identical single pendulums each of mass m and 
length b as shown in Fig. 232. Determine the 
roots of the frequency equation for small oscilla- 
tions of the system in the plane of the figure. 


Am, pi* 



a, -j- 6 M 4* 2m , 
2db M 0± 



(a +6)* (M + 2m\* I M+2mgl 
4a*6* \ M ) 0 M ab 


Jtn 

Fig. 232. 


39. Approximate Methods of Calculating Principal Frequencies. — 
We have seen in the preceding article that the calculation of frequencies 
of principal vibrations of a system requires the solution of the frequency 
equation that is obtained by equating to zero the determinant of a certain 
system of homogeneous linear equations. The evaluation of the coef- 
ficients of the frequency equation and the numerical solution of the 
equation itself become more and more involved as the number of degrees 
of freedom of the system increases. In the case of three degrees of 
freedom, we had to deal with a cubic equation. For systems with four 
degrees of freedom, we obtain a frequency equation of fourth degree, 
etc. In practical applications, we often have systems with many degrees 
of freedom, and the amount of work required to evaluate the coefficients 
and solve the frequency equation becomes prohibitive. In such cases, 
recourse must be made to some approximate method of calculating fre- 
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quencies without deriving the frequency equation. 1 In the following 
discussion we shall illustrate some of these methods in connection with 
the calculation of frequencies of lateral vibrations of a shaft 
with several masses (Fig. 233). 

In many cases, we need only the lowest frequency pi. 
This frequency can be calculated with good accuracy by 
using the Rayleigh method already discussed in Art. 20 
(see page 170). In applying this method, we assume that 
the deflection curve of the shaft in the extreme positions of 
the lowest mode of vibration is of the same form as a stat- 
ical deflection curve under the action of gravity forces m#, 
m^g, . . . acting perpendicularly to the axis of the shaft. 
Denoting by \i, As, . . . the statical deflections under 
the loads, we conclude that the strain energy of bending, 
when the vibrating shaft is in an extreme position, is 

V — 2 0»iXi + wisXs + * • • + m»X n ). (a) 

Then assuming the motions of the masses to be given by the expressions 

Vi = Aisin(pi< + a), = X 2 sin(pi< + «),... 

y n = X»sin(p 1 f + a), (6) 

the kinetic energy of the system, in any configuration, is 

T = i(mij/i 2 + m s yj* + • • • + m»#»*). 

Substituting expressions (f>) for y h y», . . . j/„, we find that the maximum 
kinetic energy is 

Tw* = •Jpi*(wiXi I + miKi 2 + * ' * + jra»X»*). (c) 

This Tmi occurs when the vibrating shaft passes through its unstrained 
middle position. Since we neglect dissipation of energy, expressions (c) 
and (a) must be equal and we obtain 

i _ gO»iAi + m 2 X a + • • • + m„A n ) nun 

1 miXi 2 + TO2X2 2 + • • * + «i n X» 2 ‘ ' 

We see that the fundamental frequency pi is easily calculated if we know 
the statical deflections Ai, As, • • • A„, which can be readily obtained by 
analytical or graphical methods. 

1 The various methods of solving this problem are extensively discussed in the 
book by F. van den Dimgen, “Cours de technique des vibrations,” Bruxelles, 1926. 

See also K. Hohenemser, “Die Methoden zur angen&herten LOsung von Eigenwert- 
problemen,” Berlin, 1932. 
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For calculating the same frequency pi, a method of successive approxi- 
mations can be applied. 1 Considering again statical deflections under 
the action of lateral forces m^g, m^g, . . . rang, we can write the expres- 
sion for the deflection yi at the point of application of the load ttug in the 
following form: 


Vi — g(<Xi lWll + Ctizmt + • • • + Ctintrin), (d) 

where a# is the deflection at i produced by a unit load acting at j. The 
quantities ay are called influence numbers. All these numbers are 
obtained from one deflection curve produced by a unit load applied at 
point i. From Maxwell's reciprocal theorem, 4 it follows that a# = an 
and the ordinates of this curve at points 1, 2, ... n give us cm, am, 
. . . din, respectively. The statical equation (d) can be used also in the 
case of vibration of the shaft. We have only to substitute the inertia 
forces —myyx, —mty t , . . . —m n y n for gravity forces. This gives 
equations of motion in the form 


y i = —(ommiyi + cmmtfyi + •••*(- on n m n ^n). (e) 

We shall have as many equations of this kind as the number of masses on 
the shaft in Fig. 233. Assuming that the shaft performs the fundamental 
mode of vibration and substituting expressions (6) for y i, y%, . . . y n , we 
obtain the following system of linear homogeneous equations: 


Xi = Pi 2 * (an»tiXi + atitmiki + 

X 2 “ pi 2 {anmi\i ■+■ a^wijXj 


Xn = Pl 4 («nl«llXx + dnitniKi + 


' + ainWlnXn), j 
• + C*2nWl B Xn), / 
} (/) 


I dnn.mnKn). 


By equating the determinant of these equations to zero, we obtain the 
equation for a rigorous calculation of the principal frequencies. For an 
approximate calculation of these frequencies, we do not derive the fre- 
quency equation but work directly with Eqs. (/). We usually know 
approximately the deflection curve corresponding to the fundamental 
mode of vibration of the shaft and can select reasonably well the series 
Xoi, X 02 , . . . X 0 » of approximate values for the amplitudes Xi, X 2 , . . . X„. 
Substituting these values into the right-hand sides of Eqs. (J), we 


1 The method originated with L. Vianello, Z. Ver. dent. Ing., vol. 42, p. 1436, 1898. 
It was used for calculating buckling loads for struts. Its application for calculating 
principal frequencies of shafts is discussed with many details in the book by C. B. 

Biezeno and B. Grammel, “Technische Dynamik,” pp. 165-163, 829-836, Berlin, 

1939. 

1 See the authors’ “Theory of Structures,” p. 260. 
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obtain first approximations Xu, X12, . . . Xm for the amplitudes from 
equations of the form 


Xu = Pi 2 (o*iJWiXoi + aiswijXoj + • • ■ + Oi»»i»X o»), (g) 

while the first approximation for pi will be of the form 


Pi 2 


Xpi 

2ayWl/Xof 


w 


This first approximation for pi s , as obtained from each of Eqs. (/), in 
turn, will have somewhat varying values, but we can get a better 
approximation by averaging them. For this purpose, we multiply both 
numerator and denominator of Eq. (A) by X# and use, as the first 
approximation, the value 


Pi 2 


2XpjXu 

2Xu2atym,-X</ 


( 152 ) 


Calculations show that if the initial form of the curve is well chosen, this 
formula gives pi 2 with an accuracy sufficient for practical application. 

If a better approximation is required, we use, for the amplitudes in the 
right-hand sides of Eqs. (/), the first approximations X u , X12, . . . X in 
from Eqs. (g). In this way, we obtain 


Xm = Pi 2 (aiimiXn + anirii\\z + • • • + ai„m n Xi») (t) 

and 

Pl ! « 2«L- . 

Then averaging the values of pi 2 , as before, we find for the second approxi- 
mation 

2\iiX2i 


p i z 


2X21 2 OLj]Wlj\ li 


( 153 ) 


The calculation of further approximations can be continued in the same 
manner, and we can draw some conclusion about the convergence of 
the process by whether or not the values of p i 2 , as calculated from various 
equations of the system (/), are approaching the same limiting value. 
In this manner, the calculation of the fundamental frequency of vibration 
can be accomplished with any desired degree of accuracy. 

Before we consider the calculation of higher frequencies of the shaft, 
let us prove a certain general property of the amplitudes Xi, Xg, . . . X* 
if they are related to two different principal modes of vibration. For 
this purpose, we shall use equations of motion in Lagrangian form instead 
of Eqs. (e) derived from D’Alembert’s principle. Equation (d) 9 giving 
the deflection at point i produced by any forces P h P 2 , . . . P» applied 
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at points 1, 2, . . . n, can be expressed in the form 

Vi — «i\P 1 + CHsPi + ■ • • + OtinPn. 

Writing this equation for each of the points 1,2 , n and solving for 

Pi, Pt, . . . P», we obtain, for any force Pi, 

Pi = Cii^i + + • • • + Cinj/n, (j) 

where di, d 2 , . . . do, are new constants. Equations (j) give the 
forces that must be applied to the shaft, at points 1, 2, . . . n, to produce 
deflections yi, p 2 , . . . y n . The forces that the shaft exerts on the 
masses «ii, m 2 , . . . during vibration have opposite sign, and the equa- 
tions of motion of these masses are 

«il?i — — (cn^i + Cisj/j + • • • + Ci»j/n), 

miSt = — (cjiyi + C22J/2 +•••+■ Ci n y n ), 


m n y n = — (c„ij/i + c n2 p 2 + • • • + c nn y n ). 

Taking the solution of these equations in the form (b), we obtain 

mip ! Xi = CnXi + <h 2 X 2 + ‘ ' ' + ci B X n , \ 
m 2 p s X 2 = c 2 iXi + c 22 X 2 + • • • + c 2 b X», / 
, ) (*) 


m B p 2 X B = c B iXi + c n2 X 2 + • • • + c BB X B . J 

These equations have the same determinant as Eqs. (f) and will give 
the same frequency equation. Assume now that p r 2 and p, 2 are any two 
different roots of that equation and that Xi r , X 2r , . . . X™.; Xu, Xu, . . . 
X B , are the amplitudes defining the corresponding modes of vibration. 
Then proceeding as in the case of a system with three degrees of freedom 
(see page 291), we obtain 

i-n 

^ W&»Xi r Xi* ** 0. (Z) 

i-1 

This equation expresses the so-called condition of orthogonality of the 
principal modes of vibration. 1 Using Eq. (Z), we can readily represent 
any shape of the vibrating shaft by superposition of the curves repre- 
senting the principal modes of vibration. Let Xi', W, . . . X n '; Xi", 
X 2 ", . . . Xn"; Xi"', Xa'", . . . X n '"; etc., represent sets of amplitudes 
corresponding to the first, second, third, etc., modes of vibration. Take 

1 In the case of the system in Fig. 225, it states that the three principal modes of 
vibration take place along three mutually perpendicular straight lines as already 
noted on p. 291. 
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now any arbitrary deflection curve of the shaft defined by deflections 
Xoi, \ 0 2, . . . , X 0n and assume that it is obtained by superposition of the 
curves corresponding to principal modes of vibration. Then 


Xoi = CiXi' + C2X1" + C8X1'" + 
X02 “ CiXa' + C2^2 N + CzK2 fU + 


Xon = CiX n ; + eiKf!' + C%kn" + ' * * 


(m) 


The constants ci, C2, . . . indicate what portions of the ordinates of 
the curves, representing principal modes of vibration, must be taken in 
order to form the arbitrarily taken curve with ordinates Xoi, X02, • . . Xo». 
These constants will now be determined by using the orthogonality condi- 
tion (Z). To calculate, for example, the constant Ci, we multiply the 
first of Eqs. (m) by WiX/, the second by m 2 X 2 ', etc. Now adding the 
equations and observing condition (Z), we obtain 


Hence 



( to ) 


In a similar manner, the other constants C2, cs, . . . can be calculated. 

Returning now to the method of successive approximations used in 
solving Eqs. (/), it is important to note that the process of calculation 
described there converges and gives, at the limit, the lowest frequency pi. 
If we wish to calculate in the same manner the second frequency p 2 , we 
must select the initial amplitudes Xoi, X 02 , . . . X 0B in such a way that 
the initial curve of the shaft will not only be suitable for representation 
of the second mode of vibration 1 but will not contain, as a component, 
the curve corresponding to the first mode of vibration. Only under this 
condition will the above-described method of successive approximations 
give us the desired second frequency p 2 . To accomplish the proper 
selection of the initial curve with which the calculation should be started, 
we take first any curve suitable for representation of the second mode of 
vibration. Let Xoi, Xoi, . . . Xo« be the ordinates of this curve. They 
can be considered as obtained by superposition of the curves represent- 

1 We usually know approximately how the second mode of vibration will look. 
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ing principal modes of vibration [see Eqs. (m)]: The first mode of vibra- 
tion is already known from the previous calculation of pi (see page 298 ), 
and we have the set of values A/, X2 7 , . . . A n ' with good accuracy. 
Using these values, we calculate the constant ci by using Eq. (n). This 
constant defines in what proportion the assumed ordinates Aoi, X02, 
. . . Aon contain the ordinates of the fundamental mode of vibration. 
Cleaning the assumed curve of the portion belonging to the first mode of 
vibration, we obtain a new set of amplitudes 

Aoi = Aoi — CiAi', A02 = X02 — £1X2', . . . , Aon = Aon ~ ClAn', (o) 

with which the calculation of P2 can be started. Substituting these 
values into Eqs. (g) and changing pi 2 to P2 2 , we obtain, as first approxima- 
tions for the amplitudes of the second mode of vibration, 

An = 3 ? 2 2 (aii^iAoi + 0*2^2X02 + • • • + oti n m n Aon). 

Before going into a calculation of second approximations, we again clean 
the obtained set of amplitudes An, A12, . . . Ai n of the first mode of 
vibration as was done above [see Eqs. (0)] and use, as first approxima- 
tions, the cleaned values An, An, . . . Xi n . The second approximations 
then will be 


X 2 i = P 2 2 (o£nmj\u + 0^2^2X12 + • • • + OtnWnAin) 


and approximately 


p 2 2 


An 


(p) 


A better accuracy for the second frequency is obtained by averaging, as 
before, the values (p), which gives 


_ 2 _ 2)A2iXit 

P2 = = — 

2X2tSat 3 *W/Ai J ‘ 


(154) 


It is seen that in calculating the second frequency, we have, at each step, 
to clean the assumed curve of the component of the first mode of vibra- 
tion, Only in this way can convergence of the process be realized. If 
we wish to calculate the third frequency by the same process of successive 
approximations, we have, before starting with calculations, to clean the 
assumed set of amplitudes Aoi, A02, ... Aon of the components of the 
first and of the second modes of vibration, as explained above, and work 
with quantities Aoi, A02, . . . Aon. 

It is seen that the amount of work in frequency calculations increases 
with the order of the frequency; and to save time, it is advantageous, 
beyond a certain order, to proceed not from the lowest but from the high- 
est frequency of the system. For this purpose, instead of Eqs. (/), we 
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use Eqs. (k), which give 



— Xi 4 — X 2 4 

<m,i mi 


f— Xi + — ; 

\m 2 m 2 


+ ^x„Y 

mi / 

^X„\ 

m 2 / 


1 + ~ ^2 + 


£»•)■/. 


(«) 


Instead of p 2 , we have now the factor 1/p 2 on the right-hand side of the 
equations, and the calculations that previously were used for the lowest 
mode of vibration will now be convergent for the highest mode of vibra- 
tion, since for this mode the factor 1/p 2 becomes the smallest. 

To show the application of the method of successive approximations, 
let us consider the case of three masses as shown in Fig. 228, page 293. 
Equations (/) in this case are 


Xi = amp 2 (9Xi 4 22X 2 4 7Xj), ^ 

X 2 = amp 2 (llXi 4 32X 2 + 11X 3 ), } (r) 

X 2 = amp 2 ( 7Xi 4 22X 2 4 9Xj), J 


where a = i®/768 EL As a rough approximation for the first mode of 
vibration, we take 

X 01 ~ 1, Xo 2 ~ 2, Xoi — 1. 

Substituting into the right-hand sides of Eqs. (r), we obtain 

X 11 = 60amp 2 , Xi 2 = 86amp 2 , Xi 3 = GOamp 2 . («) 

With these values again substituted in Eqs. (r), we find, as second 
approximations for the amplitudes, 


X 2 i = (amp 2 ) 2 (9-60 4 22-86 + 7-60), ' 

X 22 - (amp 2 ) 2 (11 -60 4 32-86 + 11-60), ■ (<) 

X 28 = (omp 2 ) 2 (7-60 -I- 22-86 4- 9-60). 

To obtain the frequency of the fundamental mode of vibration, we sub- 
stitute the values (s) instead of X 21 , X 22 , X 23 into Eqs. (f), which gives 


Pi 2 

Pi 2 

Pi* 


60 _ 1 

am(9-60 + 22-86 4- 7-60) 47.53am' 

86 _ 1 
am(ll-60 4 32-86 4 11-60) 47.35am’ 

60 _ 1 

am(7-60 4 22-86 4 9-60) 47.53am' 


(«) 
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These values are scattered very little, which indicates that the values ({) 
for the amplitudes are accurate enough. Averaging the values (it) by 
Eq. (153), we obtain 

Pl * = 47.45am' 

which differs from the solution of the frequency equation, given on page 
294, only by about one-tenth of 1 per cent. 

To get the second frequency by successive approximations, we observe 
that the second mode of vibration has an inflection point and assume 

Xoi — 1, \o 2 = 0, Xoj = — 1. 

Proceeding as explained before, we have to clean the assumed deflection 
curve of the component corresponding to the first mode of vibration. 
For this purpose, we use Eq. (»). Substituting the values (() 
for V in this equation, we find that Ci vanishes, which indicates that the 
assumed deflection curve does not contain a component corresponding 
to the fundamental mode of vibration. In such a case, we substitute the 
assumed values Aoi, Xos, Xos into the right-hand sides of Eqs. (r) and 
obtain the first approximations 

Xu = 2 p t oan, X 12 = 0, X« = — 2p 2 am. (v) 

The amplitude ratios remain the same as we assumed initially and con- 
tinue to remain unchanged as we calculate further approximations. This 
indicates that the initially assumed deflection curve is the true one for 
the second mode of vibration of the shaft. The corresponding frequency 
is obtained from the first of Eqs. (v) by substituting Xoi = 1 for Xu, 
which gives 

This result coincides with the rigorous solution given on page 294. 

To obtain the third frequency p 3 , we observe that the third mode of 
vibration has two inflection points and assume 

X 01 = 1, X 02 = — 1, Xoj = 1. 

Before substituting these values into Eqs. (r), we have to clean the 

assumed curve of the components of both the first and second modes of 
vibration. Using, for this purpose, Eq. (n) and taking the values 
X/ — 1, X 2 ' = 1.428, and X 8 ' = 1, which are in the same ratios as the 
values (0, we obtain 

ci = -0.141. 

This indicates that to clean the assumed curve of the component cor- 
responding to the first mode of vibration, we have to subtract from 
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Xoi, Xos, and Xos the quantities —1(0.141), —1.428(0.141), —1(0.141), 
respectively, which gives 

Xoi — 1.141, X 02 = —0.800, Xos = 1.141. 

To clean the assumed curve of the component corresponding to the second 
mode of vibration, we have to use, in Eq. (n), the amplitudes V' instead 
of X/, which are given by Eqs. (t>). The summation in the numerator 
vanishes in this case, indicating that the assumed curve does not contain 
the component corresponding to the second mode of vibration. Hence, 
the quantities X 0 i, X02, and Xos can be used for calculating the frequency 
p». Substituting them into the right-hand sides of Eqs. (r), we obtain 

X u = omp s ( 9 X 1.141 - 22 X 0.800 + 7 X 1.141) = 0.66 amp 2 , 

X 12 - amp 2 (ll X 1.141 - 32 X 0.800 + 11 X 1.141) = -0.50omp 2 , 
Xi, = omp 2 (7 X 1.141 - 22 X 0.800 + 9 X 1.141) = 0.66amp 2 . 

Substituting Xoi, X02, Xos for Xu, \ 12 , X«, we obtain approximate values for 
the third frequency as follows: 

. 1.141 1.73 „ _ 0.800 _ 1.60 2 _ 1.73 

0.66am am’ ^ 3 0.50am am’ am" 


Averaging these values by Eq. (153), we obtain 


ill pa * = — , 

-f — 1 | t 1 am 

f which coincides with the previously obtained value on page 

j- r l 294. 

{ Example: Using the method of successive approximations, calcu- 

J j — LJ — ! late the natural frequencies of torsional vibration of the system in Fig. 

Fig 234 234 . Each of the three disks has the same moment of inertia I, and 

the three portions of the shaft have the same tortional rigidity OJ. 
Solution: Denoting by <t>i, <t> i, <t>z the angles of rotation of the disks from their 
positions of equilibrium, we find the following expressions for kinetic and potential 
energy: 




[01 3 + (0 2 *“ 0l) 2 + (03 — 02) 4 ]. 


The equations of motion, then, are 


1 $ 1 = — (201 — 0 2 )» 

— “ -j- ( — 01 4* 202 — 0j), 


( — 02 + 0l) • 
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$ i * Xisin(pf — a), <t> 2 — X2sin (p$ — a), fa = Xasin(pf — a), 

we obtain 

( 2 " w) Xl - Xa " °> \ 


“Xi -f ^2 — qJj Xj — Xs ■» 0, | 

- Xs + ( 1 -Sr) x ’-°-< 

The frequency equation is obtained from the determinant 

•-» -> « 

-1 2-!g -X . 

0 _1 1- aT 

This gives us a cubic equation from which 

p, = 0.445 yj~, p 2 - 1.247 yJjj, p, 


P 3 = 1.801 


To get the frequencies by successive approximations, we write Eqs. ( w ) in the 
following form : 

(2*i " **), V 

*a * ( — Xi + 2\a — Xs), > (x) 

Xs m op 5 (—><2 + X 3 ), / 

where a = Il/OJ. These equations have the same form as Eqs. (q) and are suitable 
for calculating the highest frequency p 3 . For this mode, we assume alternate signs 
for the angles of rotation and take 

Xoi 80 1, X 02 *» — 1, Xos ™ 1. 

Substituting in the right-hand sides of Eqs. (a;), wo obtain 

Xu 58 5 • 3, X 12 3 — : • 0, Xis 3 — ; • 2. 

op 2 9 ap % 9 ap % 


Substituting again in Eqs. (re), wo find 


"in* * *22 


The next calculation gives 


■ 17, X 3 a 


Tj (“”5), *23 


Substituting X 21 , Xaa, X 23 for X 3 i, X 32 , X 33 , we find 

. 117 .118 a 17 

P.*»- T P .>--2 
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a ^ 1 17.17 + 18.18 + 7,7 


which gives 


i 3.21, 

a 


a 6.17+5.18 4-2.7 « 

p ,- vei^ = i.79^. 


This result already is in good agreement with the rigorous solution given above. 

To obtain the lowest frequency, we have to use equations of tho form (/). For 
this purpose, the equations of motion can be obtained by using D’Alembert’s princi- 
ple. Considering the inertia torques — J<J i, —I# 2 , — I$a, applied to the diskB, we 
obtain the following angles of rotation 

“ — gy (ii + fa + is), 

^2 - — gy (#1 + 2# a + 2<Js), 

it " — gy (ix + 2<Ja + 3i*), 

and the equations to be solved are 

Xi == ap 2 (\ 1 + Xj + Xj), 

Xj » ap 2 (X 1 + 2X2 + 2Xg), 

Xa ■» ap 2 (X 1 + 2Xj + 3Xa). 

Assuming, for the fundamental mode of vibration, 

Xqi * 1, X 02 = 2, Xoa =* 4, 

successive approximations give 

Xu *=» cep 2 ■ 7, X 12 “ «p 2 • 13, Xia = ctp* • 17, 


«P 2 -7, 

Xia “ ctp 2 • 13, 

Xi8 = ap 2 • 17, 

(op 2 ) 1 - 37, 

X« - (ap 2 ) 2 • 67, 

Xas - (ap 2 ) 2 • 84 3 

7 

s 13 

* 17 

37 « 

pi ’ “ && 

’ 84a 


Averaging the p-squares by Eq. (153), we get 

*/T 7-37 + 13*67 + 17-84 * /5I981 

pl = v; 37* + 67* + 84* " V“S“ “ 0 ’ 446 V7P 

which agrees with the above rigorous solution. 

The calculation of pa is left to the student. 

40. Systems with Infinite Number of Degrees of Freedom. — As an 
A g example of such systems, let us consider 

x lateral vibrations of a prismatic bar 

1 *T with simply supported ends (Fig. 235). 

^ The deflection of the vibrating bar from 

:FlG ' 235 ‘ its position of equilibrium can be repre- 

sented by the trigonometric series (see page 204) 


. tx , . 2tz . . 3 tz , 

y = ffisin -j- + Sjsm — + g 3 sin — + ’ ’ 
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and the quantities Qi, qt, ... , defining at any instant the shape of the 
vibrating bar, can be taken as the generalized coordinates in this case. 
The potential energy of bending, from page 168, is 

T/ _ El f l (d*y\, _ EIt'X' *4 , 

V ~ 2 J 0 \dx>) dx ~ U* (6) 

*- 1 

and the kinetic energy, during vibration, is 

where yA is the weight per unit length of the bar. Substituting for y its 
expression (a) and performing the indicated integration, we obtain 

T w 

iml 

We see that the expressions for both kinetic and potential energy contain 
only squares of coordinates and corresponding velocities, respectively, 
which indicates that the selected coordinates are the principal coordinates 
of the system. Then for free vibrations, the Lagrangian equation (136) 
gives 

yAi _ , eittH* _ _ ... 


Qi = o. 


Introducing the notation 


Big _ flS 


we write the general solution of Eq. (d) in the fonn 

, iVat , r> • iVat 

Qi = A4COS — p- + Bism — p — 

The corresponding principal vibrations are 

( . iVat _ . iVa A . irx fe . 

y = I AiCos — p— + J3<sin — p— I sin -p (j) 

During any one of these principal modes of vibration, the bar is divided 
in i equal portions, the division points being the inflection points of the 
axis of the bar. The angular frequencies of these principal vibrations 


iVa »V* fEIg 
Pi ~ ~T~ ~ 1 * yjAr' 
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and the corresponding periods are 


2t 2 1* fly 

Vi 


T< “ “ ” iV l Big' 


(h) 


The general case of vibration of the bar is obtained by superposition of 
the principal vibrations (/), which gives 


00 

y = ^ (A<cos Pit + Bisin pit) sin 

i — 1 


(i) 


The constants of integration A<, Bi can be calculated in each particular 
case if the initial deflection curve of the bar and the initial velocity of 
each point of the bar are given. Assume, for example, that the initial 
deflection curve and the initial velocities are given by the equations 

G/)(-o = /(®), (y)t — o = /i(*)« 

Substituting for y its expression (i), we obtain 


oo 

l 


» • 27r3/ »/ \ 

A&m — = /(*), 


eo 

V iV 2 a t> • 

. > -p - BiSin -y- = 


*-i 


Ci) 


The coefficients A ( and £< are now obtained by multiplying these equa- 
tions by am(iirx/l)dx and integrating both sides from x = 0 to x = 
This gives t 

Ai = | J q /( a:)sin yds, 

_ 2Z f l . , s . tors , 

a " 5v5 i« A(l)sm T*' 

Assume, for example, that the bar initially is in equilibrium and that by a 
blow a unif ormly distributed vertical velocity v is communicated to the 
bar. 1 In such case, f{x) = 0, fi(x) = v. Substituting into Eqs. (j), we 
obtain 

Ai = 0, 

and expression (i) gives 

41h) / . vx . . , 1 3irs . . , \ 

y = ^ Ism — sm pit + gj sin -y sin ptt + • - • J. 

i This condition is obtained also if the bar has a uniform vertical velocity v and 
at the instant t = 0, its ends are suddenly stopped. 


Bi=4 


2Z 2 u 


iVa 


COS' 


lTX\ 

l 
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It is seen that in this case, only the principal vibrations with uneven 
numbers of half waves will be produced, and the amplitudes of these 
vibrations rapidly diminish with increasing order i of the vibration. 

In the case of forced vibration, there will be, in addition to elastic 
forces, some external forces depending on time. If Q% is the external 
force corresponding to the coordinate #»*, the equation of motion is 


7 Al 
2 9 


+ 


EhrW 
21 * q * 


= Qi 


and its general solution will be [see Eq. (31), page 50] 


Qi = -4iCOs pit + J? 4 sin pit + ^ Qisin pS — t')dt'. 


(*) 


The first two terms on the right-hand side represent free vibrations 
depending on initial conditions, while the last 




jp 




Pig. 236. 


represents the vibrations produced by the 
force Qi. 

Consider, for example, vibrations produced 
in a bar by a pulsating force P = Posin ut' 
applied at a distance c from the left end (Fig. 236). To find the 
generalized force corresponding to the coordinate qi, we give to this coor- 
dinate an increment 5qt. The corresponding deflection of the bar is 
5g<sin(ixa:/Z), and the work produced on this displacement by the forceP is 


Hence 


r> . • * tC 

P &7;sin -y- 


Ti * tore Ti • ./ < 7/TrC 

Qi = P sin — y = Posm coisin —• 


Substituting into Eq. (k) and considering only the last term on the right- 
hand side, we obtain 

qi = — Posin — [ sin wi'sin Pi(t — t')dt' 

Pi Ayl l Jo 

= — Posin ^ [ -ir- — j sin ut — —rrr sin P^l (0 

Ayl l LP<“ “ »* Vi\V< ~ «*) J 

It is seen that by applying the pulsating force P, we produce not only 
forced vibrations having the same frequency as the disturbing force but 
also free vibrations. In practical applications, various kinds of resist- 
ance always are present due to which free vibrations will be gradually 
damped out and only the forced vibrations finally remain. This latter 
vibration is also affected by friction; but in the case of small friction and 
if we are not very close to a resonance condition, this influence can be 
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neglected and we can put 




2flrPo . iirc . 
Aylfa* - « 2 ) Sm l ^ at 


Substituting in expression (a), we obtain forced vibrations of the bar 
as follows: 


V = 


2gPo V 1 
Ayl p ( 2 — w 2 


. lire . vrx . . 

sm —j~ sin ~j- sm at. 


(m) 


It is seen that the pulsating force P produces a complicated vibration 
obtained by superposition of principal vibrations of various modes. The 
modes for which sin(£jrc/J) = 0 vanish from the summation (in). This 
indicates that the force P does not produce those vibrations for which the 
point of application of the force coincides with an inflection point. Each 
time when « is approaching p<, the corresponding term in the series (m) 
becomes predominate and we are approaching a condition of resonance. 
Since we have an infinite number of natural frequencies p,-, there will be 
an infinite number of critical frequencies a of the pulsating force. When 
the frequency « of the pulsating force is small in comparison with the 
fundamental frequency pi of the bar, we can neglect « 2 in comparison 
with pi 2 in expression (wi) and obtain 


y = 


Ayl 



. iirc . iirx . 
sm - j- sm — sm ut 


2 PP V 

EIt*Z/ 



iirc 

T 


iirx 

l 


which represents the statical deflection of the bar (see page 205). 

If there are several pulsating forces acting on the bar, the resulting 
vibration will be obtained by superimposing the vibrations produced by 
the individual forces. 

The case of a continuously distributed pulsating force can be solved 
in the same manner; the summation only has to be replaced by integra- 
tion along the length of the beam. Assume, for example, that the beam 
carries a uniformly distributed pulsating load 1 of intensity w = wosin ut. 
Substituting wade for Po in expression (m), we obtain vibrations produced 
by one element of the pulsating load. Then integrating this expression 
with respect to c within the limits c = 0 and c = l, we obtain the required 
vibration 


V = 


_ 4gto 0 
Ayr 


l 

*- 1 , 3 , 5 , . 


iW-c o 2 ) 0± “ l 


iirx . 

sin -i- sm ut. 


(») 


1 Such case we have, for example, in analyzing vibrations of the side rod of a 

locomotive. 
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We see that in this case, only vibrations with odd numbers of half waves 
are produced. If « is smaller than pi, the series (n) converges rapidly 
and the first term alone gives the deflection curve with good accuracy. 
The maximum deflection at the middle then is 


_ 40«>o 1 _ 40«>ol 4 1 „ 8«t 

Pl 5 - 

Pi ! Pi 4 


(o) 


Again, as in the case of a system with one degree of freedom, the ampli- 
tude of vibration is obtained by multiplying the statical deflection of the 
beam by the magnification factor. 

If a constant vertical force P is traveling with constant velocity v 
along the beam, we count time from the instant when the force enters 
the span and take c — vt' (Fig. 236). The generalized force in such a 
case is 1 

Qi — P sin = P sin arf'* 


Substituting this into the last term of Eq. (k), we obtain q { , and the vibra- 
tions produced by the traveling force can be expressed in the form 


V = 



Op) 


If the time l/v = v/ui occupied by the force in crossing the beam is sev- 
eral times larger than the half-period n/2 — ir/pi of the fundamental mode 
of vibration, we can neglect all except the first terms under the summa- 
tion sign in expression (p) and write 



sin 


irx 
l ' 


Then, assuming that, in the most unfavorable case, the amplitudes of 
forced and free vibrations add together, we obtain 


Using the notation 




vl 


_ «1 _ 
av pi a> 


we represent this maximum deflection in the form 


1 — a 


1 We introduce the notation a* bcvjl for simplicity of writing. 


(a) 
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This formula can be used for an approximate calculation of the maximum 
deflection of a beam or bridge under the action of a moving load. 1 

In a similar manner vibrations of a beam produced by a pulsating 
traveling load can be investigated. Such an effect is produced on a 
bridge by the counterweights of a locomotive. 

.PROBLEMS 

146. Investigate free vibrations of a highly stretched uniform string (Pig. 237). 
assuming that the tensile force S does not change during vibration. 



Fig. 237. 

Hint: Use for deflections the series 

y = SgisinCiTraj/Z), 

and for potential energy the expression 

r -!/.'( £)'*• 

147. Find free vibrations of the string in the preceding problem if initially the 
middle of the string is displaced vertically by an amount 5 and then released without 
initial velocity. 

148. Calculate the natural frequencies of a prismatic bar simply supported at 
the ends if its maximum deflection under the action of its own weight is 8. 

Ana. pi = v H 2 V 5flr/3845. 

149. The deflection at the middle of a prismatic beam under its own weight is 1 in. 
Find the maximum deflection produced by a load equal to the weight of the beam 
and passing over it with uniform speed in 1 sec. 

Ana. Sma* = ; in., where \/“P* 

5(1 — a) pi v v 5^ 

150. Prove that in the case of geometrically similar bridges, the periods of their 
natural vibrations are in the same ratio as their spans if the material is the same. 

41. Vibrations about a Steady State of Motion. — Lagrangian equa- 
tions used in the analysis of vibrations about a position of stable equi- 
librium can be applied also in studying vibrations of a system about a 
steady state of motion. We begin our discussion with an example hav- 
ing considerable practical importance. A circular disk rotates about its 
vertical geometric axis through 0 as shown in Fig. 238. At point A 
on the disk, distant r from the axis of rotation, a pendulum of length l 
and mass m is attached as shown. We assume that the pendulum is 

1 See paper by S. Timoshenko, Bull. Polytech . Inat. Kiev, 1908. See also, “Vibra- 
tion Problems in Engineering,” 2d ed., p. 358, Van Nostrand. 
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supported by a smooth horizontal surface so that motion of the system is 
confined to the horizontal plane of the disk; thus gravity forces and 
friction do not need to be considered. Assume first a steady motion of 
the system in which the pendulum takes a radial direction while the disk 
rotates with constant angular velocity w. Naturally this steady motion 
is stable. Now, if by some slight disturbance, a small displacement of 
the pendulum from its radial position is pro- 
duced, small vibrations of the pendulum and 
small fluctuations in the angular velocity of 
the disk will ensue. To study these vibra- 
tions, Lagrange’s equations will be used. We 
denote by 4> the small angle of inclination of 
the oscillating pendulum to the radius OA 
and by 6 the small fluctuations in the angular 
velocity of the disk. Then the kinetic energy 
of the disk alone is 

*/(« + 6 )\ 

The total velocity v of the particle m is ob- 
tained as the geometric sum of the velocity 
s(w + 6), which it has in its motion together with the disk, and its velocity 
l<j> with respect to the disk. Then, as may bo seen from Fig. 238, 

a 2 = ZV 2 + s 2 (« + 0) 2 + 2 +■ 6) cos(<j> — }J/). (a) 

For a small angle <f>, we can assume 



We have also 



8* « (Z + r) 2 — Zr<f> 2 , 


4 > 


4 = 


l + r 


s » (Z + 



1 t 1 

2* (Z + r) 2 J 


Substituting into expression (a) and then making the expression for 
kinetic energy of the system, we obtain 


T = \ J(« + 6)* + 1 {z 2 <* 2 + [(Z + r) 2 - lr<t>*](u + 6)* 

+ n + r) [i - » 5 ^,] +(. + 0 [i - 1 5 ^ 5 ,] ) • (W 

Using this expression in Lagrangian equations and omitting, after dif- 
ferentiation, all terms containing powers or products of the small quan- 
tities <t>, 0, <j>, 6, we obtain the following system of two linear equations 
with constant coefficients: 
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[7 + + r) 2 ]0 + ml(l + r)<? = 0, 

l+Ss+i + 'jf4, = 0. j (c) 

El i m inating 9 from these equations and using the notation 

Jo = I + m(l + r) 2 , 

we obtain 

T.* + T*-»- 

This shows that the rotating pendulum oscillates harmonically with the 
frequency 



which is proportional to the angular velocity of the steady rotation of 
the disk. This fact is of considerable practical interest as will be shown 
in the next article. 

After this example, we now proceed to a consideration of the general 
case of small vibrations of a system about a steady state of motion. 
Defining the configuration of the system by coordinates q h q t , . . q n , 
we assume that the steady state of motion is defined by the equations 

Qi = hit), 22 = fsit), • • ■ 2« = /*(<)• (e) 

Now let us give to these coordinates, defining the steady state, some «™nll 
disturbances Si, s a , . . . s„, so that 

2i = fi(t) + *i, qt = hit) + « 2 , • • • q n = /„(<) + Sn . (J) 

In the case of the example discussed above, we had fi(t) = at, / a (<) =0, 
si = 6, and Si = <t>, so that expressions if) were 

2i = at + 0, qt = <),. 

Since, in general, /i(i), /a(0> ... are known to us, the motion of the 
system after disturbance is completely defined by the quantities s l( s*, 
. . . and we can take these quantities as new coordinates. Then, in the 
case of forces having potential, the Lagrangian equations are 

ddT_dT_ _dV 

dt dS{ d$i dsf ( 15S ) 

in which T and V are the kinetic and potential energies calculated by 
using expressions (/). In calculating these energy functions, we treat 
®s, ... Si, 82 , ... as small quantities and omit all terms containing 
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them in higher order than the second. Under such conditions, Eqs. 
(155) will become linear second-order equations; and if the initial motion 
was a steady motion, they will have constant coefficients 1 like Eqs. 
(c) above. Taking «i, « 2 , . . . «i, h, • . . equal to zero in these equa- 
tions, we obtain the equations for steady motion. Then eliminating 
the corresponding terms from Eqs. (155), we obtain equations defining 
motion of the disturbed system with respect to the steady motion. 

We assumed in the above discussion that the forces have potential. 
If, in addition to such forces, there are viscous friction forces, the addi- 
tional terms, proportional to Si, St, ... , will appear on the right- 
hand sides of Eqs. (155) but the equations will remain second-order 
differential equations with constant coefficients similar to those previously 
obtained for free vibration about a configuration of equilibrium. In 
the solution of these equations, we proceed in the usual way and assume 

«i = Cie Tl , st = Cte Tt , • • • s„ = C n e rt . (g) 

Substituting into the differential equations, we obtain a system of homo- 
geneous linear equations which may yield, for C x , C t , ... , solutions 
different from zero only if their determinant vanishes. In this way, 
we obtain for r an algebraic equation similar to a frequency equation 
and called the characteristic equation. The character of the motion of the 
system will depend on the roots of this equation. If all of its roots are 
real and negative, we conclude from expressions (g) that the assumed 
disturbances diminish with time and the initial steady motion is stable. 
If there are positive real roots, the assumed disturbances (g) are increas- 
ing with time and the initial steady motion is unstable. In the case of 
complex roots, r = n ± pi, we can combine the corresponding solutions 
(g) and represent them in the form 

Ce nt Bin(pt + «). (h) 

It is seen that the character of motion in this case depends on the sign 
of the real part n of the roots. If n is negative, expression ( h ) represents 
oscillations about the steady motion with gradually decreasing amplitude, 
which indicates that the steady motion is stable. If n is positive, the 
assumed disturbances are increasing with time and the initial steady 
motion is unstable. There are definite rules by which we can decide 
about the roots of the characteristic equation without solving it. For 
example, in the case of a cubic characteristic equation 

Oo r* -f- «ir s -f- a 2 r at — 0, (i) 

1 This is the definition of steady motion. The physical significance of this is that 
in the case of steady motion, a given disturbance always produces the same deviation 
from the initial motion independently of the instant at which that disturbance is 
produced. 
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the roots will be negative or will have a negative real part if all the coef- 
ficients are positive and if 

CllO>2 ~ Oo®S *-** 0. (j) 

These conditions must be satisfied for stability of the corresponding 
steady motion. 

In the case of a characteristic equation of the fourth degree 

n 0 r 4 + air® + a 2 r s -f a»r + = 0, (k) 

it is necessary, for stability of steady motion, to have all the coefficients 
positive and, in addition, to have 

a 3 (aia 2 — o 0 o») — Oi®a4 > 0. (Z) 

We shall now apply the general considerations regarding stability 
of a steady motion to the particular problem of oscillation of a steam- 
engine governor (Fig. 239). During rotation of the system about its 
vertical axis, the centrifugal forces of the flyballs produce compression of 

the spring and vertical motion of the 
sleeve B connected with the steam-sup- 
ply throttle valve. If, for some reason, 
the speed of the engine increases, the fly- 
balls rise higher and thereby lift the 
sleeve so that the opening of the steam 
valve C is reduced and the engine is 
throttled down. On the other hand, 
any downward movement of the flyballs 
increases the opening of the valve and 
consequently the amount of steam ad- 
mitted to the engine. We denote by 
im 2 the mass of each flyball considered 
as a particle and by nil the mass of 
the sleeve. The masses of the inclined 
bars and of the spring are neglected. As generalized coordinates, we 
take the angle of rotation 4> of the governor about its vertical axis and 
the angle 6 between the bars of the governor and the vertical n-vig as 
shown in the figure. The velocity of the center of each flyball has two 
components; (1) the velocity of rotation 4>(a + Z sin 6) and (2) the 
velocity of lateral motion 16. The vertical displacement of the sleeve 
from its lowest position is 2Z(1 — cos 6), and its vertical velocity is 
2 16 sin 6. The kinetic energy of the system is 

T = |w 2 [(o + Z sin eyft + Z*tf 8 ] + £mi4Z s sin 2 00 a + £!<£*, (m) 

where I is the reduced moment of inertia of the engine (see page 175). 
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The potential energy of the system consists of two parts: (1) the 
energy due to gravity forces 

mjg2l(l — cos 9) + mtgl(l — cos 0 ) 

and (2) the strain energy of the spring 

4H 2 (1 — cos 0)* 

2 ’ 

where k is the spring constant. 1 Then 

V = gl(l — cos 9)(2m l + m t ) + 2kl 2 (l — cos 0) 2 . (n) 

We assume also that there is viscous friction in the sleeve and that the 
dissipation function (see page 279) is 

F = *c(2 16 sin d) 2 . (o) 

Substituting expressions (m), ( n ), and (o) into Lagrangian equations 
(150), page 281, we obtain 

Z 2 (m 2 + 4misin 2 0) 8 — mj, cos 9 (a + l sin 9)p 2 — 4miZ 2 sin 9 cos 9d 2 ) 

= —gl sin 9(2mi + m 2 ) — 4ZrZ 2 sin 0(1 — cos 9) — 4cZ 2 sin 2 00, > (p) 

[/ + m 2 (a + l sin 0) 2 ]<j> = M, ) 

where M is the reduced torque acting on the engine shaft. 

In the solution of Eqs. (p), let us begin with steady motion of the 
engine and substitute 

<j> = <o, $ — 0, 9 — a, 6 = 6 — 0, M — 0. 

Then the first equation gives 

md cos a(o + 1 sin a)or = gl sin a(2mj + wi 2 ) + 4/cZ 2 sin a(l — cos a), ( q ) 

which defines the configuration of the system in its steady motion. 

To consider small oscillations about the steady motion, we assume 

<j> = <a + i]/, 9 = a + rj, 

where P denotes a small fluctuation in the angular velocity of rotation 
and 1 7 a small fluctuation in the angle of inclination 9. Then 

<j> 2 » to* + 2wi£, sin 9 » sin a + t\ cos a, 

cos(a + ij) — cos a — t] sin a. 

Substituting into Eqs. (p) and using Eq. (q), we obtain, after omitting all 
terms containing squares or products of small quantities, the following 
system of equations: 

1 It is assumed that the spring force vanishes when 0 — 0. 
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lift + bn + dri — eij/ = 0, 1 , . 

U = -A, J (r) 

in which —fv denotes the decrease in torque acting on the shaft of the 
engine due to angular change v and the other symbols have the following 
meanings: 


h = Z 2 (m * + 4misin s a), 

Jo = I + mt(a + l sin a) 2 , 
b — 4cZ 2 sin 2 a, 

d = mao > 2 [Z sin a(o + Z sin a) — Z 2 cos 2 a] + gl cos a(2mi + m 2 ) 

+ 4W 2 (cos a — cos 2 a + sin 2 a), 


e = 2tolm 2 (a + Z sin «). 


The oscillations of the governor with respect to its steady motion are 
defined by Eqs. (r). Substituting 17 = Cie rt and = Cae H into these 
equations, we obtain 

C' 1 (J 1 r 2 + 6r + d) - eC 2 = 0, 

Cif + lorCt = 0, 

and the corresponding characteristic equation is 


I or (hr 2 + br + d) + ef = 0. 

This is a cubic equation with all coefficients positive. The condition of 
stability ( j) of the steady motion is 


bdlo 2 - efloh > 0. 


This condition imposes on the quantity b, depending on viscous friction, 
the following requirement: 


b > 


efh 
dl 0 ‘ 


If this condition is not satisfied, the assumed steady motion of the 
governor is unstable. A sudden change in load on the engine will produce 
oscillations of the governor that will not be damped out gradually, and 
the known phenomenon of hunting of the governor will occur. 

In the case where the engine is rigidly coupled to an electric generator, 
an additional term proportional to ^ in the second of Eqs. (r) will appear 
and the stability investigation will bring us to a characteristic equation 
of the fourth degree. For stability, all coefficients of this equation must 
be positive and condition (Z) must be satisfied. 1 

1 A very complete bibliography on governors is given in ‘ ‘ Encyklop&dio der 
Mathematischen Wissenschaften,” vol. 4,. See article by It. von Mises, Dynamische 
Probleme der Maschinenlehre. See also Tolle, Die Regel ung der Kraftmaschiuen, 
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Example: Investigate the stability of motion of a pendulum of length l and mass m 
(Fig. 240) rotating with constant angular velocity « about its 
vertical axis. Neglect the mass of the rod. 

Solution: Assume that during the steady state of rotation 
about the vertical axis, a small angle of inclination 6 is given to 
the pendul um as shown and let <i> denote the corresponding vari- 
ation in the uniform angular velocity w. Then the square of the 
total velocity of point C is 

l > 2 as + <£) 2 + Z 2 $ 2 ; 

and within the limits of small quantities of second order, the ex- 
pressions for kinetic and potential energy are 

. 4mZ a (a> 2 0* + 0 2 ), 

« \mglB 2 . 

Substituting in the Lagrangian equation (155), we obtain the 
equation of motion 

B + (f ~ "0 9 * °“ 

This equation represents simple harmonic oscillations of the pendulum if 


T 

V 


n 


i 

_i 


1 O 

Fig. 240. 




■ CO 2 > 0. 


w 

It becomes 


Thus, when condition (t) is satisfied, the steady state of rotation is stable, 
unstable when 

f - "* < 0- 

If we assume that there is viscous damping proportional to 6, the equation of 
motion becomes 

B + 2nd + (j - 9-0. 

Using the notation p» - *>» — (g/l) and assuming 0 - Ce rt , we obtain the charactcris- 
tic equation 

r 2 + 2nr — p % — 0, * 

the roots of which are 

r m — n ± Vft 2 + V 1 ' 

We see that if p 2 is positive, one of the roots is positive, indicating that the steady 
motion is unstable if 



?-■ 


< 0 . 


The introduction of friction does not change the condition of 
instability. 

Example: Investigate the stability of steady rotation of 
a flywheel carrying two equal masses attached to the hub by 
springs and free to slide along two spokes as shown in Fig. 
241 . Assume that the wheel is in a horizontal plane. 
Solution: Let I be the moment of inertia of the flywheel, <*> its angular velocity in 
steady motion, s the corresponding radial distance of each mass a the radial distance 
of each mass when the springs arc unstressed, and k the spring constants. Defining 
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small changes in the radial distances s by * and the corresponding variation in the 
an gular velocity co by <£, the expressions for kinetic and potential energy are 

T - iI(io 4- *)* + m[(* + *)•(« + <(>)’ + **], 

V = k(s — a + a) 1 — k(s — a) 2 . 

The equations of motion, after omitting terms of higher order than the first in the small 
quantities <f> and x, are 

(I + 2 ms 2 )# 4- 4m$<o£ * 0, | , v 

m£ — m« 2 ($ ■+■ x) — 2 mask + k(s — a + x) - 0. J v 

Substituting in these equations a? =* £ «= ** 0, we obtain 

mco 2 « = fc(s — a). (v) 

This equ a tion states that the centrifugal forces of the masses m balance the spring 
forces in steady motion. Substituting <t> = C\e rt , x - C%e rt into Eqs. (u), and using 
Eq. (v), we obtain 

(/ + 2ms 2 )rCi + AmsurCi ■* 0, 

— 2nu*zC\ + ( mr2 — + k)C% - 0 . 


The characteristic equation is 

(J + 2ms 2 )r(mr 2 — mco 2 + k) + &m 2 s 2 a) 2 r = 0. 

This equation will have a positive root and the steady motion becomes unstable if 


— rrua 2 + k + 


&m 2 8 2 (t) 2 
I -f 27715 2 


< 0 


or 


mo 2 




8 ms 2 \ 
I + 2ms 2 ) 


>k. 


(«) 


42 . Variable-speed Dampers. — We have already seen in Art. 36 
how forced vibrations of a system produced by a pulsating force can be 
eliminated by a pendulum tuned to the frequency of the disturbing force. 
However, such a device was seen to work satisfactorily only if the 
impressed frequency remains constant, and its practical application is 
thereby limited to synchronous machines. In the case of an internal- 
combustion engine, we may have forced torsional vibrations produced by 
a p uls ating torque the frequency of which will be proportional to the 
variable speed of rotation of the engine. In such case, a pendulum like 
that shown in Fig. 238 of the preceding article can be made to act as a 
dynamical damper that will work for all speeds of rotation of the engine. 

To illustrate, let us assume that a pulsating torque A sin neat having 
a frequency proportional to co acts on the rotating disk in Fig. 238. Then, 
instead of Eqs. (c), on page 314, the equations of motion for the system 
become 

IoS + ml (l + r)$ = A sin nut, \ 
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A particular solution of these equations, representing forced vibrations, 
has the form 

0 = C sin nut, <t> = B sin not 

Substituting into Eqs. (a), we obtain the amplitudes B and C, and the 
forced vibrations are 



For comparison we consider also the disk alone, without any pendulum, 
under the action of the same pulsating torque. In such case, the equa- 
tion of motion is 

19 = A sin nut, 

and we obtain 


0 = - 


A 

In* co 2 


sin neat 


(«) 


Comparing this with the first of Eqs. (b) above, we conclude that the 
action of the pendulum is equivalent to increasing the moment of inertia 
of the disk by the amount 


m(l + r)* + 
It is seen that by taking 


m(l + r)® 

in(l + r) 2 


( _L - i) 

“ 1 _nH 

(d) 

\nH ) 

r 


n*l 

T- 1 ’ 


00 


we obtain a perfectly tuned pendulum, tho action of which is equivalent 
to that of a flywheel of infinite moment of inertia. In this case, the 
steady motion of tho disk will not bo affected by the pulsating torque 
while the pendulum will perform the forced vibrations 

^ A sin nut 

0 mnWl{l + r) W 

We see that this vibration has the phase angle r with respect to the pul- 
sating torque and counteracts it. 

In the case of a multicylinder engine, the angular frequency nu of 
the pulsating torque is usually several times larger than « and the length 
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of the pendulum, as obtained from Eq. (e), becomes small. Practically, 
such a pendulum can be built in the form of a cylinder rolling inside a 

circular hole 1 as shown in Fig. 242. From 
Eq. (J) we see that if the mass of the roller 
is too small, its amplitude of vibration be- 
comes too large and the theory developed on 
the assumption of small vibrations is not 
sufficiently accurate. The influence of fric- 
tion and the possibility of slipping of the 
roller must also be considered in practical applications. 2 

By proper design, the spring-suspended masses m on the flywheel in 
Fig. 241, page 319, can also be made to serve as a dynamical damper. 
Assume, for example, that a pulsating torque M sin nut acts on the fly- 
wheel. Then, instead of Eqs. (u) on page 320, we have 

(I 4- 2ms 2 ) <# + 4msux = M sin nut, 
mx — ma ! (j + a:) — 2 mus<j> + k(s — a + *) =0. 

Let us investigate now under what condition the pulsating torque will 
not produce fluctuations in the angular velocity of the flywheel. Sub- 
stituting <£ = 0, we obtain 

4 msui — M sin nut, ) 
mi + (k — mu*)x = 0. j 

If (Jc — mu a ) is positive, the second equation represents simple harmonic 
vibrations of the angular frequency 

Selecting the spring constant so as to make 

yj^ ~ " 2 = »« or ^ = (n 4 + 1)« 2 00 

and taking 

M 

X= -4W 00 '“' , ' 

we satisfy both of Eqs. Qi) ) which indicates that the sliding masses 
counteract the pulsating torque and work as a damper if the spring con- 
stant satisfies condition (i). 

1 See papers by B. Salomon in Proc . Fourth Intern, Cong . Applied Meek Cam- 
bridge, England, 1934, and by E. S. Taylor, Trane. Soc. Automotive Eng., p. 81, 1936. 

* These questions are discussed by J. P. Den Hartog, “S. Timoshenko 60th Anni- 
versary Volume,” p. 17, Macmillan, 1938. See also paper by A. H. Shich, J. Aeronaut . 
Sci., vol. 9, p. 337, 1942. 
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To make the device work efficiently at various speeds, we have to 
use springs the stiffness of which varies with the extension. 1 In such 
case, the spring force will no longer be proportional to the elongation 
a — a but will be some other function /(s) and Eq. (i>) on page 320 will 
be replaced by the following equation: 


nuo 2 s = f(s). 


(i) 


Instead of a spring constant k, we now have a variable stiffness defined 
by the magnitude of the derivative df(s)/ds, and condition (i) above will 
be replaced by 

= m(n 2 + l)co® (*) 

Eliminating w 2 from Eqs. ( j ) and (k), we obtain 

and by integration 

/(s) = Cs BJ+l . (1) 

Assuming that for a certain prescribed angular velocity w 0 , the radial 
distance of each mass m is equal to b, we find 




= mo><?b = Cb nl+1 , 
= vruojb-**. 


Substituting into Eq. (Z), we obtain the fol- 
lowing equation defining the force in the 
spring: 


cp & 


i{s) = mco 0 2 6 


n *+ 1 


(m) 


M\ 



Ttrbr. 


o 


Fig. 243. 


In this theoretical discussion, the frictional 
resistance to sliding of the masses along 
the spokes of the wheel was neglected. 

Practically, such resistance is always pres- 
ent and it is difficult to eliminate it, since 
due to Coriolis forces, there must exist a 
considerable lateral pressure between the 
masses m and the spokes during oscillations. 

As a last example, let us consider the system shown in Pig. 243. A 
plane curvilinear tube MN attachod to a vertical shaft rotates with 
constant angular velocity u as shown. Inside the tube is a particle of 
mass m which can slide freely along its axis. Under proper conditions, 

1 The feasibility of using such springs and their application in damper devioes is 
discussed by It. Grammel, Ing. Arch., vol. I, p. 3, 1930. 
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this system can. be made to function as a damper, as we shall now show. 
Let I be the moment of inertia, about the 2-axis, of the shaft and tube 
together, s the displacement of the particle m measured along the axis of 
the tube, and x, z its rectangular coordinates as shown. For a' given 
shape of the tube and a given angular velocity u, the position of the 
particle m in steady motion can be readily obtained from the equilibrium 
condition 

mu^x cos y = mg sin y. (n) 

Observing that 

dx . , dz , 

cos 7 888 ds = x anc * sin 7 = ^ = z 

and using the subscript zero for quantities referred to the equilibrium 
position of the particle, Eq. (n) becomes 

co^oxo' = gzo' * jV 1 — £o' 2 . (o) 

Assume now a small displacement y from the equilibrium position of 
the particle and a small fluctuation 4 > in the angular velocity of the shaft. 
Then when s = so + 17, the angular velocity is u + <j> and the expressions 
for kinetic and potential energy of the system become 

T = i(I + mx 2 )(« + <!>)* + ims 2 , 

V = mgz = mg(z 0 + z 0 'ij). 

Substituting these expressions in Lagrangian equations (155), page 314, 
and observing that 

1 _ / > t n a dx dx ds , . 


I / f / • It , IM/ Ihb UO , 

x = Xo + yx 0 , x = xo + Xo v, X ~ dt ~ ds d£ = 1 

2 = 2 0 + Zo'v, Z' — 2 0 ' + 2 0 "lJ, 

we obtain, after omitting powers and products of small quantities, 


x dt dsdt XoV ' 


(I + mx<?)<j> + 2muXaXo'y = 0, 

y + t][gzo" — co 2 (£o' 2 -b ajo^o")] — 2uXoX</ <l> — 0. 


Since xo, »«', *0", 20" are defined by the known shape of the axis of the 
tube, Eqs. (p) represent two linear equations with constant coefficients 
and the stability of motion can be investigated in the usual way (see Art. 
41). 

To investigate the work of the device as a damper, we assume that a 
pulsating torque M sin nut is acting on the shaft. This pulsating torque 
will appear on the right-hand side of the first of Eqs. (p). Then putting 
<£ = 0, we obtain 

2 muxdCo'ri = M sin nut, 
y + y\gzo" — u^xo* + aW')j = 0. 
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These equations are similar to Eqs. (h) of the preceding example and we 
conclude that for tuning the damper, we must fulfill the condition 

gzo" — co 2 (x o' 2 + XoXo") = n 2 co 2 . 

Observing that 

the condition for tuning becomes 

— -p==== + co 2 (xo' 2 + XoXo") + « 2 <o 2 = 0. (r) 

V 1 — So' 2 

P11iminn.t.ing « 2 from Eqs. (r) and (o), we obtain the equation of the center 
line of the tube for which the tuning condition is satisfied for all values of 

xx" + (1 - s' 2 )(s' 2 + n 2 ) = 0. («) 

To minim i z e friction, liquid oscillating in a rotating tube can be utilized 
for damping undesirable vibrations. 1 

1 This type of damper was suggested by 13. Meissner, see Proe. Third Intern. 
Congr. Applied Meek., vol. 3, p. 199, Stockholm, 1930. It represents the first 
variable speed damper. 



CHAPTER V 

ROTATION OF A RIGID BODY ABOUT A FIXED POINT 


43. Kinematics of Rotation about a Fixed Point. — The rotation of a 
rigid body about a fixed axis represents a very simple problem in dynam- 
ics; but when the axis of rotation is also in motion, the problem becomes 
much more complicated. The special case where the axis of rotation 
always passes through a fixed point is of particular practical interest in 
connection with the theory of the gyroscope 1 which has many important 


o 2 




Fig. 244. 


technical applications. To make a body rotate about a fixed point, 
such arrangements as those shown in Fig. 244 can be used. In Fig. 244a, 
a body of revolution is supported so that the pivot point 0 remains 
practically i m m ovable. This, of course, is the type of support encoun- 
tered in the case of a spinning top. In Fig. 2446, a circular disk M can 
rotate freely about its geometric axis 00 supported by bearings in the 
frame NN. This frame, in turn, can rotate about the axis 0\0\ pivoted 
in the frame PP which is free to rotate about the fixed axis O 2 O 2 . All 

1 In 1862, Leon Foucault presented a device to prove rotation of the earth and 
named it the gyroscope, derived from the Greek and meaning indicator of rotation. 
In this chapter, we shall give only brief discussions of some of the technical applica- 
tions of gyroscopes. For further details, special books on gyroscopes can be con- 
sulted. See (1) F. Klein und A. Sommerfeld, “Theorie des kreisels,” 1897-1910; 
(2) Andrew Gray, “A Treatise on Gyrostatics and Rotational Motion,” 1918; (3) 
R. Grammel, “Der Kreisel,” 1920; (4) A. N. Krylov and U. A. Krutkov, “ Theory of 
Gyroscopes and Some of Their Technical Applications,” 1932 (Russian). (5) Oscar 
Martienssen, Kreiselbewegung and Technische Anwendung des Kreisels, in “Hand- 
buoh der physikalischen und technischen Mechanik,” vol. 2, pp. 405, 444, 1930. 
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three axes intersect in one point, and the corresponding point of the dialr 
M remains fixed in space. 1 This type of support is the one most com- 
monly encountered in gyroscopic applications. 

To define the position of a rigid body rotating about a fixed point, 
we need three coordinates. In general, we shall find it most convenient to 
take the three angles 9, and <f>, as shown in Fig. 245. The origin of 


z 



coordinates 0 is the fixed point about which the body rotates, and the 
orthogonal axes x, y, z through this point are fixed in space, while the 
axes |, v, £ through the same point rotate with the body. To show that 
the three angles mentioned above completely define the position of the 
rotating body, assume that the moving axes £, ij, £ initially coincide with 
the fixed axes x, y, z. Then rotating the body about the 2 -axis through 
the angle 'l', wo bring it to the position AiBiC. Next, we rotate the body 
about the so-called nodal axis OB lt through the angle 6 and bring it into 
the position AJBiCt. Finally, we make rotation of the body with respect 
to the f-axis through the angle <t> and bring the moving system of coordi- 
nate axes into the final position £rj? as shown. This shows that the three 
angles if», 6, 4> completely define the position of a body rotating about a 
fixed point 0 and can be taken as coordinates. In defining the signs of 
rotation, we use the right-hand screw rule so that the angles 6, and <#>, 
as shown in Fig. 245, represent positive rotations with respect to Oz, OBi, 
and 0£, respectively. 

Sometimes, instead of the angles if*, 6, 4> shown in Fig. 245, a slightly 
different system of coordinates may be taken. Instead of the angle 0, 
we may take its complement /3 = (ir/2) - 6 , representing the angle of 

1 Strictly speaking, wo have in this case a system of several moving bodies; but 
in many practical cases, the masses of the rotating frames can be neglected and we can 
consider the motion of the disk M alone. 
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Fig. 246. 


inclination, of the moving f-axis to the fixed ay-plane. Likewise, instead 
of 4>, we may take a — <f> — (ir/2), which is the angle that the moving 
(-axis makes with the nodal axis OBi. Regarding the nodal axis, it 
should be noted that it is defined by the line of intersection of the moving 
(i)-plane with the fixed ay-plane. Thus during motion of a body about 
a fixed point 0, the nodal axis remains always in the fixed ay-plane and 
rotates about the 2-axis with angular velocity 

After selecting the coordinates, let us consider displacements, veloci- 
ties, and accelerations of any point of a body rotating about a fixed 
point 0. Any displacement of such a body can be 
visualized as a rotation about a properly selected 
axis. To show this, consider a sphere having itB 
center at the fixed point 0 and moving with the 
body (Fig. 246) . The displacement of this sphere 
is completely defined if we know the displace- 
ments of any two of its points, say A and B, pro- 
vided the straight line AB does not pass through 
0. Assume that the displacement is such that 
point A moves to Ai while point B moves to Bi. 
Taking two planes COK and DOK passing through 0 and bisecting the cir- 
cular arcs AAi and BB%, we obtain, as their line of intersection, the axis OK. 
Rotation with respect to this axis will accomplish the assumed displace- 
ments. This follows from the fact that the spherical triangles A BK and 
A iBiK are equal. Hence if, by rotation about OK, the side BK is brought 
into the position BiK, the side AK will coincide with A X K. 

Any continuous motion of a body about a fixed point 0 can be accom- 
plished by dividing the time into infinitesimal elements and considering 
motion of the body during each element 
of time as rotation about the corre- 
sponding instantaneous axis of rotation 
such as OK in Fig. 246. During mo- 
tion, the position of the instantaneous 
axis both in the body and in space is 
gradually changing. To show this, we 
take the case of a cone rolling on a plane 
and rotating about its fixed vertex 0 
(Fig. 247). At any instant, the motion of the cone consists of rotation 
about the line of tangency OA, which is the instantaneous axis in this case. 
As the cone rolls, various lines of its surface come into contact with the 
plane, and we see that consecutive positions of the instantaneous axis 
in the moving cone form its lateral surface. At the same time, con- 
sidering consecutive positions of the instantaneous axis in space, we seo 
that they form the plane on which the cone is rolling. 



Fig. 247. 
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The above example can be generalized. Instead of a circular cone 
rolling on a plane, we can take a cone of arbitrary shape and can make it 
roll on the surface of another cone as shown in Fig. 248. We can assume 
also that the rolling cone AOB is not a phys- 
ical body but a geometrical surface formed 
by consecutive positions of the instantaneous 
axis in the moving body of any shape as 
indicated by dotted lines. Likewise, the 
stationary cone is formed by successive po- 
sitions of the instantaneous axis in space, 
and the motion of the body is visualized by 
rolling the cone connected with the body on 
the cone fixed in space. These cones are 
sometimes called body cone and space cone, respectively. By varying the 
shapes of both cones, we can obtain all possible motions of a rigid body 
about a fixed point. 1 

Referring now to Fig. 249a, assume that OA is the direction of the 
instantaneous axis at any instant t and that during the time from t to 

t + At, the body rotates by an angle 
Aa. Then the angular velocity w of 
the body at the instant * is 

w = lim f^rjT 
W -+ 0 L A U 

We will represent this angular velocity 
by a vector directed along the instan- 
taneous axis in accordance with the 
right-hand screw rule. 

During motion, both the direction 
and magnitude of the angular velocity 
of a body may change. In Fig. 2496, 
let <a be the angular velocity of the body 
at any instant t and wiits angular veloc- 
ity at the instant t -I- At. Then the 
geometrical difference Aw of the two 
vectors represents the change in angular velocity during the interval of 
time At, and we define the angular acceleration of the body by the 
quantity 



We ascribe to this quantity the direction coinciding with the direction of 

1 This manner of visualizing the motion of a body about a fixed point is due to 
L. Poinsot, J. math., vol. 10, 1861. 
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Aw in Fig. 2496, so that the angular acceleration of a body is represented 
by the velocity of the end of the vector representing its angular velocity 
w. The magnitude and direction of the angular acceleration depend on 
the rate of change in magnitude and direction of the angular velocity. 
If the direction of the angular velocity is constant and the body rotates 
about a fixed axis, the vector representing angular acceleration has the 
same direction as the angular velocity when this velocity is increasing 
and the opposite direction when the angular velocity is decreasing. If 
the angular velocity has constant magnitude but its direction is changing, 
as in the case of the cone, rolling with constant speed around point 0 

in Fig. 247, the angular acceleration will 
be represented by a vector perpendicular 
to the vector w. 

Referring again to Fig. 249a, where OA 
is the instantaneous axis of rotation of a 
body at any instant t, we see that the veloc- 
ity of any point B at the distance a from the 
instantaneous axis is v = «a. This velocity 
will be perpendicular to the plane AOB and 
directed so that between it and the angular 
velocity w there will be the same relation 
as between rotation and translation of a 
right-hand screw. We sec that the velocity 
vector v can be considered as representing the moment of the angular 
velocity vector w with respect to point B. This relation will be useful in 
our further discussion when it will be necessary to calculate projections 
on the coordinate axes of the rotational velocity v. 

Sometimes we have to consider two simultaneous rotations of a body. 
This happens, for example, if we wish to discuss the influence of rotation 
of the earth on the motion of a body. Referring to Fig. 250, assume that 
a body placed at A on the surface of the earth rotates about the axis OA 
with angular velocity wi. At the same time, it rotates with the earth 
about the z-axis with angular velocity « 2 . The rotational velocities of 
any point of the body due to these two angular velocities will be obtained 
as the moments of the vectors wi and co 2 about that point. But wo know 
that the sum of these two moments is equal to the moment of the geo- 
metrical sum u of the two vectors w 2 and a> 2 , and we conclude accordingly 
that the resultant motion of the body is a rotation about the axis OB 
with angular velocity a equal to the geometrical sum of the vectors wj 
and co 2 . Thus, if we have several simultaneous angular velocities, we 
can sum them up geometrically as we sum up forces. We can also 
resolve the angular velocity « of a body into components and consider, 
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separately, rotation corresponding to each component. Sometimes we 
take, for these components, the projections «*, u Vl w« of the resultant 
angular velocity on the fixed coordinate axes x, y, e and sometimes the 
projections «*, «„ on the moving axes ?, , 17 , £. 

Using such resolution of the angular velocity a into its rectangular 
components, we can readily write expressions for the x-, y-, 2 -projections 
of the rotational velocity v of any point B of a body rotating about a 
fixed point 0 (Fig. 249). Since the rotational velocity v can be con- 
sidered as the moment of the vector co about point B, its projection on any 
axis will be equal to the moment of w about a parallel axis passing through 
B. Thus, treating the components of w as components of a force, we 
obtain the following expressions for the projections of the rotational 
velocity v on the immovable coordinate axes: 

V x ™ 0) V Z 

V y = 0)aX — 

v» = o> x y — UyX. 

In a similar manner, the projections of the velocity v on moving axes £, 
7i, f, (not shown in Fig. 249) will be 


(156) 


— up/, 

v, = w r { — 

»s = 


(157) 


In these equations, £, v, f are the coordinates of the point B with respect 
to the moving axes and « { , «„ are the projections of the angular 
velocity a on these axes. 


PROBLEMS 

151. Find the resultant angular velocity of the driving axle of a locomotive round- 
ing a curve at 50 m.p.h. if the diameter of the driving wheels is 6 ft. and the radius of 
the curve is 1,000 ft. 

152. Taking into consideration rotation of the earth, find the absolute angular 
velocity of a rotor making 1,800 r.p.m. if the latitude of the place is 45 deg. and the 
axis of the rotor is in the direction (a) of a tangent to the meridian, (6) of a perpendic- 
ular to the meridian. 

163. The cone in Fig. 247 has an apex angle of 20 deg. and rolls uniformly on the 
horizontal plane, making 10 r.p.m. about point O. Find the magnitude and direction 
of the resultant angular velocity u of the cone and also the angular velocity about its 
own geometric axis. 

44. Equations of Motion about a Fixed Point. — To derive the equa- 
tions of motion for a body rotating about a fixed point, we shall use the 
principle of angular momentum (see page 121). Having Eqs. (156) and 
(157) representing projections of the velocity v of any point of the body 
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on the immovable axes x, y, z and also on the moving axes {, 77, f, there 
will be no difficulty in calculating the angular momentum of the body 
with respect to any of these axes. For our further discussion, we shall 
now calculate the angular momenta with respect to the moving axes 
{, 77, ?. Taking an element of the body of mass dm and having coordi- 
nates £, 77, $*, we find that its moment of momentum with respect to the 
{-axis is 

dm(vfri - 

Substituting for V{ and v v their expressions from Eqs. (157) and extending 
the summation over the entire volume of the body, we obtain the follow- 
ing expression for the angular momentum of the body about the {-axis: 

Hi =* — c dm — J(co f { — dm 

= w$J(t 7 2 + £ 2 )dm — Co,/ fa dm — 6 )f/{f dm. 

Similar expressions can be written for the angular momenta with respect 
to the 77- and f-axes. The integrals entering in these expressions repre- 
sent the moments of inertia and the products of inertia of the body with 
respect to the axes {, 77 , f , moving with the body. Using for these quanti- 
ties the notations 


U = JOf 2 + r 2 )dm, J, = J ({ 2 + r 2 )dm, Jr = /(I 2 + v 2 )dm, 

Iiv = dm, I v{ = fa f dm, I it = Jff dm, 

we express the angular momenta of the body with respect to the moving 
axes in the following form: 


Hi = J { wf — I { ,w, - /{{*>£, 
H v = - I^i, 

H{ = JfUf - JffCOJ - , 


(158) 


In our further discussion, we usually shall select for £, ij, £, the principal 
axes of the body at point O. The products of 
inertia then vanish, and we obtain 

Hi = I(U{, H„ = Ifa = Jfw f . (159) 

Having the angular momenta of the body with 
respect to the moving axes, wc obtain the resultant 
angular momentum H with respect to the fixed 
point 0 as the geometric sum of II j, II v , II In 
Fig. 251, this resultant angular momentum is rep- 
resented by the vector OA. The principle of an- 
gular momentum now states that the rate of 
change of angular momentum of the body rotating 
about a fixed point 0 is equal to the moment of all forces acting on the body 
with respect to the same point. This rate of change of angular momen- 
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turn is represented by the velocity of the end A of the vector OA. This 
velocity can be considered as the geometric sum of two velocities: (1) 
the velocity of point A with respect to the coordinate axes £, rj, £ and (2) 
the velocity of the point A moving together with the &£ coordinate system. 
Since the coordinates of A with respect to the moving axes are H(, H V) 
H{, respectively, the components of the velocity of point A with respect 
to these axes are 


dH( dH v dHi 
dt ’ dt 1 dt 


(a) 


To get the components of the velocity of point A due to its motion 
together with the £i?£ coordinate system, we use Eqs. (157). Substitut- 
ing into these equations the coordinates H(, H„, H{ of the point A instead 
of £» V, ?, we obtain 

u>rflt ~ Hi — — (5) 

Adding together the corresponding components (a) and (b), we obtain 
the projections on the n~, £-axes of the total velocity of point A. From 
the principle of angular momentum, these projections must be equal 
to the moments, with respect to the same axes, of all external forces acting 
on the body. In this way, we obtain the following equations of motion of 
a body rotating about a fixed point: 

^ + c^ETf - « r H„ - M ( , J 

^ = M v , ( (160) 

Assuming that {, 17, £ are principal axes of the body and using Eqs. (159), 
we represent the above equations of motion in the following form: 

+ (It ~ = M (> \ 

In 4$ + (I l ~ l (161) 

It ^ + (I„ - !*)«{«« = M t- J 

Here 7f, It are the moments of inertia of the body with respect to 
principal axes through the fixed point 0, wj, «„ wj- are the projections of 
its an gular velocity on the 17-, £-axcs; and M%, M v M{ are the moments 
of external forces with respect to the same axes. Equations (161) were 
first derived by Euler and arc called Euler’s equations. 
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In the derivation of Eqs. (160), we assumed that the 17 -, f-axes 
are rigidly connected with the moving body, but it is sometimes advan- 
tageous to select other coordinates £', rj', such that the trihedron 
0£'ij'£' rotates about 0 with some angular velocity a/ different from the 
angular velocity « of the body. Denoting then by H HJ, fly the 
angular momenta of the body with respect to these new axes and by 
c *>/, cof', the corresponding components of the angular velocity w', 
we obtain, instead of Eqs. (160), the following equations: 

- o, { 'H v ' = M { ', \ 

VZf + « r '27 { ' - = Mr!, > (162) 

+ coi 'Hr! - = M t '. J 

In this case, the selected axes are moving with respect to the body, 
and the moments of inertia and the products of inertia may not be 
constant, as in Eqs. (161), but may vary with time. Equations (162) 
will be called modified Euler’s equations. 

Since the position of a body, rotating about a fixed point 0 is defined 
by the three angles 6, <j>, as shown in Fig. 245, the variable quantities 
in Eqs. (161) and (162) must also be represented in terms of these three 
angles and their derivatives with respect to time. Thus we obtain a 
system of three simultaneous differential equations, which represent the 
required equations of motion for a body rotating about a fixed point 0 . 
In subsequent articles, we shall consider the solution of these equations 
for various cases of gyroscopic motion, but first we may find it of interest 
to mention two very simple particular cases. 

As a first case, we see at once that Eqs. (161) will be satisfied if we take 
« f = «„= 0 , M( — M v = 0 and select co f so as to satisfy the equation 



(c) 


From this equation, we conclude that if a body free to rotate about a 
fixed point 0 is acted upon by a couple the plane of which is normal to a 
principal axis through that point and any initial ang ul ar velocity is 
about this axis, then the motion is the same as rotation about a fixed 
axis. 1 

In another particular case where 7$ = 7, = I t , = 7, Eqs. (161) 
reduce to 

M 

1 See the authors’ “Engineering Mechanics,” 2d ed., p. 382. 
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In this case, the three equations of motion are independent and rotation 
about any principal axis depends only on the initial angular velocity and 
the moment of external forces about that axis. Thus, for example, if 
the earth be considered as a homogeneous sphere, we conclude that the 
effect of an external moment about an equatorial diameter would be 
independent of the initial rotation of the 
earth about its polar axis. 

46 . Free Motion of a Gyroscope. — 

Let us consider now the motion of a 
symmetrical gyroscope having the form 
of a body of revolution as shown in Fig. 

244a. The axis of revolution is called 
the axis of the gyroscope or the axis of 
spin, and the corresponding moment of 
inertia I is called the axial moment of 
inertia. With the point of support 0 
as origin, we take again the system of 
coordinate axes £, ij, f , moving together 
with the gyroscope as shown in Fig. 252. 

The f-axis coincides with the axis of the gyroscope so that 7 r = 7. From 
symmetry, 1 we conclude that 7{ = 7„ = 7i, and in our further discussion 
this will be called the equatorial moment of inertia. 

We shall now consider the motion of this symmetrical gyroscope, 
assuming that no external forces act upon it. The body shown in Fig. 
244a represents such an example if the point of support 0 coincides with 
the center of gravity of the body. In this case, the gravity force is 
always balanced by the reaction at the point of support; and if some 
initial impulse be given to the body, it moves as if no forces were acting 
on it. In such case, Euler's equations (161) become 

iJg + (7 - JT0«w = 0, ) 

~ {I ~ " °- [ (163) 

Referring to Fig. 252, we shall now show that the motion satisfying 
these equations can be described in the following way: The gyroscope, 

1 The characteristic properties of a symmetrical gyroscope depond only on the fact 
that — I v . If this condition is satisfied, wo call the gyroscope symmetrical 
although its {-axis may not bo an axis of geometrical symmetry. A threo-blade 
propeller can be considered as a symmetrical gyroscope although it is not a body of 
revolution. 
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rigidly connected with the moving system of coordinates £, rj, f, rotates 
with constant angular velocity co about its axis Of, making a constant 
angle 0 with the immovable vertical 2 -axis. At the same time, the plane 
«Of, containing the axis of the gyroscope, rotates with constant angular 
velocity coi about the 2 -axis. Assuming that the moving £f -plane 
initially coincides with the fixed 32 -plane, we conclude that while 
the angle 0 remains constant, the other two angles \p and <p, defining the 
position of the gyroscope, will vary with time as represented by the 
equations 

yp = o>i f, <j> = coL (a) 

The gyroscope has two angular velocities, namely: co, about its own f-axis 
and o>i about the 2 -axis. Projecting these velocities on the moving axes 
£ , 7), f , in Fig. 252, we obtain 

co* = — coisin 6 cos <p = — wisin 0 cos cot, } 

(Ojy = wisin 0 sin <j> = co isin 6 sin cot, > (b) 

coj- = co +• coicos 6 . J 

Substituting these expressions into Eqs. (163), we see that the third 
equation is satisfied, since it was assumed that co, co i, and 6 are constants. 
Also, adding together the first two equations, we obtain 

Ico + (/ — /i)co 1 COS 0 = 0, 

which requires that 

__ 1(0 
Wl _ tfl - j)cob e 


(164) 

(165) 


We see that by assuming the angle 9 constant and taking expressions (a) 
for and <jb, we can satisfy all three of the equations of motion (163), 
provided condition (164) is satisfied. This indicates that the assumed 
motion represents the required solution for the motion of a symmetrical 
gyroscope, free from the action of external forces. This motion of the 
gyroscope is called regular 'precession, and the angular velocity wj is 
called the velocity of precession. 

Let us consider now the angular momentum of the gyroscope during 
regular precession. The resultant angular velocity, which we Bhall 
denote by Q, can be resolved into two components : u + wicos 8 along 
the {"-axis and — wisin 0 along the axis OM as shown in Fig. 252. In the 
case of a symmetrical gyroscope, both OM and Of are principal axes, 
and hence the corresponding components of the angular momentum are 

H{ = I(» + wicos 9), H m — — Iiwjsin 0. 

Observing, from Eq. (164), that 

I(u + wicos 9) = I i&ucos 9, 
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we may write these components of angular momentum as follows: 

H m = — Jiwisin 6, \ 

H { = Ji&ucos 6. J 

From these expressions, we conclude that the resultant angular momen- 
tum H has the same direction as «i and that its magnitude is 

H = Zicoi. (166) 

Thus, during regular precession of a symmetrical gyroscope, the resultant 
angular momentum vector H remains constant both in magnitude and 
direction as it should, since there are no external forces acting. It 
should be noted that during such motion, the four vectors representing, 
respectively, the resultant angular momentum H, the resultant an gular 
velocity G, the velocity of precession cox, and the angular velocity &> of 
rotation of the gyroscope about its own axis, all remain in the rotating 
zOf-plane as shown in Fig. 252. 

Regarding the angle a between the vectors H and Q, an important 
conclusion can be made by using Eq. (114), page 159, for the kinetic 
energy of a moving body, from which we obtain 

2 T = Z{W{ 2 + Zi|Wii s + I^- 
Using Eqs. (159) of the preceding article, we have then 

22’ = II ^ + H[U f = HQ cos a. (167) 

Since T, II, and G arc all positive quantities, designating the kinetic 
energy, the angular momentum, and 
the resultant angular velocity of the 
gyroscope, respectively, cos a must be 
positive. Hence a is an acute angle. 

To visualize regular precession of a 
gyroscope, we shall use the notion of a 
body cone rolling on a space cone (seo 
page 329). We shall agree also to 
take the immovable 2 -axis in the direc- 
tion of the vector wj, representing the 
velocity of precession, and the movable 
f-axis of the gyroscope in the direction 
of the vector oi. One case of regular 
procession is shown in Fig. 253a. The 
body cone touches the space cone from 
the outside, and the regular procession 
is visualized by rolling of the cone AOB on the immovable cone AOC. 
The instantaneous axis of the gyroscope coincides at any instant with 
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the line of tangency OA, and the resultant angular velocity Si is directed 
along that line. The case of the body cone rolling inside the space cone 
(Fig. 2536) is dynamically impossible, since the condition of an acute angle 

a between «i and Si is not satisfied in this case. 

Another possible case of regular precession is 
shown in Fig. 254. Here again the body cone 
AOB touches the space cone AOC from the out- 
side. The line of tangency OA is the instan- 
taneous axis of rotation, and the resultant 
angular velocity S2 is directed along this axis. 
The angular velocity au coincides with the z- 
axis so that the direction of to and the f-axis 
will be as shown. Comparing Figs. 253a and 
254, we see that in the first case, the angle 6 is 
acute while, in the second case, it is obtuse. 
For an observer looking from z toward 0 in Fig. 
253a, both rotations are counterclockwise, while 
in Fig. 254 the rotation corresponding to o>i is 
counterclockwise, and the rotation corresponding to « is clockwise. The 
first kind of motion is called direct or 'progressive precession, and the second 
is called retrograde precession. 

To decide what kind of motion we shall have in a given case, we have 
to consider Eq. (165). Assume first that the gyroscope has a form 
elongated in the direction of its axis. Then the axial moment of inertia 

I is smaller than the equatorial moment of inertia h, and the quantity 

I I — I is positive. The angular velocities «i and co, always having the 
directions of the z- and f-axes, are also positive, and we conclude from 
Eq. (165) that cos 6 is positive; hence 0 is an acute angle. Thus a gyro- 
scope of elongated form will perform direct precession. If the gyro- 
scope has a flattened form like those shown in Fig. 244, the quantity 
h — I will be negative and we conclude from Eq. (165) that 9 is an 
obtuse angle. Such a gyroscope will perform retrograde precession. 

From the above discussion of the solution of Eqs. (163), we conclude 
that in the absence of external forces, '.the motion of a symmetrical gyro- 
scope is always a regular precession. To bring a gyroscope to such 
motion, we can apply an impulse. Since the center of gravity of the 
gyroscope is fixed, any impulsive force will produce an equal and opposite 
reaction and we have, in effect, an impulsive couple applied to the body. 
If a gyroscope performing regular precession suffers an infinitesimal 
impulse by a couple the plane of which is perpendicular to the 'angular 
momentum H, such an impulse will produce only an infinitesimal change 
in the magnitude of the angular momentum without changing its direc- 


z 
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tion. The direction of the instantaneous axis will also remain unchanged, 
but the angular velocity Q about this axis and both of its components o» 
and ui will obtain certain increments. If AH is the infinitesimal incre- 
ment of the angular momentum, equal to the produced impulse AM', we 
find, from Eq. (166), 


Awi 


_ AH _ AM' 
~ / 1 ~ h ‘ 


(<0 


Then from Eq. (165), we obtain 


Aa> = Awi 


(7i — I)cos 9 

I 


= AM' (/l -!}*?* 9 . 
iil 


(e) 


If a couple M acts continuously in the plane perpendicular to the 
vector H, we can divide the time into infinitesimal intervals and assume 
that during each of those intervals, an infinitesimal impulse dM' — M dt 
is communicated to the gyroscope. Equations (d) and (e) then give 


dui _ M 
dt ~ 1 1 

du _ M(Ii — 7)cos 6 
dt ~ Hi 


(168) 


If M is known as a function of time, these equations can be readily 
integrated and we shall find the angular velocities u and ui. The angle 
0 remains constant during this motion and equal to its initial value. 

Let us consider now the effect produced on the regular precession of a 
gyroscope by an impulsive couple the plane of which 
passes through the vector 77, representing the angu- 
lar momentum of the gyroscope. Assume first that 
the gyroscope rotates about its axis of symmetry, as 
about a fixed axis, and that the vector H — Iu repre- 
sents its angular momentum (Fig. 255). If an im- 
pulsive force acts on the gyroscope’s axis in the plane 
perpendicular to the plane of the figure, this force, to- 
gether with the reaction at the fixed point 0, forms an 
impulsive couple M, the impulse M At of which 
is shown in the figure by the vector M'. This 
vector is equal to the change that the impulse produces in the 
magnitude of the angular momentum of the gyroscope, so that this 
momentum, after impact, will be represented by the vector Hi. The 
gyroscope, after impact, will perform regular precession, the vector Hi 
will remain immovable in space, and the axis of the gyroscope will 
describe the precession cone about that vector. This precession is visual- 
ized in Fig. 255 by a body cone AOB rolling on a space cone AOC. It is 
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seen that at the instant of impact, the impulsive force, actipg perpendicu- 
larly to the plane of the figure, produces a displacement of the axis of 
rotation from the position OH to the position OA. This displacement 
takes place in the direction perpendicular to the direction of the impulsive 
force. At the same time, the axis of the gyroscope begins to describe 
the precession cone with the apex angle 26. The angle 6 between the axis 
of the gyroscope and the vector H i is determined from the equation 

M' 

0 = arctan-^- (/) 

We see that if a high angular velocity is initially communicated to the 
gyroscope so that H is a large quantity, the angle 9 will be very small. 
Thus a high-speed gyroscope has the tendency to preserve the direction 
of its axis and resists the actions of external impulses. This property of 
the gyroscope is utilized in many technical applications, some of which 
will be discussed later. 

Knowing the effect produced on the motion of a gyroscope by an 
impulsive couple, we can discuss now the action of a continuously 
applied couple M which can be treated as a series of 
infinitesimal impulses M At each of which produces an 
effect similar to that shown in Fig. 255. The most 
important case of this kind is the action of the gravity 
force when the center of gravity C of the gyroscope 
does not coincide with the point of support 0 as shown 
in Fig. 256. We assume that the gyroscope is rotating 
with high speed about its own axis, so that with good 
accuracy we can take the angular momentum H 
coincident with the axis of the gyroscope which has an 
angle of inclination & to the vertical z-axis. For a 
constant angle S, the gravity force W, together with 
the reaction at 0, forms a couple M of constant magnitude acting 
in the plane BOH. From the principle of angular momentum, we con- 
clude that during motion, the vector representing this couple is equal to 
the velocity v of point H, the end of the vector representing the angular 
momentum. This velocity will be perpendicular to DII, and point II 
will describe a circle of radius DH = H sin 6. Denoting by «i tho angu- 
lar velocity with which the plane BOH rotates about the z-axis and 
equating the velocity v to the moment M of external forces, we obtain 

H sin 6 • «i = M, 



from which 


= M = El 

H sin 6 I oi 


( 169 ) 
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We see that owing to the action of the gravity force, the axis of the 
gyroscope describes a cone with constant angular velocity coi, and we have 
a motion similar to the regular precession discussed before. However, 
there is one important difference between the two motions. The axis 
of the gyroscope in this case does not coincide exactly with the vector H ; 
and owing to this fact, the motion is much more complicated than it 
looks. There is a secondary precession of the axis of the gyroscope 
around the vector H like that visualized in 
Fig. 255. To represent this complicated mo- 
tion, we can imagine a spherical surface de- 
scribed around the fixed point 0. Then the 
end F of the axis of the gyroscope will de- 
scribe a complicated curve on this sphere, one 
example of which is shown in Fig. 257. In 
this figure, 8 denotes the angle between the 
vector H and the immovable z-axis and 6 de- 
notes the small angle of the secondary preces- 
sion. It can be seen that owing to this 
secondary precession, the moment of the grav- 
ity force does not remain constant and the mo- 
tion is not so simple as it was assumed at the beginning. This kind of 
motion is called pseudoregular precession and will be discussed in more 
detail at the end of the next article. 

46 . Stability of Free Motion of a Gyroscope. — Let us now consider motion of a 
symmetrical gyroscope of the type shown in Fig. 244b. In writing equations of 
motion for this case, we shall use the modified Euler’s equations (162) and take for 

rj'j the axes OAf, ON, and Ot, respectively, as shown in Fig. 252. The axes 
Of and ON wo take to coincide with 00 and OiOi in Fig. 244b and representing, 
respectively, the axis of the gyroscope and the axis of rotation of the inner frame NN. 
Let H mi H n , Iff he the components of the angular momentum H and «*', the 
components of the angular velocity of the trihedron 0MN£ in Fig. 252. In calculating 
these components of the angular velocity, wo observe that the position of the trihedron 
0MN£ is completely defined by the angles ^ and 0 . The corresponding components 
of the angular velocity in the directions of Oz and ON are \p and 0, respectively. 
Projecting these components on the moving axes OM, ON, 0 £, we obtain 

s in 0 , 6> n ' " 0, “ rp cos 0. (a) 

The components co w , «*, wj- of the angular velocity of tho body of the gyroscope are 
obtained by considering, in addition to the components (a), the angular velocity <p 
that the gyroscope has with respect to the trihedron OMN$. This gives 

« — \p sin 0 , u n » 0, “ <£ + yp cos 0. (b) 

Using those values of the components of tho angular velocity of the gyroscope and 
observing that for a symmetrical gyroscope, ON and OM are always principal axes, 
we obtain 1 

1 We neglect the masses of the frames and consider only the mass of tho gyroscope. 


z 
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H m «* —IN sin 0, H ft * lit, Hf *■ /(<£ + ^ cos 0). (c) 

Substituting these components of the angular momentum, together with the com- 
ponents (a) of the angular velocity w', into Eqs. (162), we obtain for equations of 
motion 

j 

— h j t (N sin 0) 4- !$(<£ 4- ^ cos 0) — I cos 0 = Mm, 

JTi5 — sin 0 cos a 4- hfr sin 0(<£ + \fr cos 0) = M», 

1 5 jj ^ cos *) “ ^r> 

in which Mm, M n , and Mf are the moments of external forces acting on the gyroscope 
with respect to the axes OM , ON, and Of, respectively. 

In our further discussion, we assume that the gyroscope rotates with respect to its 
own axis with a high angular velocity, so that is very large in comparison with 
yfr and 0. Neglecting then in Eqs. (d) the terms containing as factors ^ or 0 in com- 
parison with terms containing <j>, we obtain 

—IN sin Q + -W *■ Mm, 1 

4- W sin 0 ® M n , , ^ 

+*00B«) — Mf, J 

Assume now that there are no external forces 1 acting on the gyroscope; then from 
the third of Eqs. (e) we conclude that ^ cos 6 is constant and, with sufficient 
accuracy, we can neglect ^ cos 6 in comparison with <j> and assume 4> — w. Accord- 
ingly, the first two of Eqs. (e) give 

— IN sin 0 + lead « 0. \ 

IJ + W sin 0 « 0. j U) 

In the solution of these equations, we assume that the axis of the gyroscope is placed 
at right angles to the vertical 2 -axis so that 6 — ir/2 and also that ^ ** 0 when t — 0. 
Giving to the gyroscope by an impulse some small initial velocities 8 0 and ^ 0 , 
we may investigate, by Eqs. (/), the motion that ensues. If the corresponding dis- 
placements have the tendency to remain always small, we shall have the proof that 
a rapidly rotating gyroscope is in a condition of stable motion. Proceeding as 
explained in Art. 41 and assuming that sin 0 differs from unity only by a small quan- 
tity, we obtain, from Eqs. CO, 



—IN 4- » o, ) 

1x8 4- leaf « 0. J 


Eliminating 0, we have 

Ii^f 4" jT* 6 >fy 5s * 0. 

<w 

Introducing the notation 

. JV 

p ~ir 

(») 



we can write the solution of Eq. (h) in the following form: 

^ — Ci + Cjcos pt + Cssin pt, 

1 This means that the intersection point of the three axes of rotation in Fig. 2446 
coincides with the center of gravity of the gyroscope. Taking Mf equal to aero, we 
also neglect friction in the bearings. 
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where C 1, 0% Ca are constants of integration. Differentiating twice with respect to 
time and substituting into the first of Eqs. ( g ), we obtain , 

6 - — (C a cos pt + Cssin 2?0* 

Then, by integration, we find 

0 «« — IlE (Cjsin pt — Cscos pt) + C4 “ — Cjsin pi + C*cos pi + C 4 . 

To satisfy the assumed initial conditions 


9 w 0, d ** do, i/' = ^o, when i “ 0, 

2 

we must take 

Ci + Ca « 0, Ca + Cz ™ Csp “ ^o, — Cap =* do, 

and the final solution becomes 

^ a« — (1 — cos pi) + — sin pi, 

p p 

6 " I ~ IT (1 ” 008 p< ) v ® n 

^ r r 


<j) 


We see that if a small impulse is given to the axis of the rapidly rotating gyroscope, 
the axis begins to perform harmonic oscillations of small amplitude about the position 


defined by the angles 



$ 


V 



is. 


v 


The frequency of these oscillations, as we see from expression (i), is very large, so that 
in experimenting with the gyroscope it is difficult to notice them. We assumed in 
our derivation that 9 - ir/2, but the proof can be extended without difficulty to any 
other value of 0, and it can bo concluded that a rapidly rotating gyroscope, supported 
as shown in Fig. 2446, stably retains the direction of its axis. 


Propeller 


Engine room Explosive 



Gyroscope 


v- 

Swimm camera N Compressed air 

Pig. 258. 


It must be noted that this stability characteristic vanishes if one of the three 
degrees of freedom of the gyroscope is removed by some constraint. For example, if 
we fix the axis 0,0, of the outer frame PP in Fig. 2446 and give some initial angular 
velocity to the inner frame NN, this frame will continue to rotate with this velocity 
about the axis OiOi and the direction of the axis of the gyroscope is no longer stably 
retained. The moment of external forces corresponding to variation of the 
momentum of the gyroscope in this case is furnished by the reactions on the fixed 

fiocifl OaOa ■ • 

The proporty of a gyroscope to retain stably the direction of its axis of rotation is 

utilized in various technical applications. We shidl discuss here the use of tins 
proporty in the control of the straight-line motion of the Whitehead torpedo, shown 
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in Fig. .258: This torpedo is about 16 ft. long and 18 in. in maximum diameter and is 
propelled by a compressed-air engine at a speed of about 50 f .p.s . 1 To control the 

motion of the torpedo in a horizontal plane, the 
gyroscope shown in Fig. 259 is used. The first 
device of this kind was constructed by the Austrian 
engineer Obry . 2 His gyroscope weighed about 1.8 
lb. and rotated at about 10,000 r.p.m. The frame 
MM of the gyroscope is attached to the body of the 
torpedo, and the axis 00 of the gyroscope at the 
instant of shooting coincides with the longitudinal 
axis of the torpedo . If, in its motion in a horizontal 
plane, the torpedo deviates from a straight line, the 
gyroscope retains the direction of its axis OO and 
some rotation of the outer ring about its vertical 
axis OiOi takes place. This rotation brings into 
action a device controlling the rudder of the tor- 
pedo. To assure satisfactory performance of the 
gyroscope, friction forces, entirely neglected in the 
theoretical discussion of this article, must be re- 
duced to a minimum. 

Consider now the case in which a constant mo- 



\Ox 

Fig. 259. 

ment M n acts on the gyroscope with respect to the moving axis ON coinciding with 


OiOi in Fig. 2445. Then, instead of Eqs. (g ), we write 


Proceeding as before, we find 


— 1 \ 4 / + 1<*6 

hB + 1<4 


°, 1 

M n . J 


(*) 


£ + VS' “ Mn, 


The general solution of this equation is 


Mn 


f — Cl + C aCOS pt + Cssin pt + t 
Substituting in the first of Eqs. (fc), we find 


and, by integration, 


6 * $ * — p(C 2 COs pt + Casin pt) 

6 = —C 2 sin pt + C 3 COS pt + C 4 . 


The constants of integration Ci . . . C* have to bo determined in each particular 
case from the initial conditions of motion. Assume, for example, that for t — 0, 


t “ 0 , 0 - t = fa , 6 = 0 . 

Then 

Ci + Ct 0, Czp + = fa, Cz + C 4 = 

and we find 


C 2 - 0, 



1 All these data refer to a torpedo of about the year 1900. 

* For a description of this device, see paper by W. J. Sears, Engineering , vol. 66 , 
p. 89, 1898. 
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The angles and 6 then are 


The terms 


• -j(* "ft) “* p ' + i 

i-?(*-T&) “ d t : 


indicate that owing to the initial velocity fa } the axis of the gyroscope is slightly 
displaced from the direction perpendicular to the 2 -axis and rotates about that axis 
with uniform angular velocity 1 



(m) 


On this regular precession, small high-frequency vibrations represented by the trigono- 
metric terms in Eqs. (f) are superimposed. The resultant motion is the pseudoregular 
precession illustrated in Fig. 257, page 341. The various shapes of the curves that 
will be described by the end of the axis of the gyroscope on the spherical surface in 
Fig. 257 will depend on the values of fa and the quantity M n /Io>. The constant 
moment M n assumed in our discussion may be produced by the gravity force if the 
center of gravity of the gyroscope docs not coincide with the point of support, and 
such a gyroscope usually performs pscudoregular precession. If the initial velocity 
fa communicated to the gyroscope is selected so that 

* 0 -^= 0 , (n) 


the trigonometric terms in Eqs. (/) vanish mid tho gyroscope will perform regular 
precession. We see that in the ease of an external moment M n , the regular precession 
is only a particular case of motion which can bo produced by a proper selection of 
the initial conditions so as to satisfy condition (n). 


47. Gyroscopic Moment of a Symmetrical Gyroscope. — In the pre- 
ceding articles, several simple cases of the solution of Euler’s equations 
(161) and (162) were discussed and gyroscopic motion produced by given 
forces was investigated. Let us consider now the reverse problem and 
assume that tho motion of a gyroscope is known and that it is required 
to find tho external forces which must bo applied to tho gyroscope to 
produce the assumed motion. This problem is comparatively simple. 
Knowing the motion, we can calculate without difficulty tho left-hand, 
side of Eq. (161) or (162) and, in this way, obtain the components of 
the resultant external moment acting on the gyroscope. The moment 
of the same magnitude but of opposite sign will represent tho action of 
the gyroscope on its bearings, and this is called the gyroscopic moment. 
There are many practical problems whore the calculation of this gyro- 
scopic moment is required, and wo shall consider here several such 
examples. 

1 This coincide with tho result previously obtained; soo Eq. (169), p. 340. 
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Let us take first the case of regular precession. A symmetrical 
gyroscope rotates with constant angular velocity a about its axis, while 
this axis describes, with uniform angular velocity coi, a precession cone 
z having the angle 2 0 at its apex (Fig. 260). 

We take equations of motion (162) and 
use again, as the system of moving axes, 
the trihedron OMN{. In calculating 
the projections of the angular velocity of 
the trihedron on these axes, we have to 
consider only the angular velocity^ = on 
about the immovable 2 -axis. Projecting 
this velocity, we obtain 





cojsin. 0, 


Um 
w»' = 0 , 
a/ = wicos 0. 


(a) 


Fig. 260 . 


In calculating the components of the 
nn giilgr velocity of the gyroscope, we have to consider also the angular ' 
velocity a with respect to the trihedron OMNI;, which gives 

com = — wisin 0, co» = 0, wj- = « + wicos 0. (6) 


The corresponding values of the components of the angular momentum 
of the gyroscope are 

H m = — Tiwisin 6, H n = 0, H[ = /(« + wicos 6). (c) 

Substituting expressions (a) and (c) into Eqs. (162), we find the com- 
ponents of the resultant moment acting on the gyroscope to be 

M m = 0, | 

M n = la wisin 0 + (I — Zi) coi^in 0 cos 6, > (d) 

M t = 0. J 


We conclude that the gyroscopic moment in this case acts in the zOf- 
plane and that its magnitude is 

3Tl» = —M n = —[/to + (r — Zx)«iCOS 0]&>isin 6. (170) 

In practical applications, the angular velocity a of the gyroscope about 
its own axis is usually very large and the first term in the brackets, which 
is always positive, is large in comparison with the second term. This 
indicates that the gyroscopic moment (170) is negative. It always acts 
so as to bring the vector a into coincidence with the vector «x in Fig. 260. 
If the angular velocity a of the gyroscope is such that 

la + (I — Ii)o>icos 0 = 0, (e) 
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the condition (164) on page 336 is satisfied, the gyroscopic moment 
vanishes, and the gyroscope, in the absence of external forces, performs 
the regular precession already discussed in Art. 45. 

In a general case of motion of the gyroscope, the position of the 
trihedron OMN£ is defined by the angles i p and 0 in Fig. 260. Its angular 
velocity has the components $ and 6 along the z- and CW-axes, respec- 
tively, and we find 

torn = — $ Sin 0, On = 6, Of = ^ cos 0. (/) 

The corresponding components of the angular velocity of the gyroscope 
are 

C0 m = — l/' sin 0, c On = 0, Wf = <£ + ^ COS 0, ( i g ) 

and the components of its angular momentum are 

Hm = — sin 0, i?n = W, iff = !(<£ + $ cos 0). (h) 

Equations (162) then give 

M m = — Ii ^ (^ sin 0) + 0J(<£ + ^ cos 0) — Iidij/ cos 0, ) 

Af» — hS + ^ sin 0 [I<1> + (I — Ii) ^ cos 0], / (171) 

Jiff = Ij t U + icos8). ] 

When the motion of the gyroscope is given, the angles <t>, -p, d are all 
known functions of t. Substituting them into the right-hand sides of 
Eqs. (171), we obtain the components M„, M n , M ( of the resultant 
moment acting on the gyroscope. The components of the gyroscopic 
moment will be 3TT„ = -M m , 3TC» = -M n and 3tl f = -M t . 

In the case of a gyroscope having a very high angular velocity about 
its own axis, wo can neglect the components Hm and Hn of the angular 
momentum in comparison with //;• and also ^ and 6 in comparison with 
<j>. Then Eqs. (171) give 

M m = 1U = -Wm, 

M n = hp4> sin 6 = — 3Hn, 

M t = I<j$ = -STtf. 

These equations coincide with those usually given in the elementary 
theory of gyroscopes, where it is assumed that the angular momentum of 
the gyroscope is represented by a vector directed along the axis of spin. 

As an example of calculation of the gyroscopic moment (172), let us 
investigate the reactions at the bearings of a uniformly rotating shaft 
carrying a circular disk the axis of symmetry of which makes an angle 6 




348 


ADVANCED DYNAMICS 


[Chap. V 


with the axis of the shaft (Fig. 261). Considering the disk as a gyroscope, 
the angular velocity of which with respect to its own axis vanishes and 
whose velocity of precession coi is equal to the velocity of the shaft, we 

obtain from Eq. (170) the gyroscopic mo- 
ment 

SIX* = —(I — Ii)wi 2 sin 0 cos 0. 

Since, for a disk, I > h, the gyroscopic 
moment is negative and the reactions 
acting on the shaft are directed as shown 
in the figure. The magnitude R of these 
reactions is found from the equation 

Rl = (Z — Ii)coi 2 sin 0 cos 0. (i) 

We see that in the case of a large velocity wi of the shaft, the reactions 
can become very large; and to eliminate them, great care must be used in 
fixing the plane of the disk at right angles to the axis of the shaft. This 
example represents the case of dynamic unbalance which is so important 
in high-speed machines. 1 

As a second example, let us discuss the gyroscopic action on a pair of 
locomotive wheels during the negotiation of a curve in the track (Fig. 


z 



262). Considering the locomotive axle as a symmetrical gyroscope per- 
forming regular precession and using notations v, r, and R for the speed of 
the locomotive, the radius of the wheel, and the radius of the curve, 
respectively, we find, for the velocity of precession an and for the angular 
velocity of the wheels about their axis, the values 

U1== R’ " = 7 

Substituting these values in expression (170) and putting 6 = r/2, 
we find that the gyroscopic moment acting in the rotating zOf-plane has 
1 See the authors’ “Engineering Mechanics,” 2d cd., p. 42L 


M 
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the magnitude 


Sflln = — JtOCOi = “ 


It. 

Rr 




This is the moment about the ON - axis in Fig. 262, and the minus sign 
indicates that the direction of the moment is such as to increase the rail 
pressure on the outer wheel and diminish that on the inner wheel. This 
gyroscopic action is in the same direction as the action of the centrifugal 
force applied at the center of gravity of the locomotive, and both moments 
are proportional to v 2 . In addition, the gyroscopic moment is propor- 
tional to J, so that it becomes of greater importance, for example, in the 
case of electric locomotives having the motors directly on the axles. 
Calculations made for one such locomotive showed that the gyroscopic 
moment was about 6 per cent of the moment due to centrifugal force. 1 

In the preceding discussion, the railroad track was assumed to be in a 
horizontal plane. Usually, to counteract the centrifugal force, some 
superelevation is given to the outer rail on the curve so that during transi- 
tion from tangent to curve, the axle has some rotation in the vertical 
plane. Assuming a uniform increase in elevation during this transition, 
the corresponding angular velocity is 



where h is the superelevation, s the track gauge, and l the length of the 
transition curve. The corresponding rate of change of angular momen- 
tum, indicated in Fig. 263, is 

Iv% 
rsl 


lad ~ 


Q i ) 




~5 


Fig. 263. 


This means that during transition, a hori- 
zontal couple, furnished by friction forces, must act on the wheels as 
shown. The ratio of the two moments (l) and (k) is 


hR 

s l' 

This ratio may sometimes bccomo larger than unity, and high-speed, 
traction experiments have shown that for such speeds as 140 m.p.h., 
it is important to increase the length l of the transition curve. 

An external moment of the type ( l ) can also be produced by a devia- 
tion of the wheels from a true circular shape or by unequal deflections of 
the two rails. In all these cases, a friction moment like that shown m 
Fig. 263 is produced; its magnitude increases in proportion to the square 
1 ScG Z- Vcr. deul. Iny vol. 48, p. 949, 1904. 
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of the locomotive speed, and at high speeds it may become of practical 
importance. 

As a third example, let us consider the gyroscopic moment produced 
by a turbine on a pitching ship if the axis of the turbine is parallel to the 
longitudinal axis of the ship. Let co be the angular velocity and Iu the 
angular momentum of the turbine. The pitching of the ship is repre- 
sented by the equation 

a . 2t rt 

0 = a sm — ) 

T 


where a is the amplitude of oscillation and r is its period. The rate of 
change of the angular momentum of the turbine then is 


r a r 2 7r 27 rt 

Io)6 = I coa — cos — • 

T T 


Its maximum value, equal to the maximum value of the gyroscopic 
moment acting in the horizontal plane, is 

J«a— • 

r 

Assume, for example, that the turbine is making 300 r.p.m. and that the 
weight of the rotor, shaft, and propeller is 80 tons with a radius of gyra- 
tion of 4 ft. Then assuming that the period of pitching r — 12 sec. 

and the angular amplitude a = rad., the 
maximum value of the gyroscopic mo- 
ment is 82.2 ton-ft. Although this mo- 
ment seems large, its action on the motion 
of a large ship is negligible. However, it 
should be considered in discussing pressure 
of the turbine shaft on its bearings. 

As a last example, let us consider the 
gyroscopic moment of the rollers of a rolling mill as shown in Fig. 2G4. If 
coi is the angular velocity of the mill about the vertical axis 0x0 1 , the angu- 
lar velocity of each roller about its own axis 00 is 




■ 

■ 

H 

s 

S 

cl 

5 

g 

m 

H^; 

|5| 

m 





Fig. 264. 


co id 

co 

r 

and the magnitude of the gyroscopic moment, from Eq. (170), is 

fyyy T T CJl ^ 

2U = Iwco 1 = I 

r 

Its direction is such as to increase tho pressure of the rollers on the sup- 
porting horizontal .plane. As a result of this gyroscopic action, tension 
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■will be produded in the vertical driving axle O 1 O 1 , which must be con- 
sidered in its design. 

Let us consider now the case where the axis of the roller is innlinqH 
to the vertical axis by an angle 6, as shown 
in Fig. 265. When the roller is at rest, the 
pressure at A is obtained by writing an 
equation of moments with respect to point O 
and equating the moment of the gravity 
force W to the moment of the reaction at A. 

When the roller rotates with angular ve- 
locity ail about the vertical axis, the angular 
velocity a about its own axis is found from the condition that OA is the- 
instantaneous axis of rotation. Hence 



^ 7777777777777777 .^ 

'CDi \w 

Fig. 265. 


c>) = «i 


sin (6 — a) 
sin oc 


Substituting into Eq. (170), we obtain the gyroscopic moment that must 
be combined with the moment of the gravity force about point 0 in 
calculating the pressure of the roller at A. The quantity I in Eq. (170) 
is the moment of inertia of the roller about its axis, while h is the moment 
of inertia about an axis perpendicular to the axis of the roller and passing 
through the immovable point 0. 

48. Gyroscopic Moment of an Unsymmetrical Gyroscope. — In our 
preceding calculation of the gyroscopic moment [Eq. (170)], we assumed 

a symmetrical gyroscope, but there are 
cases of practical interest in which gyro- 
scopes are not symmetrical. A practically 
important example of such a gyroscope is 
represented by a two-blade airplane pro- 
peller. The gyroscopic moment in this case 
represents the action on the bearings of the 
propeller shaft due to any deviation of the 
airplane from a straight-line course. In 
deriving the gyroscopic moment for an un- 
symmetrical gyroscope moving about an im- 
movable point 0 (Fig. 266), we proceed as 
before and take the axis of the gyroscope as 
the f-axis and select the axes OM and ON as 
shown in the figure. Then denoting by uj, «»', co/ the components of. 
the angular velocity of the trihedron OMN{ and by H m , H n , H { the cor- 
responding components of the angular momentum of the gyroscope, we 
obtain, by using Eqs. (102), the following expressions for the components 
of the required gyroscopic moment: 




352 


ADVANCED DYNAMICS, 


[Chap. V 


arc™ - - M m - - 

= -M n = - +»t 'H m - 

an f = -M t + Um'Hn 

The complication of further calculation comes from the fact that in the 
case of an unsymmetrical gyroscope, the axes OM and ON are no longer 
principal axes of inertia and we cannot use the simple expressions (159) 
in calculating the components H m and H n of the angular momentum of 
the gyroscope. To derive the expressions for these two components, we 
use first the axes and On in Fig. 266, attached to the gyroscope and 
directed along its principal axes through the fixed point O. For these 
axes, we can write 

Hi = H n = Ijo v . (6) 

The components and o>, of the angular velocity of the gyroscope will 
now be obtained by projecting on the £- and ij-axes the components <a m 
and (o n as given by expressions (g) of the preceding article. In this way, 
we obtain 

<oi = Wmcos cj> + oj»sin <t> — sin 9 cos <t> + 6 sin <f>, 
to, = — tomsin <t> + concos 4 = ip sin 9 sin <t> + 6 cos <t>. 

Substituting into Eqs. ( b ), we obtain 

Hi = 7 {(— sin 9 cos + 6 sin <£), 1 
£T, = 7,(^ sin 9 sin <t> + 6 cos <l>). J 

The required components H m and H n of the angular momentxim are now 
obtained by projecting Hi and 27, on the OM- and ON- axes, which gives 

H m = Ii (— ^ sin 9 cos <f> + 6 sin <£)cos <£ 

— 7,(^ sin 9 am <f> + 6 cos <£)sin <t>, 

H n = 7«(— t sin 9 cos <f> + 6 sin <£)sin </> 

+ 7,(^ sin 9 sin <t> + 6 cos <£)cos <t>. 

For the component H { , we have, from expressions (A) of the preceding 
article, 

H{ = I[(4> + i/- cos 9). (/) 

Substituting expressions (e) and (/) together with the components uj, 
un, given by expressions (/) of the preceding article into Eqs. (a), 
we shall get formulas for calculating the gyroscopic moment in each 
particular case. 

Let us assume now that the gyroscope has a high angular velocity 
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about its own axis, so that the angular velocity 4> is large in comparison 
with 'P and 6. Keeping then only terms containing as a factor, we 
obtain 


= (7 f — I v )<j>(6 cos 2<l> + \p sin 6 sin 2 <f>), 
^ = (J { - I,)4>(6 sin 2 <j>-P sin 6 cos 2 4 ) 


dfff 


= 0 . 


Substituting into Eqs. (a), we obtain 

Sum = -M m = -[(If - J,)<K0 cos 2<p + P sin 8 sin 2<t>) + If#], \ 

9fTC» = - M n = -[(If - I,#(0 sin 2<t> sin 0 cos 2 <£) + sin 0], > (flf) 

3K f = -M t = 0. ) 

In a particular case of regular precession, 6 vanishes and we obtain 

3tlm = -M m = -(If - I,)# sin 0 sin 2 <j>, \ 

9n» = -M n = (If - I,)# sin 6 cos 2<j> + I t <$ sin 0, j (173) 

3TC r = -M { = 0. J 

We see tha t the gyroscopic moment for an unsymmetrical gyroscope 
consists of two parts: (1) the part If# sin 0, which is of the same kind 
as we obtained previously for a symmetrical gyroscope, and (2) the part 
containing sin 2<f> and cos 2<j> as factors. Since the gyroscope rotates with 
high speed about its own axis, this latter part represents a high-frequency 
pulsating moment acting on the bearings of the axle of the gyroscope. 
In the case of a two-blade airplane propeller, this pulsating moment may 
produce dangerous vibrations if its frequency, equal to twice the r.p.m. 
of the propeller, happens to coincide with the natural frequency of some 
portion of the airplane structure. 

To get some idea of the magnitudes of such gyroscopic moments, 
let us consider a two-blade propeller of diameter d, = 10 ft., weight 
W = 100 lb., and rotating at 1,800 r.p.m. Taking the radius of gyra- 
tion i = 2.5 ft. and neglecting the lateral dimensions of the blade, we 
have, approximately, 

If = If - *H$(30)» = 233 lb.-see.Mn., I, = 0. 

Then for a horizontal turn of the airplane with angular velocity P = 0.5 
rad. per sec., 0 - t/ 2, and <j> = G0r rad. per sec;., we have 

If# sin 6 = 22,000 in.-lb., 

and Eqs. (173) give 

W m - -22,000 sin 2 <t> in.-lb., 

3H„ = +22,000(1 + cos 2<t>) in.-lb. 
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49. The Gyroscopic Compass. — One of the most important appli- 
cations of gyroscopes is the gyroscopic compass. Leon Foucault, the 
originator in the study of the gyroscope, first suggested its use as a com- 
pass instead of the magnetic needle. 1 However, many difficulties were 
encountered in the practical application of this idea, and the first satis- 
factory gyroscopic compass was accomplished much later by Anschiitz 

and Co. 2 and found application in the Ger- 
man N avy. In this article, we shall discuss 
the compass developed by the Sperry Gyro- 
2 , scope Co. s and used in the United States 
Navy and in some other countries. 

The essential part of this compass is a 
gyroscope with three degrees of freedom, 
similar to that shown in Fig. 244b, page 326. 
Referring to Fig. 267, we assume that in a 
position with latitude a, the gyroscope is 
placed with the axis OiOi of its outer frame 
directed vertically and its axis of symmetry 
00 horizontally in the meridian plane. The 
vertical direction we take for the z-axis and the northward horizontal direc- 
tion for the z-axis. Then the y - axis will be perpendicular to the plane of 
the figure and positive in the direction from east to west. This system of 
axes is no longer immovable, since it participates in the motion of the 
earth; but if the center of gravity of the gyroscope coincides with the 
origin of coordinates 0, we can still use the principle of angular momen- 
tum as discussed on page 332 and shall come to the same equations of 
motion (161) and (162) as before. If a high angular velocity « be given 
to the gyroscope about its axis, it will stably retain tho direction of this 
n.Tria in space. If the axis was directed toward a certain fixed star, it 
will, in the absence of friction, always continue to be directed toward the 
same star and will not maintain the direction of the meridian of the 
place. To indicate the meridian, the axis of the gyroscope must be made 
to participate in the rotation of the earth and describe in 24 hr. a cone 
with the angle 2 « at the apex (Fig. 267). That is, we must have regular 
precession of the gyroscope with the velocity 

"* - 24XMX6 0 ■“'* ' 137 ’ 10 ~‘ Bec “' 

To produce such a precession, a constant moment must act on the gyro- 

1 Leon Foucault, Compt. rend., vol. 35, pp. 421, 424, 469, 1852. 

1 See M. Schuler, “Der Kreiselkompass von Anschutz und Co.,” Kiel, 1910. 

* Elmer A. Sperry, TJ.S. Patent 1,279,471. 
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scope with respect to the axis OiOi of the inner frame in Fig. 2446. 

The magnitude of this moment, equal to the rate of change of the angular 

momentum of the gyroscope, will be lawns in a. If this constant moment 

is acting, the regular precession of the 

gyroscope will have the above calculated ft 

velocity «i and the axis of the gyroscope J 

always will be in the direction of the me- [ff \ 

ridian of the place; thus the gyroscope can \\\V\ 

be used as the magnetic needle of a if JgScJr p a 

compass. In the Sperry compass, the 

required moment is produced by an — 'yW' Xj jin 

eccentric weight w attached to the inner Qt' y/l j 

ring of the gyroscope as shown in Fig. 

268. There is a semicircular frame nn nrh 

rigidly attached to the inner ring, which * \ 

can freely rotate about the axis OiOi J 

mounted in the outer ring. To this * 

frame, a weight w is attached at the 

distance a from the axis OiOi. If the inner ring rotates about its 
axis OiOi from its horizontal position by a small angle £ 0 (Fig. 269), the 
weight w furnishes about that axis the moment waj3 0 . The required 

angle of elevation j8o will now be found from 
x % | ai "A the equation (see Fig. 269) 

flW ’ wa sin /3 0 = Iaa l sin(a — /3 0 ), (a) 

N\ ° \\ 

"v. N '\ / from which 


Fia. 268. 


S 

Pi o. 269. 


tan fio = • (6) 

In the Sperry compass, the angular velocity 
co « 8,500 r.p.m. and the dimensions of 
the gyroscope are such that 

— — « 0.00182. 


The second term in the denominator of expression (6) is small in com- 
parison with the first term, so that with sufficient accuracy we can put 


0.00182 sin a. 


We see that only a very small angle of elevation is required to produce the 
regular precession of the gyroscope which always keeps its axis in the 
meridional plane of the earth so that it can be used as a compass. 
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Naturally, this property of the gyroscope may be of practical value only if the 
direction of the axis of the gyroscope, determined by Eq. (b), represents a stable posi- 
tion of that axis; i.e., if an accidental impulse produces a small deviation from this 
direction, there must be a tendency of the axis to return to its initial direction. In 
discussing this question of stability, we shall use the method of small vibration already 



Fig. 270. 


and then projecting them on the 


employed in Art. 46. Using again for the 
moving axes OM, ON, and Of (Fig. 270) and 
considering the system of axes xyz as fixed, 
we find as before [see Eqs. (a), page 341] that 
the projections of the angular velocity of the 
trihedron OMNI on the moving axes are 

— sin 0, 6 , \f/ cos 0. (d) 

Now, however, the x-, y -, z-axes are no longer 
fixed, and the trihedron Oxyz partcipates in 
the rotation of the earth with angular velocity 
mi, which gives the components coicos « and 
«isin a along the re- and z-axes as can bo seen 
from Fig. 269. Resolving those components 
first along OD and ON as shown in Fig. 270 
; axes OM, ON, and Of, wo obtain 


wicos a cos \f/ cos 6 — wisin a sin 0, | 

— coicos a sin \f/, | (e) 

wicos a cos $ sin 0 + wisin a cos 0. ) 

Adding these to the components (d), we finally obtain the following components of 
the angular velocity of the trihedron OMNI: 


com' - — ^ sin 0 -j- wicos a cos ^ cos 0 — coisin a sin 0, \ 
can “ & — coiCOS a sin > (/) 

■= $ cos 0 + wicos a cos ^ sin 0 + wisin a cos 0 . J 

As already explained, the angle 0 is very close to v/2 and the angle $ is very small. 1 
In such a case, by introducing the notation 0 = (tt/2) — 0 we can use, instead of 
Eqs. (/), the simplified formulas 


cam * — + CO i0 COS CL — Wisin a, I 

w»' 3 — 0 “ cai\p cos a, r ( g ) 

Uf = coicos a -h oji/8 sin a. } 

To obtain finally the components of the angular velocity of the gyroscope itself, wo 
have to consider, in addition, the angular velocity ca with respect to its own axis. 
This gives 

cam “ — ^ + co i/8 cos a — coisin a, \ 

ca n = ”0 — cavp COS a, ? ( h ) 

Wj. = co + wicos cl + coi/3 sin a. ) 

The components of the angular momentum of the gyroscope then are 


Nm ™ Ji(— vf' 4 V <ai& COS a — coisin a), 

H n = 1 1( — /3 — cavf/ COS a), 

jfff ** J(co + MiCOS a + co sin a). 


w 


1 We assume that any accidental impulse produces only a very small deviation of 
the gyroscopic axis from the position described in Fig. 269. 
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Using expressions (g) and (i) in the general equations (162), we obtain the equations of 
motion for the gyroscope placed as shown in Fig. 269 and subjected to a small impulse 
at the instant t = 0. These equations can be greatly simplified if we observe that o> 
is very large in comparison with «i, A and rp. Then, instead of Eqs. (i), we take 

= 0, H n - 0, H t =» Io>, (j) 

which represent the usual assumption of elementary gyroscopic theory, in which the 
angular momentum of the gyroscope is represented by a vector directed along its 
axis of spin. Equations (162) then give 

!«(—/§ — (OVp cos a) * 1 

Itotf — mP cos a -f* wisin a) =* M n . ) ^ 

In our case, we need to consider only the moment of the weight w . Hence M m = 0, 
M n *® wap, and Eqs. (Jc) give 

P + (avp COS a = 0, 1 

— (/axoiCOS a + toa)j3 ■** — Jwcoisin a. J ^ 

We already have seen that for the Sperry gyroscope the quantity Icxoi is small in 
comparison with wa and can be neglected. Then equations (1) give 

P + o>vp COS a » 0, 

> wa 

y— p *■ — wisin a. 

Eliminating the angle p from those equations, we obtain 



if 


. WCUtii , 

4* - j- cos ot*f/ 


0. 


From this, we see that the axis of the gyroscope performs simple harmonic oscillations 
in the horizontal plane, the angular frequency of which is 


V WOoo\ 

-nr cos 


and we can write 


1(0 

yp « Cicos pt + C * sin pt 
Substituting in the second of Eqs. (m), wc find 

0 - ----- + ~ (— Cisin pt + Cjcos pi). 


(«) 

(o) 

(p) 


This shows that the axis of the gyroscope also performs oscillations in the vertical 
plane about the position indicated in Fig. 269 and defined by the angle 

~ /wwisin a 
“ — — ’ 


which was previously calculated [sec Eq. (c)]. From this discussion, wo conclude 
that the Sperry gyroscope stably retains the direction of its axis in the meridian plane 
and can be used as a compass. 

From Eq. (n), wo see also that the period of oscillation of the gyroscope is 


27 r 

p 


2tt 


V- 


1 03 


WCL 03 iCOQ CL 
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2tt 


V; 


0.00182 
&>i 2 cos a 


For ct ® 60 deg., r « 5,230 sec. - 1 hr. 27 min., which represents very slow oscilla- 
tions. 

In the above calculations, the simplified expressions (j) for the components of the 
angular momentum were used. A more accurate investigation, by using expressions 
(i), will not affect our conclusion regarding stability* and will show only that on the 
slow oscillations represented by Eqs. (o) and (p), high-frequency small vibrations will 
be superimposed. 



The above discussion shows that an accidental impulse produces slow harmonic 
oscillations of the axis of the gyroscope. To improve the instrument, some damping of 
these oscillations should be introduced. This damping is accomplished by displacing 
the weight w along the frame nn in Fig. 268 somewhat to the cast from the OAf-axis 
as shown in Fig. 2715. Denoting the small angle corresponding to this displacement 
by «, we see that the component of the weight w perpendicular to the axis OM is 
at the distance at from this axis and gives, with respect thereto, a moment 

M m « wQae. 


Substituting this into Eqs. ( k ), we obtain, instead of Eqs. (m), the following equations: 


• , Wpd€ . 

j3 H — + wilA cos a 

/ WCL At 


o, 

— wisin a. 


Differentiating the second of these equations with respect to time and eliminating fi, 
we obtain 


Y , wat , , wow icos a , 

f + TZ + + —l 


tocwoiisin ct 


7« 


Introducing the notations 

wae 0 wowicos a . * 

_ - 2 n, « X , 

we give to this equation the form 

$ + 2n\j/ 4- XV *■ — eXHan a, (g) 

which represents vibrations with damping. Due to the presence of the constant term 
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on the right-hand side of the equation, we shall find that the direction with respect to 
which the oscillations proceed is slightly displaced from the direction of the meridian. 
This constant error is eliminated in the Sperry gyroscope by a certain change in the 
angle of inclination of the frame nn (Fig. 268) to the f-axis of the gyroscope. If we 
take this angle, for the Northern Hemisphere, equal to (ir/2) — £ 0 , the constant 
moment for the required precession of the gyroscope will be produced for the horizon- 
tal position of the gyroscope’s axis and the angle of elevation /So, indicated in Fig. 269, 
will be eliminated. At the same time, as it can be shown, the directional error, which 
was obtained from Eq. (c), will also be eliminated. 

It was assumed in our discussion that the gyroscopic compass is attached to the 
earth. If the compass is attached to a moving body such as a ship, impulses produced 
on the compass by the motion of the body must be considered. Since the period of 
oscillation of the gyroscope, as we have seen, is very large, the comparatively short- 
period oscillations of the ship have only a negligible effect on the direction of the 
gyroscope’s axis. 

The constant forward speed of the ship, however, may have a more important 
effect on the functioning of the gyroscope. Imagine a ship moving with a constant 
speed i; in a northerly direction. In such a case, the Oxyz coordinate system in Fig. 
269 will have an additional angular velocity about the 2 /-axis of the magnitude v/R, 
where R is the radius of the earth. Taking this velocity into account in the same 
manner as the angular velocity on of the earth was considered in our previous analysis, 
we can calculate, for a given latitude and a given v, the deviation of the gyroscopic 
axis from the meridianal direction. In the Sperry compass, there is a special device 
to make the proper correction. 

In all our discussion, friction forces wero neglected. Hence the theoretical con- 
clusions obtained in this manner may bo in satisfactory agreement with actual motion 
only if every precaution is taken to reduce the friction forces to a minimum. 

60. The Gyroscopic Pendulum. — A gyroscope suspended at point 0 
above its center of gravity C as shown in 
Fig. 272 is called a gyroscopic pendulum . 

The distance 7T0 we denote by l and take 
the immovable axes x, y ) z , as shown in 
the figure. Then the position of the mov- 
ing trihedron OMN£ wo define, as before, 
by the angles ^ and 0, the f-axis being the 
axis of the gyroscope and ON the perpen- 
dicular to the sOf-plane. If, initially, the 
moving axes coincide with the immovable 
system of coordinates their position, 
as shown in the figure, is obtained by rota- 
tion first about the 2 -axis by the angle $ 
to the position ODNz and then by rotation about the OJV'-axis by the 
angle 0. The angular velocity of the trihedron OMNf is then given by 
the components $ and 6 directed along the z- and ON- axes, respectively. 
Projecting these components on the moving axes 0MN£ y we obtain 

sin 0, o> n ' ~ &> ^ cos 0. (a) 
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To obtain the components on the same axes of the angular velocity of the 
gyroscope, we have to consider, in addition to expressions (a), the angular 
velocity of the gyroscope with respect to the trihedron OMN{. Denot- 
ing, as before, by <t> the angle of rotation of the gyroscope about its f-axis, 
we obtain 

u m = —\p sin 9, w n = 6, ^ ^ cos 9. (b) 

The corresponding components of the angular momentum of the gyro- 
scope then are 

H m — —1$ sin 9, H n = h&, H{ = I(£ + i cos 9). (c) 

Considering now only small oscillations of the pendulum with respect to 
its vertical position, the angle \f/ will be a small angle and 9 Will be dif- 
ferent from t/2 only by a small quantity. Introducing the notation 



and considering 0, i, (3 all as small quantities, we obtain, 
ing small quantities to the powers higher than the first, 

«*/ = — «»' = — j 3 , «f' = 0 . ) 

H n = -Id, H„ = -Ij, H { = I*, f 

Substituting these values into Eqs. (162), we obtain 

-hi ~ HP = M m , ' 

—hfi + 14>i = M n , • 

H - M t . J 


after neglect- 
(<*) 

(e) 


Let us assume now that the moment vanishes. 1 Then the angular 
velocity <j> of the gyroscope about its own axis remains constant; and 
denoting this by w, we obtain from the first two of Eqs. (e) 

hi + Iu$ = —M m , \ , . 

h$ - I<4 = -M n . j U) 

The moments on the right-hand sides of these equations are produced in 
this case by the gravity force W of the gyroscope as can be seen from 
Fig. 272. In deriving expressions for these moments, wo first calculate 
the moments of the gravity force with respect to the fixed axes x,y,z. 
Observing that for small values of the angles ^ and p the coordinates of 
the center of gravity C are approximately 

x„ - -l, y„ = -ty, «„ = -ip, 

1 This means that we neglect friction in the bearings of the gyroscope or that a 
torque, compensating that friction, is always supplied. 
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we obtain 

M x = 0, M y — Wifi, = — Wbp. 

Projecting these components of the external moment on the axes OM 
and ON, we find, for small values of the angles t and fi, 

M m = Wit, M n = Wifi, 

and Eqs. (/) give 

I it + Iufi = —Wl\j/, 1 ,„K 

itfi - 1<4 = -wifi.) {a) 

These equations define the motion for small oscillations of the gyroscopic 
pendulum. If we assume that the angular velocity « of the gyroscope 
vanishes, we obtain the following known equations for a spherical 
pendulum without any gyroscopic action; 


lit + Wit - 0, 
hfi + Wifi - 0. 


(h) 


Returning now to Eqs. (g), we solve the first equation for fi and by 
differentiation obtain also "fi . Then differentiating tho second equation 
and substituting tho expressions for fi and fi, we find 


h*t" v + (7 2 « 2 + 2 hWl)t + WHhp = 0. (0 


Substituting t = c ml , we obtain the characteristic equation 

hW + (7 2 « 2 + 2 hWl)m* + W 2 l 2 = 0, (k) 

from which 

s - (7 2 a> 2 + 2 hWl) ± Iu VlW 4- ihWl 

m 


It is seen that the expression under the radical is always positive and 
smaller than (7 2 « 2 + 2hWl) 2 , which indicates that both values of m 2 
are negative. Using for tho absolute values of m 2 the notations 


we find 


J 2 « 2 + 2 hWl - 7« Viw + 4hWi 

~ 21? ’ 

7 2 w 2 + 2 hWl + lu VPlS+ThWl 

~ '21? ’ 


Xi 2 X * 2 - 
+ \? = 
Xi 2 - X 2 2 = 


W 2 l 2 


I?’ 

7 2 <o 2 + 27i Wl 
, 


7w V/V 2 + 47i Wl 
7i 2 


(*) 
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Taking \i and X 2 both positive and observing that Xx < X*, we obtain 
from these equations 


u. - $ 


Xx — X 2 = — -jp 
•ix 


which gives 

-7« + V7V + 47 Wl 


Xx 


27x 


, , x _ V7 2 (o 2 + 47xM 

Al “t“ A2 f > 


x _ 7co + V7*<0* + 47xTTJ 
x 2 = ST (m; 


27 1 


With these values of Xx and X 2 , we find the following four roots of the 
characteristic equation ( k ) : 


wii = Xxi, m a = — Xit, m» = X 2 i, m4 = — X 2 i. 


The general solution of Eq. (t) then is 

f = Cxcos Xif + Casin Xx t +■ Cjcos X 2 f + C^sin X 2 <. (n) 


Substituting this into the second of Eqs. (g) and eliminating $ by the use 
of the first equation, we obtain 

/9 = — Cisin Xx t + Cacos Xii + C»sin X 2 t — C 4 cos X 2 i. (o) 


We see that there are two different frequencies of oscillation as given by 
Eqs. (m). If the angular velocity « is very large, we can consider the 
second term under the radical in Eqs. (m) as small in comparison with the 
first and write 


Xx 


Wl 

la 



(P) 


The first of these two frequencies is very small, while the second is very 
large. 

The constants of integration in the solutions (n) and (o) can bo calcu- 
lated in each particular case if the initial conditions are given. Assume, 
for example, that for t = 0 : 

t = 0, fi = 0, - '/'o, (3 = 0. 

This requires that 

Cx = —C» = 0, c t = c< = v-4rr- 

Al -f- A 2 

Using expressions (p) for the two frequencies and neglecting Xi in com- 
parison with X 2 , we obtain 

t ^ ^ lt + si* 1 W), 

P ( cos — cos Xat). 
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Multiplying these angles by —l, we obtain, for the coordinates of the 
center of gravity of the gyroscope, 


Ve 

Zt 


— — ^ (sin Xjf + sin X 2 i), 

As 

= — (cos Xi t — cos X 2 f). 

As 


i 


(r) 


The first terms of these expressions represent a slow motion of the 
center C of the gyroscope around the vortical z-axis along a circle of 
radius W/Xs with angular velocity Xi (Fig. 273a). On this rotation, the 




Fig. 273. 


motion represented by the second terms in expressions (r) is superim- 
posed. This second motion represents a rotation with high angular 
velocity X 2 along a circle of the same radius W/X 2 (Fig. 273a). As a 
result of this superposition, we obtain the trajectory described by the 
center of gravity C as shown in Fig. 2736. 

For comparison, let us consider the spherical pendulum without gyro- 
scopic action (« = 0). From the equations of motion ( h ), wo conclude 
that the frequency in this case is 



and assuming the same initial conditions as before, we obtain 

$ = sin Xoi, /8 = 0. («) 

Ao 

Observing that in the case of large values of «, the frequency X 2 is large 
in comparison with Xo and comparing expressions ( q ) and (s), we conclude 
that for the same initial values of ^o, the oscillations of the gyroscopic 
pendulum have an amplitude many times smaller than the ampli- 
tude of the spherical pendulum. The gyroscopic pendulum retains its 
vertical position with a greater stability than tho spherical pendulum, 
and its stability increases with the increase of the angular velocity « of 
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the gyroscope. This characteristic of the gyroscopic pendulum is used 
in many applications where it is important to retain stably a vertical 
line in space as, for example, in the case of instruments used on ships and 
airplanes to indicate the true horizontal. 1 

In the preceding discussion, the point of suspension 0 of the gyro- 
scopic pendulum (Fig. 272), was considered as fixed. Assume now that 
this point performs harmonic oscillations. Such a condition we have, 
for example, in using the gyroscopic pendulum on a rolling ship where, 
owing to oscillation of the ship, forced vibrations of the pendulum are 
produced. In studying these vibrations, we assume that the point 0 
is moving along the 2 -axis and that this motion is given by the equation 

z = a sin pt. (t) 

Then the coordinate system Oxyz in Fig. 272 is no longer immovable but 
performs the oscillations (t). To take care of this second motion and 
investigate only the relative motion of the pendulum with respect to 
the x-, y-, z-axes, we add to the particles of our system the inertia forces 
corresponding to the motion (f) and, after this, treat x,y,z as immovable 
axes. These inertia forces can be replaced by their resultant applied at 
the center of gravity C of the gyroscope and equal to 

R z = — arm n pt. 

g g 

This force, parallel to the z-axis, gives the moments 2 

M x = Ry„ — —Rip, M y — Rl, M„ = 0. 

Projecting these moments onto the axes OMN£ in Fig. 272, we obtain* 
M m = 0, M n = Rl, = 0. 

Adding these moments of the inertia force to the previously calculated 
moments produced by the gravity force, Eqs. (/) give 

lip + Iufi = — Wlp, 

W 

Iifi — Ioip = —Wifi — Rl bs —Wifi apH sin pt. 

g 

l The description of some of these instruments can be found in the article by 
O. Martienssen mentioned before, see p. 326. 

* It is assumed, as before, that oscillations of the pendulum aro small. 

* In this calculation, we first project M x , M v , M, on the axes OD, ON, and Oz and 
obtain Mi = M m cos ^ + M y sin ^ » 0, M n “ M v cos p — M x sin 4/ *» Rl, M. — 0. 
Then projecting Mi onto the axes OM and Ol, we find M m — Mi cos 0 <» 0, 
M{ » Mima 0 « 0 . 
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The particular solution of these equations is 

$ = A cos pt, p = B sin pt. (») 

To calculate the amplitudes A and B, we substitute expressions (») into 
Eqs. (u), which gives 

(1 VI - hp 2 )A + I<»pB = 0, 

Io>pA + (Wl - hp 2 )B = - j ap 2 l. 


Prom these equations, we find the following amplitudes of forced vibra- 
tion of the gyroscopic pendulum: 

a _ Walp 2 Iup 

A ~ g[I*<o*p* - ( Wl - hp 2 ) 2 ]' 

D _ Walp-{Wl - J lP 2 ) 

" g[IWp 2 - (Wl - hp 2 ) 2 ]' 

The condition of resonance is obtained when the denominator in these 
expressions vanishes, which gives 

I 2 o>Y - (Wl - hp 2 ) 2 = 0 

or 

IiV - (Pco 2 + 2 Wlh)p* + WH 2 = 0. 

Comparing this equation with the characteristic equation (k) and using 
notations (l), we conclude that the two critical frequencies are 

pi = Xi and pi = X 2 , 



where Xi and X* are given by expressions (m). In the case of high-speed 
gyroscopes, we can use the simplified expressions (p) instead of expres- 
sions (m) and conclude that one of the two critical frequencies is very 
small while the other is very large. 

If we substitute « — 0 in Eqs. («), we obtain the case of a spherical 
pendulum and Eqs. (to) give 

W alp 2 


A = 0, B = 


g(Wl - hp 2 ) 


Forced vibrations in this case are produced in the same plane in which the 
disturbing force is acting, and the critical frequency po is obtained from 
the equation 


from which 


Wl - hp Q 2 = 0, 


po = 



In the case of a gyroscopic pendulum, both amplitudes A and B, 
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as given by Eqs. ( w ), are usually different from zero and forced oscil- 
lations of the gyroscope occur in both directions. In a particular case 
where p 2 = Wl/h, we have B = 0 and forced vibrations are produced 
in the plane perpendicular to that in which the disturbing forces are 
acting. 

Usually the angular velocity « of the gyroscope is very large in com- 
parison with the frequency p of the disturbing force and with the fre- 
quency po of the spherical pendulum. In such case, we can neglect, in 
the denominators of expressions (to), all terms except those containing 
co 2 as a factor and obtain 

. _ _ Wdp _ _ ap<?p 
~ gla ~ ffXs ’ 

„ Wal(Wl — hp ! ) _ apo 2 (po s — 2>*) 

“ glW ~ g\S 

Since X* in this case is a large number [see Eq. (p)], we conclude that the 
amplitudes of forced vibration are small and the gyroscopic pendulum, 
under the action of a periodic disturbing force, stably retains its vertical 
position. 

61. The Gyroscopic Ship Stabilizer. — The idea of using the gyroscope 
for stabilization of ships was first suggested by Otto Schlick. 1 It was 
proposed to use for such stabilization a heavy gyroscope G (Fig. 274) the 

vertical axis 00 of which is mounted in the 
frame NN free to rotate about the axis OiOi. 
The center of gravity of the frame, together 
with the gyroscope, is below the axis OiOi, 
so that under statical conditions, the frame 
stably retains its position in a vertical plane 
perpendicular to the longitudinal axis of the 
ship. From an elementary consideration of 
changes in the angular momentum of the 
gyroscope, it can be concluded that any 
rolling of the ship will result in oscillations of the frame JNN about 
the axis OiOi. These oscillations axe reduced by applying brakes 
against the wheel MM. The energy brought to the rolling ship by the 
periodic action of waves is thus dissipated in the form of heat generated 
by the friction forces. Experience shows that in this manner, a great 
reduction in rolling oscillations of the ship can be accomplished. 

1 Institution of Naval Architects, March, 1004. The theory of this stabilisation 
was developed by A. Fftppl, Z. Ver. deut. Ing., vol. 48, p. 478, 1004. See also his 
“Teehnisehe Mechanik,” vol. 6, 1010, and the “Theorie dcs kreisols," by F. Klein 
and A. Sommerfeld, vol. 4, p. 794, 1910. 
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In the derivation of equations of motion of the stabilizer, it is neces- 
sary to consider not only the mass of the gyroscope itself, as we did before, 
but also the mass of the frame NN and of the ship. The friction forces, 
usually neglected in our previous problems, are also of importance in 
this case and must be considered. The 
derivation of the required equations can be 
greatly simplified if, from the start, we as- 
sume (1) that the angular velocity w of the 
gyroscope is very large, so that its angular 
momentum can be assumed always di- 
rected along the axis of spin, (2) that the 
mass of the stabilizer is negligible in com- 
parison with the mass of the ship, and (3) 
that the ship performs only rolling motion. 

Referring to Fig. 275, the position of the 
frame NN of the stabilizer can be defined 
by the angle representing the roll of the 
ship, and the angle /9 = (x/2) — 0, representing rotation of the frame NN 
with respect to its axis OiOi. In our further discussion, both these angles 
will be considered as small. 

Considering first the free rolling oscillations of the ship, without the 
action of the stabilizer, we can use the known equation for damped 
oscillations (see page 33) 

Jf + Cj + WLp = 0, (o) 

in which J is the moment of inertia of the ship with respect to its longi- 
tudinal axis Oz, C is the damping constant giving the magnitudo of the 
moment of resisting forces about the z-axis when \j/ is equal to unity, W 
is the weight of the ship, and L is its metaccntric height. In a like manner, 
the free oscillations of the frame NN, when the ship is stationaiy, are 
given by the equation 

+ c0 + wlp - 0, (5) 

in which j denotes the moment of inertia of the frame NN together with 
the gyroscope about the axis OiOi, c is the magnitude of the moment of 
friction forces when £ is equal to unity, w is the weight of the frame 
together with the gyroscope, and l is the distance of their common center 
of gravity from the axis of rotation OiOi. This equation holds inde- 
pendently of rotation of the gyroscope about its own axis as long as the 
axis OiOi is stationary. The rotation of the gyroscope in this case 
affects only the pressures on the bearings supporting the axle OiOi. 
The corresponding gyroscopic moment with respect to the axis Oz in 
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Fig. 275 and transmitted to the ship is 

arc, = —Hfi, (c)'. 

where H = la denotes the angular momentum of the gyroscope. 

Considering now the rolling movement of the ship, while the frame 
NN does not oscillate, we see that the rate of change of the angular 
momentum of the gyroscope is Hi and the corresponding gyroscgpic 
moment with respect to the axis O 1 O 1 in Fig. 275 is 

9Ttn = -Hi. (d> 

This moment represents the action of the axle 00 of the gyroscope on its 
hearings in the frame NN. 

After this preliminary discussion, we can write equations of motion 
for the case when the ship and the frame of the stabilizer are oscillating 
simultaneously. In writing the equation of motion for the rolling ship, 
we have to take into consideration the gyroscopic moment (c), represent- 
ing the action of the stabilizer on the ship ; while in the equation for oscil- 
lation of the frame, we have to consider the gyroscopic moment (<2). 
In this, manner we obtain 

Ji + Ci -f WI4 = -Hi 3, \ { ) 

j/S +■ cjS + wifi = Hi. ) W 

The sign of the right-hand side of the second equation is opposite to the 
sign of the gyroscopic moment (d), since the angle fi in Fig. 275 is meas- 
ured in the direction opposite to positive rotation about the axis OiOi. 

Equations (e) define the simultaneous oscillations of the ship and of 
the stabilizer. In their derivation, we considered only rolling of the 
ship, but it may be seen that the reactions of the brakes give a couple 
acting on the ship in the plane of the wheel MM in Fig. 274 and will 
produce pitching of the ship. Due to the fact that the moment of inertia 
of the ship with respect to its transverse axis is very large in comparison 
with that about the longitudinal axis, the pitching oscillations are very 
small and can be neglected. 1 A more important effect on the motion of 
the system may result from rotation of the ship about its vertical axis, 
since such rotation may affect rolling of the ship. 8 

We begin our study of the simultaneous motions of the ship and 
stabilizer with the case where friction forces can be neglected. Equa- 
tions (e) then give 

1 A. FOpko, Z. Ver. dent. Ing., vol. 50, p. 983, 1906. 

* This problem was discussed by M. Schuler, Z. Ver. deut. Ing., vol. 68, p. 1224, 
1924. 
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n + wi^ + m = 0, 1 

jfi + wifi — H\j/ = 0 . } 

Eliminating fi from these equations, we obtain 

Jjf tv + ( WLj + wU + H*)$ + wlWLp = 0. (g) 

The corresponding characteristic equation is 

Jjm* + (WLj + wU + W)m* + wlWL = 0 . (h) 

Introducing the notation 

WLj + wU + H* = k, (0 

we find 

m2 = -ft ± Vft 2 - 4JjwlWL ^ 

From notation (i) it can be concluded that 

ft 2 - AJjwlWL > (WLj + wU) 2 - 4 JjwlWL = (WLj - wU)\ 

Hence, the expression under the radical in Eq. (j) is always positive 
and m 2 is negative. All four roots of the characteristic equation (h) 
are imaginary numbers; and with the notations 

, k — y/k* — 4 JjwlWL ' 

n !2 ’ w 

, _ k + Vk 2 - ^JjwlWL w 

Vi 2 Jj ’ 

we can represent the solution of Eq. (g) in the following form : 

$ — Cicos pit + Cssin pit + Cscos pit + C^sin pit. (1) 

To obtain the corresponding expression for fi, we calculate, from the first 
of Eqs. (/), 

II fi = -(JP + WLP), 

II fi = ~(J'p + WL4). 

Substituting the expression for fi into the second of Eqs. (/), we obtain 

Hwlfi = Jj'f + (WLj + EFtf. 

Using now for p its expression ( l ), we obtain 

fi = jDiCos pit + I>2sin pit + 2 ) 3 cos pit + D4 , sin pit, ( m ) 


Pi 2 = 


where 
Z>x - C& 1 


WLj + IP - Jjpi 2 


Di = -Cipi 


„ WLj + H* - Jjpi 2 


Di = —Ctpi 


WLj + H* - Jjpi 2 
Hwl 

WLj + H*~ Jjpi* 
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Expressions (l) and (m) represent the complete solution of Eqs. (/). 
We obtained two harmonic oscillations of the frequencies pi and p 2 as 
given by expressions (k). The four constants of integration Ci ... 
can be calculated in each particular case if the initial values of the angles 
and fio and the initial velocities i/'o and 0o are given. 

When m, the angular velocity of the gyroscope, is very large, the 
quantity IP = 7*« 2 is large in comparison with WLj and wU and k » H* 
is large in comparison with 4 JjwlWL. The formulas (k) then give 


VwUVL H 

Pi « — g •> Pa * 


(») 


The first of these frequencies is very small, while the second is very large. 
We conclude that in the case of free oscillations of the system, high- 
frequency vibrations are superposed on the slow fundamental oscillations. 

If, by some constraint, the frame NN of the stabilizer in Fig. 274 
is fixed, there will be only rolling of the ship and the corresponding equa- 
tion of motion is obtained from the first of Eqs. ( f) by putting (3 = 0, 
which gives 

J$ + WL* = 0. (o) 


In this case, the ship performs harmonic oscillations of the frequency 



(P) 


It is seen that by introducing the stabilizer, we split this frequency into 
two parts as given by Eqs. (n): one very small and the other very large. 
Equations (m), for large values of «, give 


2 



n n /WE \ 

2,1 “ - C 'V‘ST 
d.~c,J 7 


( 2 ) 


and we obtain 


\p — C icos pi t + C 2 sin pit + C» cos pit + C 4 sin pit, \ 

/3 - (Ci cos pit - Cisin pit) + yjj (-C 4 cos p 2 t + C7jsin p 2 Z).J ^ 

We see that for the fundamental mode of vibration with the freq uency pi, 
the ratio of the amplitudes of the angles j3 and $ is \ZWL/wl while for 
the higher mode of vibration the ratio is V J/j. 

Let us calculate now the amplitudes of vibration for the particular 
case in which, by some impulse on a ship at rest, an initial velocity of 
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rolling of the ship is produced. The initial conditions for t = 0 are 

* " °> i = 0 = 0, 0-0. 

From expressions (r), we then obtain 

Ci + Ca — 0 , Cipi + Cipi = i /' o , 

\f^T “ y/j Ct " °» ~ ypw ? iCi + p* c * = °> 

and the constants of integration are 


C t = 0, 
Ca = 0, 

Ci = 


h a/ wU 


Pi y/wtf + p 2 y/WLj 


*o \/wU _ \]/<J 
Pt ■s/WLj H 


wl 

WL’ 


C< = 


*o s/WLj 


ri v55 = *r$ 


Pi y/wU + p 2 y/WLj H v VJ H 
Substituting these values into expressions (r), we obtain 

* = ir (y/wz sin Pli + S sin Pit ) 

0 = (cos pit — cos pit). 
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If the gyroscope is at rest (« = 0) and with the same initial conditions, 
wo obtain, from Eq. (o), 


* = 


i/'o • . 

~ sin pot 
Po 



sin pot. 


We see that owing to the action of the gyroscope, .the amplitude of the 
fundamental mode of vibration is reduced in the ratio 



Wo conclude that with large values of II, a considerable reduction in the 
amplitude of rolling can be accomplished by introducing the stabilizer. 

By using the stabilizer, not only the amplitude of rolling of the ship 
can be reduced but this oscillation can bo damped out. For this pur- 
pose, we have only to apply proper friction forces to the wheel MM of 
the stabilizer (Fig. 274). Assuming viscous friction and neglecting fric- 
tion between the ship and water, Eqs. (c) give 

./* + wl* + m = 0, 1 ,, 

jP + cp + i Dip - ff* = 0. f w 
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Eliminating 0 as before, we obtain for a differential equation of the 
fourth order, the solution of which could be represented in the form 1 

^ = er» it (C icos pit ■+■ Cjsin pit) + ^‘(Cs cos pit + C^sin pit). 

We -see again oscillations of two different frequencies; but owing to 
damping, these oscillations gradually die out. Considering the practi- 
cally more important fundamental type of oscillation with the frequency 
Pi, we see that the damping depends on the constant n%, which can be 
calculated in each particular case if the constant c in the second of Eqs. 
(s) is known. If this latter constant vanishes, we have no damping. 
Again we shall have no damping if the constant c is so large that the frame 
of the stabilizer does not rotate at all about its axis. In this case, /J = 0 
and rolling of the ship is defined by Eq. (o). To find c corresponding to 
the most efficient damping, the quantity n* must be calculated for several 
values of c and the value giving the largest %i should be selected. For 
illustration, we take as a numerical example 2 the case of a ship having a 
weight W = 6,000(10)® kg., a metacentric height L = 0.45 m., and a 
rolling period to = /po = 15 sec. For the stabilizer, we assume 

wl = 10* kg.-m., 
j = 3,000 kg.-m.-sec. 2 , 

H = Iu = 408(10)® kg.-m.-sec. 


The values of n i calculated for several assumed values of c arc given in 
Table XV. 


Table XV 



8,300 

18,500 

0.019 

0.041 



141,000 

0.037 


We see that »i first increases with c and then begins to decrease. 
Taking c = 39,000 kg.-m.-sec., for which n i = 0.079 sec. -1 , it was found 
that pi = 0.330 (sec) -1 , ri = 2ir/pi = 19 sec., er niT »= e -1 - { ° = 0.22. This 
indicates that with the assumed friction, the amplitude of oscillation 
during one cycle is reduced to 0.22 of its initial magnitude. 

Forced rolling of the ship, produced by a periodic wave action, can 
also be investigated without difficulty. Assume first that there is no 
damping. Then, instead of Eqs. (/), we obtain in this case, 


J$ + WLp + Hfi = M sin pt, 1 . . 

j(3 + wl(3 - m - 0, f W 

where M sin pt represents the moment about the longitudinal axis of 

1 We assume that friction is not large enough to make tho motion aperiodic, 

2 This example was calculated by A. FSppl (see footnote, p. 3M). 
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the ship produced by the wave action. Considering only forced vibra- 
tions, we take the particular solution of Eqs. (t) in the form 

^ = ^osin pt, 0 = jSoCOS pt. 

Substituting these solutions back into Eqs. (<), we obtain 


(WL — Jp*)*o — Hp0 o = M, 
(wl — jp^fo — Hp\p 0 = 0. 


Solving for fo and j3o, we obtain the amplitudes of forced vibrations as 
follows: ' 


_M(wl-jp 2 ) 

VO XT » 


_ MHp 
~ N 


(v) 


where 

N = (WL- Jp 3 )(wl - jp s ) - 

= Jjp 4 - (WLj + wU + ff 4 )p 2 + WIajdI. 


Comparing this expression for N with the left-hand side of Eq. ( h ), we 
conclude that N vanishes and the amplitudes (ti) become infinitely large if 

p 2 = Pi 2 or p 2 = pt 2 , 


where pi and p 2 arc the two natural frequencies of the system calculated 
before [see expressions (k)]. This indicates that we obtain the known 
phenomenon of resonance if the frequency p of the disturbing couple M 
coincides with one of the natural frequencies of the system. 

From the first of expressions (v), we can see also that the amplitude 
o vanishes if 

wl = ip 2 or p = ( w ) 

This specific frequency p is the same as tho frequency of oscillation of 
the frame NN of the stabilizer if considered as a pendulum. It can be 
obtained from Eq. (b) by making c vanish, and tho stabilizer acts in this 
case as a damper. The amplitude of vibration of the frame is found 
from the first of Eqs. (u), which gives 


* _ M 

and we have 

O AT 

0 = “ C °3 P^ 

The gyroscopic moment corresponding to this oscillation of the frame is 


3Tl« =* — Hp — —M sin pt. 
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We see that at each instant, it balances the external disturbing couple 
M Bin pt. 

The effect of friction, applied to the wheel MM in Fig. 274, can also 
be considered in studying the forced vibrations. Instead of Eqs. (t), we 
obtain in this case, 

Jp + WLp + H(3 = M sin pt, 

+ cjS + wlp — Hp = 0. 

The particular solution of these equations, representing forced vibra- 
tions, we take in the form 

P = Aicos pt + A 2 sin pt, 0 = A ,cos pt + A<sin pt. 

Substituting into the equations of motion and equating to zero the 
factors before sin pt and cos pt, we obtain four equations from which the 
constants Ai ... At, defining the amplitudes of forced vibrations, can 

be calculated in each particular case. 
The dimensions of the stabilizer and 
the friction constant c must be se- 
lected 1 so as to make the amplitude of 
rolling as small as possible. Experi- 
-/ ence shows that a properly designed 
stabilizer is very effective in damping 
rolling oscillations of ships. This can 
be appreciated from Fig. 276, repre- 
senting the rolling angle p of the ship 
in one of Schlik’s experiments. The angle was recorded for two con- 
ditions: (1) when the stabilizer was locked and (2) when it was acting. 

Instead of introducing proper friction forces, wo can reduce rolling of 
a ship also by applying to the stabilizer’s frame a proper moment with 
respect to the axis OiOi in Fig. 274. Denoting this moment by Mi and 
neglecting the friction forces, we obtain the equations 

Jp + WLp + Hi 3 = M sin pt, 
jl 3 wl3 — Hp — Mi. 

Let us now select the variable moment M i so as to produce oscillations of 
the stabilizer’s frame in accordance with the equation 

0 = «P, (y) 

where k is a positive number. . 

Substituting in the first of Eqs. (m), we obtain 

Jp + kHP + WLp = M sin pt. (z) 

1 More information regarding the proper design of tho stabilizer can bo found in 
Klein and Sommerfeld, op, cit., vol. 4, p. 833, 
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Fig. 276 . 
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This is the known equation of damped vibrations, the damping being 
accomplished by gyroscopic action instead of friction. When ^ is found 
from Eq. (z), we substitute it and also expression (y) for 0 into the second 
of Eqs. (a:) and obtain in this way the moment If 1 required to produce the 
proper motion of the frame. This idea of stabilizing the ship by com- 
municating to the frame of the gyroscope the proper oscillations depend- 
ing on the rolling angle f is used in the Sperry stabilizer. In this device, 
the motion of the stabilizer’s frame is accomplished by a special servo- 
motor, the action of which depends on the rolling motion of the ship. 
In recent times, this type of stabilizer has found a much wider applica- 
tion than the Schlick’s stabilizer described above. 

62. Monorail Car Stabilization. — In the case of a monorail car, a 
cross section of which is shown in Fig. 277, the stability of the system is 
accomplished by the use of a gyroscopic stabilizer. The stabilizer 
consists of a gyroscope G the axis 00 of which is mounted in a frame NN 
which is free to rotate about its axis OiO\. The center of gravity of the 
stabilizer is above the axis OiOi, so that the position of the frame shown 
in the figure is unstable if the gyroscope is not in rotation. The car is 
also in unstable equilibrium, since its center of gravity is above the 
top of the rail. To explain how tho stability of the car can be accom- 
plished by bringing the gyroscope to a high 
speed of rotation, wc begin with a discussion 
of stability of the gyroscope, the center of 
gravity of which is above the point of support 
0 (Fig. 278). Assuming that the axis of tho 
gyroscope makes only a small angle with tho 
vertical axis and defining its direction by the 
angles i and /S, jus before, we can write equa- 
tions of motion of the gyroscope by using Eqs. 

( 1 g ) of Art. 50, derived for the gyroscopic pen- 
dulum. To take care of the fact that tho 
center of gravity of the gyroscope in Fig. 278 
is above the fixed point O while in the gyroscopic pendulum of Fig. 272 
it is below that point, we have only to substitute — l for l in Eqs. (g). 
This gives 

1$ + Iu j3 = Wty, 1 / v 

IS - W - Wlp. / w 

Eliminating j8 from theso equations, wo obtain 

h* + (TV - 2 I x Wl)$ + = 0. (5) 

The corresponding characteristic equation is 

+ (TV - 2/ 1 W/)m i + WH* = 0. (c) 


o 
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m 2 


-(/V 


-(/V 


- 2hwi) ± v{iw - 2hwiy - Wn*T? 

27? 

- 2iiirz) ± /« viv - um 

2IJ 


(<0 


The motion of the gyroscope is stable as long as its axis makes a small 
angle "with the vertical s-axis and performs only small oscillations about 
that axis. This condition is satisfied if all four roots of the characteristic 
equation (c) are pure imaginary numbers. To prove this, let us assume 
that there is a real root wii = a. Since Eq. (c) contains only wi 2 and m 4 , 
we conclude that m 2 = —a is also the root of Eq. (c). This shows that 

if = CeP and if = Ce - * 4 

are solutions of Eq. (6). Since either a or —a is a positive number, one 
of these solutions represents an indefinite growth of the angle if with time 
and indicates that the assumed motion of the gyroscope is unstable. 

Similarly, if there is a complex root m x = 
a + bi, there will also be the root m 2 = 
—a — bi. The conjugate complex 
numbers a — bi and —a + hi will also be 
roots of Eq. (c), and the general solution 
of Eq. (b) is 

if = ^‘(Cicos bt + C 2 sin bt) 

+ e _oi (C'3COS bt + C4sin bt). 

Since either the factor e° 4 or e - * 4 increases 
indefinitely with time, we conclude that 
complex roots of Eq. (c) also indicate that 
the motion of the gyroscope is unstable. 
Stability is realized only if all roots of Eq. 
(c) are imaginary . From expression (d), we see that this occurs when ire* 
is negative, i.e., when we have 

IW - 4/i Wl > 0. (e) 

Assuming that this condition is satisfied and using the notations 

„ , _ (7V - 2hWl) - Iu v7 2 u 2 - 4Ji Wl 
Pl 27? ’ 

„ , _ (/V - 2hWl) + Io> V/V - Wi Wl 
P* 27 ? ’ 

we can write the general solution of Eq. (6) in the form 

if = Cjcos pi t + C&m pit + Cscos p 2 < + C^sin pit. if) 
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Using this solution in Eqs. (a), we shall find 

P = Dicos pit + D a sin pit + D 8 cos p4 + D 4 sin pit, (g) 

where the constants Di ... Dt are similar to those that appear in 
Eq. (to) of the preceding article. Thus we have altogether four constants 
of integration Ci . . . C 4 , which in each particular case can be calculated 
if the initial values 4'a, po of the angles and the initial velocities 4o, Po are 
given. 

We see from this discussion that motion of the gyroscope shown in 
Fig. 278 can always be made stable; it is necessary only to give to the 
gyroscope a sufficient speed of rotation « such that condition ( e ) is 
satisfied. This property is utilized in stabilization of the monorail car 
in Fig. 277. The system represented by this car together with the stabi- 
lizer is similar to that of the ship and stabilizer in Fig. 274 of the preceding 
article. The difference lies only in the fact that in the present case, the 
centers of gravity of the car and of the stabilizer are above the corres- 
ponding axes of rotation while, in the case of ship stabilization, they were 
below those axes. From this consideration, it follows that the equations 
of motion of the monorail car can be obtained from Eqs. (e) or (/) of 
the preceding article by substituting in those equations — L and — Ifor L 
and l. In this manner, we obtain, from Eqs. (/), 

H - WLf + Hp = 0 , } ... 

jp - wip - iii = 0 . j w 

Here i is the angle of rotation of the car about the axis taken along the 
top of the rail; P is the angle of rotation of tho stabilizer about the axis 
O 1 O 1 , J is the moment of inertia of tho car together with the stabilizer 
about tho axis along the top of the rail, W is the weight of the car with 
the stabilizer, L the distance of their common center of gravity from the 
top of the rail, II = Iw is tho angular momentum of the gyroscope, j is 
the moment of inertia of tho frame NN together with the gyroscope about 
tho axis O 1 O 1 , w is their joint weight, and l is the distance of their center 
of gravity from tho axis O 1 O 1 . 

To investigate stability of motion of tho monorail car, we eliminate 
P, as before, from Eqs. (/i) ; and in this manner, we obtain 

Jji ly - ( WLj + wlJ - IP)i + wlWLi = 0. (i) 

Using the notation 

k = — (WLj + wlf — H 2 ), (J) 

we write tho characteristic equation 

Jjm* + km* + wlWL = 0. (it) 
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Proceeding as in the case of Eq. (6), we conclude that the motion of the 
monorail car system is stable if all four roots of Eq. ( k ) are imaginary 
numbers, which requires that m 2 be a real negative number. Solving 
Eq. ( k ) for m 2 , we obtain 

± VP - iJjwlWL 

m 2 Tj w 

This quantity will be a negative real number if 

i > 0 and it 2 — 4 JjwlWL > 0. (m) 

We see that for stability of the car it is essential to have the center of 
gravity of the stabilizer aboye the axis of rotation O 1 O 1 in Fig. 277. If 
the center of gravity were below the axis OjOi, we should have to change 
the sign of Z; then the second term under the radical in expression (Z) 
becomes positive, and one of the two roots for m 2 becomes positive also, 
which indicates instability of motion of the car. 

The conditions of stability (m) will be satisfied if 

k > 2 VJjwlWL 

or, using notation (j), 

JP > ( VWLj + VwUy- (») 

Since H = Zo> is the angular momentum of the gyroscope, we always can 
select a sufficiently high angular speed co to satisfy condition (n) and make 
the monorail car motion stable. 

When co is very large, we can assume 


VF - 4 7&m - 1 (l - *agg£) - k - ‘ U ^ L , 

and Eq. (1) gives 


= - 


wlWL 

lP~’ 


2 

m 2 2 - - w 


Using the notations 

pi a = —mi 2 and p 2 2 = — m 2 2 , 
we then represent the general solution of Eq. (i) in the form 


= C icos pit + C 2 sin pit + C 3 cos pit + CiSin pit. 

The expression for |8 is obtained from Eqs. (h), which give 

/3 = Dicos pit + Z) 2 sin piZ + D 8 cos pit + D 4 sin pit, 

where the constants Di ... D* are expressed through the constants 
Ci ... Ci by expressions similar to those at the bottom of page 369. 
We see that the motions of the car and of the stabilizer are obtained 
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by superposition of two small oscillations of the frequencies 

Pi « VwlWL, p s « H yjjj- 

For a large H, the first frequency is small and the second is large. We 
see that on slow oscillations of the car and the stabilizer, high-frequency 
vibrations are superimposed. 

In the preceding discussion, damping was neglected. To derive 
equations of motion with damping, we start with Eqs. (e) of the preceding 
article. Substituting —l and —L for l and L, we obtain the necessary 
equations from which an equation of fourth order for ^ can be derived. 


Oj 



Flo. 279. 


From the kind of roots of the corresponding characteristic equation, the 
conditions required for stability of motion can be established. 

The above-discussed scheme of a gyroscopic stabilizer was used in 
patents of A. Schorl 1 and P. Schilowsky, who worked simultaneously and 
independently on this problem. Another scheme was proposed by L. 
Brennan, who used a gyroscope with horizontal axis perpendicular to 
the direction of the track, jus shown in Fig. 279. It may bo seen from this 
figure that by proper movements of the handle A producing rotation of 
the frame NN in which the gyroscope G is mounted, a moment in the 
plane perpendicular to the longitudinal axis of the car may be produced. 
This moment can be used to balance the oar. In the actual patent, this 
balancing is accomplished automatically. 

1 Regarding A. Schorl patent, sec paper by Von Barkhaiwcn, X. V< r. deut. Ing., 
vol. 54, p. 1738, 1910. 
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1. Homogeneity and Dimensional Analysis. — In mechanics, we have 
to deal with three fundamental units, namely: the unit of length, denoted 
by L; the unit of time, denoted by T; and the unit of mass, denoted by M. 
All other quantities such as acceleration, force, velocity, momentum, 
energy, etc., can be expressed in terms of these three fundamental units. 
Thus, for example, acceleration is expressed in units of length and time: 


a 



(«) 


Similarly, with mass sis a fundamental unit, force becomes a derived unit 
and is obtained as the product of mass times acceleration; i.e., 


F = 


ML 

rp 2 ’ 


(b) 


Energy or work, which is the product of force times length, likewise 
becomes 


Y 



(c) 


Equations like (a), (6), and (o), giving the dimensions of derived units 
in terms of the fundamental units are called dimensional equations. They 
can be used in checking the dimensional character of equations derived in 
the solution of various mechanical problems. All terms of such equations 
must have identical dimensional form. Take, for example, the expres- 
sion for displacement s of a particle falling vertically under the action of 
gravity: 

s — Sq + Vo t + Ttyt*. (d) 

Using the dimensional equations for velocity and acceleration, it can be 
readily shown that each term in Eq. (d) has the dimension of length and 
the requirement of identify of dimensions of all terms is satisfied. This 
requirement, is sometimes called the principle of homogeneity of dimensions. 
It can be very useful in a preliminary analysis of a mechanical problem in 
establishing the proper relations among the various quantities involved. 

As an example, let us consider the motion of a simple pendulum and 
assume that it is required to establish a formula for the period r of 
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oscillation. We start out by assuming that this period depends on the 
mass Tn of the pendulum, on its length l. and on. the gravity force defined 
by the acceleration g. Then 

r = (a) 

where / stands for a function of the quantities m, l, and g. Our problem 
is to determine the proper function. Since the quantities m, g, and l have 
different dimensions and cannot be added or subtracted, we assume a 
function in the form of a product of powers of these quantities and write 

r = Cm x l v g‘. (J) 

Since the left-hand side of this equation has the dimension of time, the 
right-hand side must have the same dimension. Putting the equation in 
dimensional form, we obtain 

T = !«,&)■ = 

Then to satisfy the requirement of homogeneity, we have to take 

as=0, y + z = 0, 2a = - 1. (g) 

From these equations, we find 

® " 0, y = $> it = - J, 

and Eq. (f) becomes 



Thus, we obtain the correct form of the expression for the period of oscil- 
lation by using the principle of homogeneity of dimensions. 

It should be noted that by using this method, we establish only the 
general form of Eq. ( h ), but the numerical value of the factor C remains 
indefinite. To determine it, we must either solve the differential equation 
of motion of the pendulum or resort to experiment. 

It was assumed in the above discussion that the period r depends only 
on the quantities m, l, and g, but we know that this is approximately cor- 
rect only for small angles of oscillation. If the angle is not small, the 
period depends, to some extent, on the arc of swing s. Talcing this into 
account, we write, instead of Eq. (J), 

t = Cm x Pg‘s u . ({) 

Then from the principle of homogeneity, we ob tain 

3=0, 3 / + z + u=0, 2z = — 1, (j) 
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from which 

x = 0, y = i - u, z = - i, 
and Eq. (i) becomes 



Again, by using the method of dimensional analysis, we obtain the general 
formula ( k ) for the period r, but the number of Eqs. (j) is insufficient to 
determine all of the unknowns, and the exponent u remains indefinite. 
The ratio it/ 1 is a pure number, and the principle of homogeneity imposes 
no restriction on the power to which it is raised. We can take various 
values for u without disturbing the homogeneity of Eq. ( k ) and can write 
it in the more general form 



The method of dimensions does not define the function </>; but since it 
contains only the ratio s/l, wo conclude that it is not the arc s but the 
angle of swing that affects the period of oscillation. Having established 
the general formula (A; 7 ), the proper function <P can be found by experiment. 

As a second example of application of the method of d i m ensional 
analysis, let us consider the periods of lateral vibrations of geometrically 
similar beams. In such ease, we assume that the periods of vibration 
depend on linear dimensions l, modulus of elasticity E, and mass density 
p of the material. Then, proceeding as before, we write 

r = (0 

Observing t hat, modulus of elasticity E has the dimension of force + area 
while, density p is mass -5- volume, we obtain 

T - 1/ Qj.y (jjy - 

The requirement of homogeneity now gives 

x - y - - 0, y + 2 = (), 2y = —1, 

and we obtain 

II — a, z r - a, x — L. 

Substituting into Eq. (/), we find 


(m) 
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We see that the period of vibration is proportional to the linear dimensions 
of the beam and to the square root of the ratio of mass density to modulus 
of elasticity. Thus the method of dimensional analysis again furnishes 
the general formula ( m ) for period t. The numerical value of the factor 
C, which is easy to calculate in the case of prismatic beams, can be deter- 
mined experimentally in more complicated cases. 

Our assumption that the period of vibration r depends on linear 
dimensions, modulus of elasticity, and mass density can be applied in 
considering vibrations of elastic bodies of any shape. Then using formula 
(m) and comparing periods of vibration of two geometrically similar bodies 
of the same material, we conclude that these periods are in the same ratio 
as the linear dimensions of the bodies. This conclusion holds also in the 
case of gases and it has been established experimentally that when masses 
of air are contained in two geometrically similar vessels, the number of 
vibrations in a given time is inversely proportional to the linear dimen- 
sions of the vessel. 1 

As another example, let us consider the time r required for a planet to 
make a complete trip around the sun. We assume that this period of the 
planet will depend on its distance r from the sun, which can be considered 
as constant; on the mass m of the planet; and on the force of attraction. 
Then, using Newton’s universal law of gravitation, 

t = Cr* m‘. («) 

Since the quantity in the parentheses of this expression has the dimension 
of force, the constant k evidently has the dimension of acceleration times 
length 2 , and we write the dimensional equation 

T = L* M*. 

Applying the principle of homogeneity to this equation, we obtain 
x =t, V = - i, z = i, 
and Eq. (») becomes 

r = Ci*kri. 

From this equation, we conclude that 

L = const., 
r* ’ 

which represents Kepler’s third law of planetary motion (see page 92). 
1 This is known as Savart’s theorem. See Ann. chim., Paris, 1825. 
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From this and the preceding example, we see that useful conclusions 
regarding mechanical problems can sometimes be reached by dimanainnpl 
analysis alone. Naturally, however, we must have a correct idea of the 
factors that influence a given physical phenomenon before we can apply 
the method. 

Dimensional analysis is especially useful in dealing with complicated 
problems that cannot be solved analytically but require empirical devel- 
opment based on experiment. In such cases, the general form of the 
required equation is established by dimensional analysis and then experi- 
ments axe made to determine the numerical values of constants that may 
appear in the equation. As an example, let us derive an equation for the 
axial thrust P produced by a propeller of given shape rotating in air about 
a fixed axis with constant angular velocity «. For the total air pressure 
dP acting on an element ds of the surface of a blade, we formulate the 
expression' 

dP = kv~ds (o) 

in which k is a constant, v is the velocity of the element under considera- 
tion, and is an unknown function of the angle a between the velocity 
a) and the surface of the element. Since the shape of the propeller is 
given, all quantities except k in Eq. (o) can be expressed in terms of the 
diameter d of the propeller and its angular velocity to. Thus the total 
thrust P can be represented by the formula 

P - f(k,d,u), (p) 

in which the constant k, as can bo seen from Eq. (o), has the dimension 
FTyiA To satisfy the condition of homogeneity in Eq. (p), we have to 
take the function/ linear and also take d to the fourth power and to to the 
square, which finally gives 

P = CkcPu 2 . (q) 

By making tests with a propeller of given size and running at a given 
speed, we can determine the constant Ck experimentally and then use 
Eq. (r/) to compute the thrust for any other geometrically similar propeller 
running at any other speed. Wo see that dimensional analysis used as a 
preliminary to experimental investigation of a given problem can be very 
helpful. 

Resistance to fluid motion in a pipe can also bo investigated by using 
the method of dimensional analysis. Experiments show that in the case 
of steady flow of an incompressible fluid through a smooth straight pipe, 
the resistance r per unit of surface area of pipe depends on the viscosity ju 

1 Wo neglect here the effect of roughness of the propeller surface and also the effect 
of compressibility of the air. 
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of the fluid, on its mass density p, on the diameter d of the pipe, and on 
the average velocity v of flow. 1 Then , an equation for r can be written 
as follows: 

r = Ci?pH*o u . (r) 

Observing that r has the dimension PL" 2 and that viscosity has the 
dimension FTL" 2 , the dimensional equation becomes 



The requirement of homogeneity then gives 

x + y = 1, — x — 3y + z + u = — 1, —x — u = —2. 

We see that these three equations are insufficient to determine all four 
unknowns and one of them must remain indefinite. Let this be u ; then 

x = 2 — u, y = u — 1, z = u — 2, 

and Eq. (r) becomes 

It can be readily shewn that the expression, in the parentheses, like s/l 
in Eq. (Ik), is a pure number. Hence the principle of homogeneity 
imposes no restriction on the exponent u. Taking, for example, u = 1, 
we obtain 



which is the well-known Hagen-Poiseuille law for laminar flow in a 
straight pipe. 

In the more general case when the flow is turbulent, Eq. (s) can be 
generalized by taking a series of values for u. Then combining terms, we 
write the equation in the form 



where 4> stands for any function, of pvd/n. We can also multiply the 
right-hand side of this equation by the pure number ( pvd/n ) 2 and obtain 
for r the formula 

1 The average velocity v is defined as the quantity of flow per -unit time divided by 

the cross-sectional area of the pipe. 
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or, finally, 



The equation in this form has proved very useful in experimental studies 
of flow of fluid in smooth pipes. By plotting r/pv 2 against pvd/p, we 
obtain a curve that applies to the flow of any kind of fluid and for any 
diameter of the pipe. Thus the results of experiments with the flow of 
water in small pipes can be applied with confidence to the flow of oil in 
large pipes, etc. The pure number pvd/p was first introduced by Osborne 
Reynolds and is called Reynolds number. 1 

It will be noted that in the preceding examples where our equations 
involved only three independent variables, we wore able, in each case, to 
evaluate all of the exponents by the principle of homogeneity, while in 
those equations such as (i) and (r), which contained four independent 
variables, one of the exponents remained indefinite. In each of these 
latter cases, however, we found that the quantities containing the indefi- 
nite exponent u combined so as to give a pure number to this power. 
Thus, in dealing with the simple pendulum, we found that the ratio s/l 
defining the angle of swing was significant, while in discussing the resist- 
ance to flow of fluids in smooth pipes, we found the Reynolds number 
pvd/p. 

In general, it can be proved that any correct and complete equation of 
the form 

. • . On) = 0, (1) 

involving n physical quantities Q all expressible in terms of k funda- 
mental units, can be reduced to the form 

'KHi, IIs . . . II,,-*) = 0, (2) 

where III, II» . . . II,,..* are all the independent dimensionless products 
that can be made up by combining in any way the n physical quantities in 
Eq. (I) . This is known as Buckingham’s pi-theorem, which is now widely 
used in dimensional analysis. 2 

To show the application of this theorem, we reconsider the problem 
of resistance to flow of fluids through smooth pipes as discussed above. 
Having decided on the physical quantities involved, wo stai't with the 
equation 

i (.r ,p,v,d,p) = 0, (t) 

1 0. IU;ynoi,i>k, Phil. Trans. Roy. Roc., 1883, pp. 174, 036. 

•Sec Kiwiab IiucKiNOHAM, “Model experiments and the form of empirical equa- 
tions,” Trans. Am. Roc.. Much. Iingrs., vol, 37, pp. 203—200, 1915. TUo proof of the 
theorem is given in tin* appendix to this paper. The terms pi-theorem comm From the 
use of the (Ireek letter II signifying product. 
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analogous to Eq. (r). Writing down the dimensions of the five quantities 



M L . T M 

P ~ * ~ rp fit — ii) M jyp’ 


and remembering that we have k — 3, we find by trial 1 that two possible 
independent dimensionless products in this case are 2 



as obtained before [see Eq. (a")]. 

The use of the pi-theorem has some advantage if we have to deal with 
a large number of physical quantities, since it reduces the number of 
variables by k. In general, however, we cannot accomplish anything by 
its use that could not be done by the more direct method used before. 
In this respect, the theorem is somewhat analogous to the Lagrangian 
method of writing equations of motion. It does not so much promote 
insight into dimensional analysis as reduce the problem to a systematic 
procedure requiring the minimum of mental effort. 

2. Theory of Models. — It is common practice in engineering to use 
models in solving complicated mechanical problems. Models of such 
structures as bridges and dams are sometimes used to investigate the 
strength of those structures under actual conditions. Likewise models of 
ships are tested under various speeds to establish the necessary power of 
engines. Models are also widely used in airplane design. 

In the case of statical problems, the relations between the mechan- 
ical properties of the model and of the prototype are comparatively 
simple. For example, if we are interested in stresses produced in a struc- 
ture by live load and use the known formulas of strength of materials, 
we find that the stresses are proportional to the applied forces and inversely 
proportional to the squares of linear dimensions. This indicates that if 
the model is geometrically similar to the prototype with the ratio 1/A 
of linear dimensions to corresponding actual dimensions, then the 


1 If the number of quantities n is large, there are definite rules of procedure for 
finding the n — k independent products. See Buckingham, be. cit. 

* Any two independent products may be taken. We choose these two in order 
to come directly to an equation of the form (*"). 
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stresses in the model will be the same as in the actual structure pro- 
vided the forces applied to the model are in the ratio 1/X 2 to the actual 
forces. If the materials of model and prototype are the same, equal 
stresses produce equal strains and the deformed shape of the model will be 
geometrically similar to that of the prototype. Multiplying the deflec- 
tions measured on the model by X, we obtain the actual deflections of the 
structure. 

If we are interested in elastic stability of compressed members of a 
structure, we observe that the magnitude of the critical stress, given by 
Euler’s formula, is 


O'er = 


i 2 


(a) 


This stress is independent of linear dimensions and, for materials with 
equal moduli E, is the same for model and prototype. Equations similar 
to Eq. (a) can be established in other cases of instability, which indicates 
that from model tests, wo can fmd the load at which lateral buckling of 
membci-s of the actual structure may occur. 

If we wish to find from model tests the stresses produced in the proto- 
type by dead load, such as the proper weight of a structure, we find that 
this problem is more complicated. When the linear dimensions are 
reduced in the ratio 1/X, the weight is reduced in the ratio 1/X*, which 
indicates that the stresses produced in the model by proper weight will 
be X times smaller than in the prototype if the materials are the same. 
To have the same stresses in the model as in the prototype, wo must use 
for the model a material the density of which is X times larger than that 
in the actual structure. This requirement is difficult to realise; and in 
practical model tests, the insufficiency of proper weight is usually com- 
pensated by dead loads distributed over the model. 

If we are investigating the behavior of a structure only ■within the 
elastic limit of the material, we do not need to compensate for insuffi- 
ciency of dead load and can dispense with the requirement of equal stresses 
in model and prototype. It is only necessary to measure the dead load 
stresses in the model and then multiply by X to obtain the actual stresses 
in the structure. In such eases, however, the dead load stresses and 
deformations in tlio model will usually bo very small and will require very 
sensitive measuring instruments. To remove this difficulty, the use of 
model materials having a small modulus of elasticity has been recom- 
mended. For example, in studying stresses in arch dams, models made 
of rubber have been used. 1 

1 Sco paper by A. V. Karpov and It. L. Templin, Proa. Am. Roc. Civil Engrs., April, 

1934. 
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To investigate the behavior of a structure beyond the elastic limit 
and establish its ultimate strength under dead load, we have to use for the 
model the same material as for the actual structure. To have stresses 
of the same magnitude as in the prototype, the model must then be put in 
a force field, the intensity of which is X times larger than that of the 
gravitational field. This can be accomplished by revolving the model 
in a centrifuge. 1 The centrifugal force field can be assumed as approxi- 
mately uniform if the radius of the centrifuge is large in comparison with 
the dimensions of the model. Such experiments have proved very useful 
in solving problems encountered in mine structures and in the construc- 
tion of tunnels. Failure of such structures may occur due to dead load 
alone; and since the material does not follow Hooke’s law, a theoretical 
solution becomes very involved. In such cases, a reliable value of the 
ultimate strength can be obtained from model tests alone. 

If we go from statics to dynamics, the relations between mechanical 
quantities pertaining to the model and to the prototype become more 
involved. We have to consider not only the ratio X of linear dimensions 
of the two geometrically similar systems but also the ratio of their masses 
and of their velocities. Take, for example, a geometrically similar model 
of an engine, and assume that we use for this model the same material, the 
same angular velocities, and the same gas pressure as for the prototype. 
Then the total forces on the two pistons will be in the ratio 1/X 2 . The 
weights of the corresponding parts will be in the same ratio as their 
volumes, i.e., in the ratio 1 /X s . Velocities and accelerations of cor- 
responding points will be in the ratio 1/X. The inertia forces of cor- 
responding parts, having the dimension of mass times acceleration, will 
be in the ratio 1/X 4 . From this we conclude that stresses produced by gas 
pressure in the model and in the prototype will be the same, stresses 
produced by gravity forces will be in the ratio 1 /X, and stresses due to 
inertia forces will be in the ratio 1/X 2 . It is seen that in this case we 
do not have complete similarity. Nevertheless, under certain condi- 
tions, useful information can be obtained from model tests. If the engine 
is not very large and runs at slow speed, the stresses are produced princi- 
pally by gas pressure, and we obtain these with good accuracy from model 
tests. In another extreme case, when the engine is running at high speed, 
the stresses produced by inertia forces predominate, and we can obtain 
these from model tests if the angular velocities of the model and of the 
prototype are taken in the ratio X/l. Then linear velocities of the cor- 
responding points of the model and of the prototype are the same, 
accelerations are in the ratio X/l, and inertia forces are in the ratio 1/X 2 . 

1 Experiments of this kind were made by P. B. Bnoky ; see his paper presented at the 
semiannual meeting of the American Society of Mechanical Engineers, June, 1932. 



APPENDIX 


391 


Such conditions are satisfied, for example, in model tests of turbine disks 
and flywheels if the peripheral velocities of model and prototype are equal. 

For a more complete study of dynamical models, let us consider two 
geometrically similar systems, the linear dimensions of which are in the 
ratio X, and assume that the masses of the corresponding portions of the 
systems are in the ratio p. We say that these two systems perform 
similar motions if they pass through geometrically similar configurations 
in intervals of time that are in a constant ratio t. Thus two geometri- 
cally similar pendulums perform similar motions if the initial angles of 
inclination are taken equal and the pendulums are released without initial 
velocity. Two geometrically similar engines running each with its 
constant angular velocity also perform similar motions. If equations 
of motion for one of these systems are derived, they can be used also 
for the second system; we have only to substitute XZ, instead of length 
Z, pm instead of mass m, and rt, instead of time t Velocities of the 
corresponding points for similar configurations will be in the ratio Xr” 1 , 
and accelerations will l>e in the ratio Xr"~ 2 . The forces acting on corre- 
sponding portions of the two systems must be in the same ratio as the 
products of mass times acceleration. Denoting this ratio by <p , we obtain 


<P = 


p\ 

T 2 


( 8 ) 


This relation establishes the relation among the four constants X, n, t, and 
<fi and is of great importance in the theory of models. It states that only 
three of the quantities can bo taken arbitrarily; the fourth is then deter- 
mined by Kq. (3). 1 

Let, us consider again the model of an engine and establish under what 
condition the model and the prototype will perform similar motions. If 
model and engine are of the same material, the gravity forces of cor- 
responding portions will be in the ratio n — X*/l. For similarity of 
motion, it is necessary that all other forces he in the same ratio. For 
example, the total pressures on the pistons must be in the ratio X*/l. 
This can be accomplished by using for the model a gas pressure X times 
higher than that for the prototype. From Kq. (3), wo see that to make 
inertia forces also in the ratio X 3 /l, we must take 

X = t 2 . (6) 

Observing that X/r = v is the ratio of the velocity of any point of the 
engine to the velocity of the corresponding point of tho model, we con- 

1 The principle of similitude in dynamics was established by Newton in Prop. 32, 

Sec. VII, of the second book of tho “Principia.” 
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elude, from Eq. (6), that for similarity of motions, we must have 

v 2 = X; (c) 

i.e., the squares of linear velocities must be in the same ratio as linear 
dimensions. If we take into account friction forces in bearings and 
assume them proportional to the reactions transmitted through the 
bearings, we shall find that friction forces are also in the ratio X 3 /l. We 
obtain the same conclusion also for air resistance if we assume this resist- 
ance proportional to area and to the square of velocity. It is seen that in 
the case of a model of an engine, all requirements regarding similarity of 
motion can be satisfied and we can arrange the model so that its motion 
will be similar to that of the engine. However, this will be only dynamical 
similarity; from motion of the model, we can draw conclusions about the 
motion of the engine, but not about the strength of machine parts. Since 
all forces are in the ratio X*/l, the ratio of stresses in the engine to those in 
the model will be X/l; and with respect to mechanical strength, the engine 
will be weaker than the model. 

To have the same stresses in model and engine, the forces must be in 
the ratio X s /1. Theoretically, this can be accomplished by taking for 
the model the same gas pressure as for the engine and using a material the 
density of which is X times larger than that used in the engine. Then the 
gravity forces of corresponding parts will be in the ratio X 2 /l 5 and if we 
fulfill condition (6), the motion of the model will be similar to that of 
the engine, 1 and in both cases we shall have the same stresses. But now 
since the materials are different, it will be impossible to make conclusions 
from model tests regarding the mechanical strength of the engine. 

As a second example, let us consider the use of models in ship design. 
Since these models are used to find the water resistance at various speeds 
of the ship, they do not need to be similar to the ship in all respects. They 
must have only the immersed portions of their outer surfaces geometri- 
cally similar; and if the linear dimensions are in the ratio 1/X, the weight 
will be in the ratio l/X*. The moving model produces on the water sur- 
face a complicated wave motion, which is the principal source of resistance 
(see page 26). Assuming that the motion of water around the model 
is similar to that around the ship and that condition (c) is fulfilled, we 
conclude from Eq. (3) that the ratio of resistance to motion of the actual 
ship to the measured resistance of the model is equal to /* * X*. If we, 
take, for example, X = 9, i.e., the linear dimensions of the model are 
one-ninth of the corresponding dimensions of the ship, we obtain from 
Eq. (c) v = 3, which states that the velocity of the model should be one- 

1 We neglect here friction forces and air resistance. 
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third that of the ship. Then the resistance to propulsion of the model will 
be 1 A® — T27 of the resistance of the ship. When the velocity of the ship 
and, from the model test, the magnitude of the resistance to be expected 
are known, the proper power of the engines can be selected. 1 

As a last example, let us consider model tests used to investigate the 
dynamical deflection of a bridge under the action of live load. As a basis 
of discussion, we take a problem proposed by Routh. 2 

Experiments are to be made on the deflection of a bridge 50 ft. long and 
weighing 100 tons, when an engine weighing 20 tons passes with a velocity of 
40 m.p.h., by means of a model bridge 5 ft. long and weighing 100 oz. Find the 
weight of the model engine; and if the model bridge be of such stiffness that its 
statical central deflection under the model engine be one-tenth of the statical 
central deflection of the bridge duo to the engine, show that the velocity of the 
model must be 40 m.p.h./V 10. 

To obtain dynamical similarity, we select the weight of the model 
engine in the same ratio to the weight of the model bridge as that between 
live and dead load in the actual bridge. Since the rigidity of the model 
bridge is such that the ratio of statical deflections of the model to the 
corresponding deflections of the bridge is the same as the span ratio, we 
conclude that for very slow motion, when we can assume static conditions 
with good accuracy, the deflection curve of the model will be geometrically 
similar to that of the actual bridge. Assume now that velocities are not 
small so that dynamical conditions must be considered. The ratio of the 
span of the bridge to that of the model is X = 10. The corresponding 
masses are in the ratio = 100 ton/100 oz. The gravity forces are in the 
ratio <p = n — 100 ton/100 oz. For geometrically similar deflection 
curves, elastic reactions will also be in this ratio. Substituting these 
ratios into Kq. (3), we conclude that for dynamical similarity, it is 
necessary to have 

T " Vx, 

which indicates that the ratio of the velocity of the model engine to the 
velocity of the actual engine must be 

1 The methods of determining the resistance to the motion of ships from model tests 
was developed by W. Fronde., lie observed also that the resistance determined on the 
basiH of dynamical similitude does not give tin®, complete resistance and that friction 
forces depending on the magnitude and roughness of the immersed surface of the ship 
must bo considered. See Brit, dmr. Rept., 1872, p. 118; 1874, p. 249. A modern 
discussion of this question can bo found in the article by F. Horn in “Handbuch der 
Physikalisehcn und Teehnishon Moehanik,” Vol. 5, p. 552. 

* Sec Routh's “Dynamics of a System of Rigid Bodies,” 0th ed., vol. I, p. 294, 
1897. 
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1 = Vx = VW 

T 


as is stated above. If this requirement is fulfilled, bridge and model "will 
perform similar motions and, dynamical deflections of the two will be in 
the ratio 1/X. It should be noted that in this case where we are inter- 
ested only in deflections, the model bridge does not need to be geometri- 
cally similar to the actual bridge. Its performance is completely defined 
by its length, its weight, and its flexural rigidity. 1 

A theoretical solution of the problem (see page 311) indicates that the 
ratio of dynamical to statical deflections is approximately equal to 
1/(1 — a) where a represents the ratio of the period of the fundamental 
type of vibration to twice the time l/v required for the load to pass over 
the bridge. If we keep a for the model the same as for the bridge, the 
ratio between the corresponding dynamical deflections will be the same as 
between the statical deflections and will be equal to 1/X. To calculate 
a, we must know the period T of natural vibration of a beam. Using, for 
this purpose, Eq. (m) of the preceding article, we obtain 


T = Cl 




which indicates that the period of vibration is proportional to the square 
root of the statical deflection. In our case, statical deflections of the 
bridge and model are in the ratio X/l. Hence their periods of vibrations 
will be in the ratio -\/X/l. In the same ratio also are the times l/v 
required for the loads to pass over the spans. This indicates that a is the 
same for the bridge as for the model and the model can be used for deter- 
mining dynamical deflections of the bridge. 2 

1 The flexural rigidity is assumed uniform along the span. 

* Several other examples of the use of models in the investigation of vibration prob- 
lems arc described in the paper by J. P. Den Hartog, Trans. Am. Soc. Mech. Engrs., 
vol. 54, p. 153, 1932. 
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